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General motivation

• Dramatic and continuing growth in computer power, advent of

powerful algorithms for (numerical) convex optimization

• Can solve very rapidly many convex optimization problems for

which no traditional “analytic” or “closed-form” solutions are

known (or likely to exist)

• Changes fundamental notion “solution” to a problem: Reduction

of a problem to a convex optimization problem is a “solution”



Objectives

• A brief introduction to Semidefinite Programming (SDP)

• Examples of SDP-based solutions for systems and control problems

• Robust Model Predictive Control (MPC)



Introduction to Semidefinite Programming (SDP)



Semidefinite Progamming

Convex optimization of the form:

minimize cTx

subject to F0 + x1F1 + · · ·+ xpFp > 0

F0, F1, . . . , Fp are given symmetric matrices, c is a vector, x is the

vector of optimization variables

Compare with Linear Programming

minimize cTx

subject to aTi x ≤ bi, i = 1, . . . , N

• Same linear objective

• Linear matrix inequality constraint instead of linear scalar

inequalities



Linear matrix inequalities

F (x) = F0 + x1F1 + · · ·+ xpFp > 0

called an ”LMI”

• x ∈ Rp is the variable

• Fis are given symmetric matrices

• F > 0 means F is positive-definite, that is uTFu > 0 for all

nonzero vectors u

LMIs are nonlinear, but convex constraints:

If F (x) > 0 and F (y) > 0, then

F (λx+ (1− λ)y) = λF (x) + (1− λ)F (y) > 0

for all λ ∈ [0, 1]



Matrices as variables

Example: Lyapunov inequality

ATP + PA < 0

A is given, P = PT is the variable

This is an LMI in the entries of P :

With P1, . . . , Pm a basis for symmetric matrices take F0 = 0 and

Fi = −ATPi − PiA

Better to leave LMIs in a condensed form

• saves notation

• leads to more efficient computation



LMI examples

Many standard constraints can be written as LMIs

• Linear constraints:

Componentwise inequality Ax+ b > 0 is equivalent to the LMI

diag(Ax+ b) > 0

• Quadratic constraints:

Inequality (Ax+ b)T (Ax+ b) + cTx+ d < 0 is equivalent to the

LMI  I Ax+ b

(Ax+ b)T −(cTx+ d)

 > 0



• Matrix norm constraints:

If A(x) ∆= A0 + x1A1 + · · ·+ xmAm, then ‖A(x)‖2 < t is

equivalent to the LMI tI A(x)

A(x)T tI

 > 0

• Multiple LMIs F (1)(x) > 0, . . . , F (N)(x) > 0 same as single LMI

diag(F (1)(x), . . . , F (N)(x)) > 0



More on LMIs

More constraints: With Q, R and S depending affinely on x

• Constraint R(x) > 0, Q(x)− S(x)R(x)−1S(x)T > 0 equivalent

to LMI  Q(x) S(x)

S(x)T R(x)

 > 0

• Constraint TrS(x)TQ(x)−1S(x) < 1, Q(x) > 0, equivalent to

LMI

TrX < 1,

 X S(x)T

S(x) Q(x)

 > 0

(X is slack variable)



Solving SDPs

In theory:

• fundamental complexity is low

• there are polynomial-time algorithms

In practice:

• classical optimization methods do not work

• new interior point methods solve LMI problems extremely

efficiently

• matlab “LMI Control Toolbox” available



SDP applications in systems and control



A stability problem

Consider time-varying system

dx

dt
= A(t)x(t), A(t) ∈ Co {A1, . . . , AL}

S_1

S_2

S_L

...

...

...

Is system stable, i.e., are all trajectories bounded?

• Widely-used system model for robust control

• L = 1 yields standard LTI system

• Can model uncertain systems, nonlinear systems, switching

systems, etc



Analysis via quadratic Lyapunov functions

If there exists V (ζ) = ζTPζ, P > 0, s.t. dV (x(t))/dt < 0 along every

trajectory, then system stable (a sufficient stability condition)

dV (x(t))/dt < 0 iff

A(t)TP + PA(t) < 0, A(t) ∈ Co {A1, . . . , AL} ,

or

ATi P + PAi < 0, i = 1, . . . , L

Thus for quadratic stability, need P s.t.

P > 0, ATi P + PAi < 0, i = 1, . . . , L



Quadratic Lyapunov function search

• Condition P > 0, ATi P + PAi ≤ 0, i = 1, . . . , L, an LMI in P ;

readily solved

• Looks simple, but is more powerful than many well known

methods (multivariable circle criteria, . . . )

• There is a gap between stability of system and existence of

quadratic Lyapunov function that proves it



Extensions

• Search for more general Lyapunov functions possible

(parameter-dependent, Lur’e Postnikov, Lyapunov-Krasovskii, for

example)

• Techniques extend to other robust control models:

∆

-

�

-
-
-

Linear model -
p q

w
u y

z

– ∆ can be structured

– Many assumptions on ∆ can be handled (passivity, phase

information, etc)



Robust performance analysis

Question: What is worst-case value, over uncertainties, of a

“performance measure”
∫∞

0
φ(x(t), w(t), z(t)) dt?

Approach: Suppose V (x(t)) = x(t)TPx(t), P > 0, and

for all trajectories
d

dt
V (x(t)) ≤ −φ(x(t), w(t), z(t)) (∗)

Then, x(0)TPx(0) ≥
∫∞

0
φ(x(t), w(t), z(t)) dt, or x(0)TPx(0) an

upper bound on robust performance

• Condition (∗) is an LMI for a large class of functions φ

• Approach can be extended to handle more sophisticated Lyapunov

functions, and to many robust control models



Robust control design

--
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u=K(y,t)

Uncertain

System

zw

yu

Problem: Find the optimal control strategy, u = K(y, t) s.t.

closed-loop system enjoys good robustness properties

Some feedback possibilities:

• y = x, i.e., “state feedback”

• Only a linear combination of state components available, i.e.,

“output feedback”

• The uncertainties are measurable in real-time, and can be used for

feedback, i.e., “gain-scheduled”



Constant state feedback

• Feedback strategy is u(t) = Kx(t)

• Yields SDPs in several important cases

• For example:

ẋ(t) = A(t)x(t)+Bu(t), u(t) = Kx(t), A(t) ∈ Co {A1, . . . , AL}

Closed-loop system stable if

P = PT > 0, (Ai +BK)TP + P (Ai +BK) < 0, i = 1, . . . , L

With Q
∆= P−1, Y

∆= KP−1,

Q = QT > 0, QATi + Y TBT +AiQ+BY < 0, i = 1, . . . , L

(An LMI in variables Q and Y )



More general feedback design

• Feedback strategy y = K(y(t), t)

• In general “much harder” than state feedback, get LMIs only in a

handful of cases

• Constant or dynamic output feedback design do not yield LMIs in

general

• With feedback “scheduled” by the measured uncertainties, i.e.,

“gain-scheduled feedback”, get LMIs and SDPs



Robust Model Predictive Control



Model predictive control

• An open-loop control design procedure

• At each k, m control moves u(k + j|k), j = 0, 1, . . . ,m− 1
computed using a prediction horizon p:

min
u(k+j|k), j=0,1,...,m−1

Jp(k), (1)

subject to constraints on the control input, the predicted state,

and the predicted output

• Jp(k) is some sensible objective

• Only first control move implemented

• Process repeated
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A typical MPC implementation

• Take a nominal plant model

• Formulate control-move calculation as an optimization problem

(LP/QP)

minimize: Jp(k)

subject to: ui,min ≤ ui(k + j|k) ≤ ui,max

xi,min ≤ xi(k + j|k) ≤ xi,max,

where

Jp(k) =
p−1∑
j=0

(
x(k + j|k)TQx(k + j|k) + u(k + j|k)TRu(k + j|k)

)
• R > 0 determines “input penalty” and Q ≥ 0 determines “state

penalty”, relative sizes determines trade-off



Stability of nominal MPC

• When nominal plant model is exact, then have well-known result

(Rawlings, Muske (1993)):

Take prediction horizon p =∞. Then:

feasibility of on-line MPC =⇒ nominal MPC stability

• However, when model errors are present:

feasibility of on-line MPC 6=⇒ robust MPC stability



Counterexample

P (s) =
k

s(s+ α)
, −2 ≤ u ≤ 2

Model uncertainty: 0.1 ≤ α ≤ 10

With nominal α = 1 and actual α = 9:
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A robust MPC problem formulation

Discrete-time plant

x(k + 1) = A(k)x(k) +B(k)u(k),

y(k) = Cx(k),

[A(k) B(k)] ∈ Ω

(2)

Uncertainty set Ω can be either a polytope, or be defined by a

feedback uncertainty structure
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Robust MPC problem formulation

At time k, synthesize u(k + j|k) = Kx(k + j|k) (i.e., find K) to solve

minimize max
[A(k+j) B(k+j)]∈Ω

J∞(k),

subject to:

|ui(k + j|k)| ≤ ui,max, |yi(k + j|k)| ≤ yi,max

where

J∞(k) =
∞∑
j=0

(
x(k + j|k)TQx(k + j|k) + u(k + j|k)TRu(k + j|k)

)



Robust MPC problem solution idea

Suppose P > 0 satisfies

x(k + j + 1|k)TPx(k + j + 1|k)− x(k + j|k)TPx(k + j|k) ≤
−x(k + j|k)T

(
Q+KTRK

)
x(k + j|k) (∗)

for all j ≥ 0

Then, summing both sides from 0 to ∞

x(k|k)TPx(k|k) ≥∑∞
j=0

(
x(k + j|k)TQx(k + j|k) + u(k + j|k)TRu(k + j|k)

)
,

so x(k|k)TPx(k|k) is an upper bound on objective



SDP solution for polytopic Ω

With change of variables Y = P−1, W = KP−1, condition (∗)
equivalent to LMI

−Y Y ATi −WTBTi Y Q1/2 WTR1/2

AiY −BiW −Y 0 0

Q1/2Y 0 −I 0

R1/2W 0 0 −I

 ≤ 0,

for i = 1, . . . , L

Best upper bound gotten by soving at every k, the SDP

minimize: x(k|k)TY −1x(k|k)

subject to: LMI



Actuator constraints

Define ellipsoid

E =
{
ζ : ζTY −1ζ ≤ 1

}
Then if x(k|k) ∈ E , then x(k + j|k) ∈ E for all j ≥ 0, i.e., E is an

invariant ellipsoid

Using invariance of E , and noting u(k+ j|k) = Kx(k+ j|k), constraint

|ui(k + j|k)| ≤ ui,max

guaranteed by  Z W

WT Y

 ≥ 0, Zii ≤ u2
i,max



Example revisited

P (s) =
k

s(s+ α)
, −2 ≤ u ≤ 2

Model uncertainty 0.1 ≤ α ≤ 10

With nominal α = 1 and actual α = 9:
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Concluding remarks

• LMIs offer numerical solution of many robust control problems

• Interest began in the 1990s when efficient LMI algorithms became

available, and continues to grow

• Rich literature available, many specialized results for special

robust control problems



Challenges

• Many practical problems yield large-scale LMI problems, current

solvers often inadequate. Special-purpose algorithms and solvers

desirable

• Study of applications of LMIs to robust control fairly mature,

other applications remain to be explored
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