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Abstract

We present new algorithms for robust stability analysis and gain-scheduled controller synthe-
sis for linear systems affected by time-varying parametric uncertainties. These new techniques
can also be applied to parameter-dependent nonlinear systems with real-rational nonlinearities.
Sufficient conditions for robust stability as well as conditions for the existence of a robustly
stabilizing gain-scheduled controller are given in terms of a finite number of Linear Matrix
Inequalities (LMIs); explicit formulae for constructing robustly stabilizing gain-scheduled con-
trollers are given in terms of the feasible set of these LMIs. The improvement offered by our
approach over existing methods for stability analysis and gain-scheduled controller synthesis for
parameter-dependent linear systems are analyzed in theory. Numerical examples demonstrate
that our approach can offer significant improvement in practice.

1 Introduction

Our notation is standard. R™*" is the set of real m x n matrices. C™*" is the set of complex

m x n matrices. Co{-} denotes convex hull, that is,

'U:Z/\i'vi, Z’\i < 1,/\2'20} .
=1 =1

I, is the m X m identity matrix; if its size can be determined from context, we will omit the

Co{vy,vg,...,0,} = {v

subscript and simply denote it I. P > 0 means that P is a real, symmetric, positive-definite
matrix. For a given set S and a positive number o > 0, 0.5 = {os|s € 5}.

Consider the parameter-dependent system
i = AB(D)z + BOD)u, g = C(6(1))x + D(B(), (1)

where z(t) € R™, u(t) € R™ and y(¢) € R™, and A, B, C and D are real-valued rational functions
of the time-varying parameter vector 8(t) = [01(¢) - - -0,,(¢t)]T € R™, which for all ¢ > 0 is restricted
to lie in a polytope ® C R™ containing the origin. (When © is not a polytope, the results developed
herein can still be applied by replacing ® with some polytope ®@poy DO ©.) We assume that the

function 6(-) is such that the differential equation (1) has a solution. This technical admissibility
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condition will be implicit throughout the paper. For convenience, we will henceforth often drop
the dependence of § on t. The signals v and y have the interpretation of the control input and
the measured output respectively. We assume that the parameters 8; are unknown a priori, but
can be measured in real-time, so that they can be incorporated, if possible, in a gain-scheduled
control strategy. System (1) models a wide variety of commonly-encountered parameter-dependent
systems; see, e.g., [1, 2, 3].
We consider questions of stability analysis and stabilizing controller synthesis for system (1):

(P1) With u identically zero, does the state z of system (1) satisfy lim¢_.., z(¢) = 0 for every initial

condition z(0)? If so, we say that system is robustly stable over ®.

(P2) Does there exist a control law v = K(y,#,1), such that the state z of system (1) satisfies
lim;—oo () = 0 for every initial condition z(0)? If so, we say that system is robustly

stabilizable over ©.

In addition, given an uncertainty set @, we define the robust stability margin of system (1) as
om = sup {o | for every v € [0, 0], system (1) is robustly stable over 7®}
and the robust stabilizability margin as
pm = sup {p| for every v € [0, p], system (1) is robustly stabilizable over 7® }.

Let us first consider question (P1), that of robust stability over ®. A number of numerically
tractable sufficient conditions are available for robust stability, depending on the assumptions on the
function A(#). One class of sufficient conditions is based on the notion of quadratic stability: The
system # = A(f)x is said to be quadratically stable if there exists a quadratic Lyapunov function
Viz) = 2T Pz whose derivative is negative along every trajectory of the system, or equivalently,
there exists P = PT such that

P>0, PAWB+AB)TP<0forall §c®. (2)

For the simplest case when A(#) is an affine function of # (this is the so-called polytopic sys-
tem [4]), a necessary and sufficient condition for quadratic stability can be given in terms of a
finite number of LMIs, one for each vertex of the polytope ® [5, 6]. For systems with more
general uncertainties than polytopic ones, it is typical to consider a linear fractional represen-
tation (LFR) [7]. Here, the parameter-dependent system is represented as an LTI system, with
the uncertain parameters appearing in a feedback loop as a diagonal uncertainty A; see Fig. 1.

(We will henceforth refer to such systems as LFR systems.) Then,

scaling matrices can be used in conjunction with the small-gain

theorem to yield sufficient conditions for robust stability of sys- 9 H p

tem (1); see for example, [8, 9]. These scaling techniques can be

reinterpreted in the more general framework of integral quadratic

constraints (IQCs) [10, 11, 12, 13], and correspond to searching for A

more sophisticated Lyapunov functions [14].
Figure 1: LFR of parameter-

9 dependent uncertain systems.



The problem of controller synthesis (P2), has turned out to
be considerably harder. While the problem of robustly stabilizing
constant state-feedback synthesis for polytopic systems as well as LF'R systems with real constant
scalings has turned out to be convex, no convex reformulations are known for the simple problem of
constant output feedback synthesis for even linear time-invariant systems. This makes the general
output feedback controller synthesis problem very hard to solve. In many applications where the
uncertain parameters 6 can be measured in real-time [3, 15], the approach that holds the most
promise for output feedback synthesis appears to be that of gain-scheduled controller synthesis:
design feedback schemes that are themselves parameter-dependent on 8;.

We note that our use of the term “gain-scheduled” refers to the linear parameter-varying and
linear fractional transformation (LPV/LFT) approach for gain-scheduled control [16, 17, 18, 19,
20]. This is different from classical gain-scheduling controller synthesis techniques, where several
controllers are designed under different operating conditions, with the actual control law switching
between the locally designed controllers under some scheduling scheme [15]. A tutorial on gain-
scheduled control techniques can be found in [19, 20].

Designing gain-scheduled output feedback controllers for polytopic systems or LFR systems
using a single quadratic Lyapunov function can be reduced to finding the feasible set of a finite
number of LMIs [17, 21, 22, 23]. Gain-scheduled controller synthesis for polytopic systems using
parameter-dependent Lyapunov functions has also been studied in the literature; see for exam-
ple [24, 18]. The parameter-dependent Lyapunov function is usually chosen to be of a special form,
for example an affine [25] or a piecewise affine [26] function of the uncertainty. Although more
general Lyapunov functions may yield less conservative analysis results, constructing such Lya-
punov functions is much more difficult. Even for the special case when the Lyapunov function is an
affince function of the uncertainty, one usually needs to grid the parameter space made up of the
uncertainties and their first derivatives [24, 18, 27]; thus, in a sense, the result using finite gridding
points (or finite number of LMIs) is unreliable. Although parameter gridding can be avoided in
some cases, it requires either more restrictive assumptions on the system matrices [24], or the use
of a more conservative cover for the set of uncertainties [28].

The approach that we employ in this paper begins with the following idea: For LFR systems,
conventional robust stability analysis techniques require the search for structured scaling matrices
that commute with the uncertainties; however, less conservative stability analysis results can be
achieved by employing unstructured scaling matrices at different vertices of the parameter region.
This idea can be regarded as an extension of the vertex-type stability analysis techniques in [5, 6],
and has been proposed by Fu and Barabonov [29], and Iwasaki and Hara [30]. Our contributions, in
this paper, are to extend this technique to the use of parameter-dependent Lyapunov functions, as
well to gain-scheduled control synthesis. We will also show that the conventional constant scaling
method can be viewed as a special case of our approach. Thus, our approach can effectively take
advantage of the knowledge of polytopic covers that describe the uncertainties more accurately than
conventional norm bounds, for both robustness analysis and gain-scheduled controller synthesis. In

addition, the controller designed in our approach can be easily implemented in real-time.



The organization of the paper is as follows. In Section 2.1, we propose a vertex-type stability
analysis technique using a quadratic Lyapunov function. We also discuss the relation between our
vertex-type stability analysis results and the stability analysis techniques of Fu, Barabanov, Iwasaki
and Hara [29, 30] as well as other quadratic stability conditions. In Section 2.2, we extend this
approach to the search for a parameter-dependent Lyapunov function. In Section 3, we consider the
gain-scheduled output feedback controller synthesis problem. In Section 4, we demonstrate through
numerical examples that the robust stability analysis and gain-scheduled controller synthesis meth-
ods proposed herein offer significant improvement over existing constant scaling techniques. Proofs

and technical details are in Appendices.
2 Robustness analysis using Lyapunov functions
2.1 Quadratic stability analysis
Consider the state-trajectories of system (1) with u identically zero:
= A(f)z. (3)

Since A(#) is a real-valued rational function of 6, we have A() = A+ B,A(8)(I — Dy, A(6))"'C,
for some appropriate matrices’ A, B,, C,, and D,,. Then, an equivalent linear-fractional represen-

tation [7, 16] of the autonomous system (3) is given by

&= Az + Byq, p=Cpr+ Dpyq, q=A0)p, A0)=diag(thls,,....0n1,), (4)

1+ Sm

where z € R”, g € R, pe R? and 4, B,, Cp, D,, are real matrices of appropriate sizes, with A

being Hurwitz, i.e., with all its eigenvalues having negative real parts. The quantity max(sq,- -+, )
will be termed the LFR degree of system (4).
Define
A={A(f) |0 cBO}. (5)

Obviously A is a polytope as well. Let A;, ¢ = 1,...,r be the vertices of A. The following theorem

gives a sufficient condition for quadratic stability of system (4).

Theorem 2.1 System (4) is quadratically stable if there exists P € R™*" with P = PT > 0 such
that for every A € A, there exist Ga € C**¢ and Ha € C¥™? satisfying

PA+ ATP + GAC,+ CTG A P(ByA) + GA(DpgA) — Ga+ CTHA® <0
(ByAY P 4 (DAY Ga* — GA* + HAC, Ha(DpyA)+ (DpyA) Ha* — Hp — Hp* ‘

(6)

Moreover, V() = ¥T Pt is a Lyapunov function that proves quadratic stability of system (4).

Theorem 2.1 implies that the quadratic stability of system (4) can be established by checking
condition (6) for all A in the polytope (5).

'Here we assume the LFR is well-posed, i.e., det(I — DpgA(8)) #0, V8 € ©.




Remark 1 While a formal proof of Theorem 2.1 can be found in Appendix .1, we give an intuitive
explanation behind it. Consider the block-diagram in Fig. 1. Conventional robustness analysis
techniques take advantage of the structure and nature of A, for example by introducing scaling
variables D and D! to the left and right of A. D is required to commute with A so that the
solution to the closed-loop system equations remains unchanged. Thus, rather than H, one now
has available D~! o H o D in the forward loop; the scaling variable D presents a new degree of

freedom for improved robustness analysis.

Instead, consider Fig. 1 redrawn as in Fig. 2: The uncertainty

\ 4

A has been absorbed in the forward loop, making the identity oper-

HoA

ator I the “uncertainty”. The simplicity of the feedback loop offers

a much richer set of scaling variables D; however, in the forward

q P

loop, we have D~! o 'H o A o D; thus robust stability conditions are

7\
_/
stated no longer in terms of H and D, but in terms of A as well.

Figure 2: A loop transforma-

The proof in Appendix .1, formalizes this discussion; in particular, R
tion of the system in Fig. 1.

see (39), which describes how the variables Ga and Ha arise. <

As Theorem 2.1 places no restrictions on Ga and Ha—these matrices may depend on A—it
entails verifying an infinite number of matrix inequalities. This issue can be addressed by simply
restricting G'a and Ha to be of special forms such that the left hand side of inequalities (6) is convex
in A. It is then sufficient to check that inequality (6) holds for A;, i = 1,...,r, the vertices of the
polytope (5). One such choice for Ga and Ha is described in the following Corollary; this choice

is interesting in that it will prove useful in designing gain-scheduled output feedback controllers.

Corollary 2.2 System (4) is quadratically stable if there exist P = PT >0and M = MT >0
such that

ATP+ PA+CIMC, PB,;+ C;rT M D,y

BL,p+ DI MC, M+ DI MD,,;

pg, pg,

<0, 1=1...m (7)
where By; = ByA; and Dy, ; = Dy A;.

Remark 2 Corollary 2.2 can be viewed as an extension of the well-known structured scaling meth-
ods for robustness analysis. Consider the special case when © = [—v,~]™ with v > 0, i.e., when it
is a hypercube. In this case, structured scaling techniques [31, 32] can be shown to be equivalent
to condition (7), with the additional restriction that M = MT > 0 has such a structure that it
commutes with A. (In our condition (7), M has no other constraints other than it being positive
definite.) Also, our approach can effectively take advantage of the knowledge of polytopic covers
that describe the uncertainties more accurately than conventional norm bounds.

While the quadratic stability condition (7) can be less conservative than the conventional struc-
tured scaling methods, we now have an increased number of optimization variables, owing to M
being unstructured. In addition, the number of LMIs in our condition (7) equals r, the num-
ber of vertices of A. This reflects the added price to pay for the improvement in the robustness

analysis [4]. &



Other special cases for Gao and Ha are listed below:
1. Let Go = G and Hp = H be any unstructured real constant matrices. Then (6) is feasible if

PA+ ATP4+ GCp+ CTGT  PByi+GDpyi— G+ CITHT
BL.,p+ D!l .GT —~GT"+HC, HD,y;+ D] ;H" — H - HT

pa, pgs

<0, i=1,...,7. (8)

2. Let Ga = CTM/2 and Ha = ((Dy,A) + 1)M/2 + ATS*, with A = AT, M = M7 > 0 being
a real constant matrix and S = —5*, and with both M and S commuting with A. Then (6) is

feasible if
ATP+PAtCIMC, PB,A+ CIMDy,A + CESA

—M + ATDT M D,,A <0 (9)

T T TnpT — AT
A Bq}D‘}'A quﬂ/[Cp A SCp +ATD;:JSA—ATSquA

If § = —57 is real and skew-symmetric, (9) yields the stability criterion derived in [16], which
is also the stability criterion for systems affected by time-varying real uncertainties, obtained
in the IQC framework [10]. If § = jN with N = N7 being real and symmetric, (9) gives the

constant-scaling version of the the stability criterion from real-p analysis [9].

3. Let Ga = (QC,)T/2and Ha = (2SA+Q Dy, A+Q)T /2, where @ = QT and S are real matrices.
Then (6) is feasible if there exists M = M7T such that

[ATP—I—PA PBq] [0 CPTHM STHO I

BI'P 0 I DL 1S Q|| Co Dy
T

A M STl A

I S Q I

Condition (10) is the same as the stability criterion derived in [29, 30], or by using IQC ap-

(10)

> 0.

proach with time-invariant multipliers [10], or by using full block scalings? [33]. We note that

condition (10) is in general less conservative than condition (7), in which § =0 and M = —Q.

4. Consider the special case when D,, = 0 in system (4). Then the robust stability condition (10)

is equivalent to

ATP+ PA+CIQC, PB,i+CLS;

0, 2=1... 11
BILPESIC, Qi siashy | <0 S )

where S; = SA,;. Condition (11) is necessary and sufficient for quadratic stability of the system
& = (A+ B;A(0)C,) z over O, see [10]. Indeed in this case, we can always define §; = —Q =1
in (11) without loss of generality. (See Appendix B.)

2The stability condition (10) based on full block scalings is applied in [33, 34] to solve gain-scheduled controller
synthesis problems. However as pointed out in [34], the procedure to construct the resulting controllers is numerically
delicate.



Remark 3 Further improvement of condition (7) is possible. Let Ga = ngV[A/Q and Hy =
((Dpy A 4+ I)Ma /2, where Ma depends on A. Then, (6) is equivalent to

ATP + PA+ CIMAC, P(ByA)+ CTMA(DpA)

(ByAYT P + (DAY MaC, —Ma + (DA Ma(Dyya) | <0 A€ Coldn e A (12)

Since M is a variable that depends on A, condition (12) is less conservative than condition (7).
While condition (12) is not tractable in general as it includes infinitely many inequalities, it may be
applied in robust stability analysis as well as in gain-scheduled controller synthesis by dividing the
uncertain parameter set @ into several smaller sets and employing a different Ma for each smaller

set. However, the improvement of the analysis and synthesis results comes at the added expense of
more LMIs. <&

For a special case when the LFR degree of system (4) is one, condition (12) is equivalent to

checking a finite number of LMIs, as the following shows.

Corollary 2.3 Suppose the LFR degree of system (4) is one. If there exist P = PT > 0 and
M; = M > 0 such that

ATP+ PA+ CIM;C, PB,i+ CIM;Dp,;
BL.P+ DI M;C,  —M;+ DL M;iDy,;

pg pgs

<0, i=1,....r (13)

where By; = ByA; and Dy, = D,gA;, A; is a vertex of the polytope (5), then system (4) is
quadratically stable.

Condition (13) is clearly less stringent than condition (7), as it allows for different scaling
matrices M; for different vertices. We will therefore refer to the application of Corollary 2.3 as a
vertex-dependent scaling method or simply “vertex scaling”.

To conclude this section, we note that while all the stability conditions in this section are based
on the parametrization of the quadratic Lyapunov function as V (¢) = T Pip, it is straightforward

to re-derive the results with the Lyapunov function parametrized as V() = pTQ14p.

2.2 Robustness analysis using parameter-dependent Lyapunov functions

In Section 2.1, the robustness analysis is based on a single quadratic Lyapunov function. If sys-
tem (3) is affinely parameter-dependent or polytopic, parameter-dependent Lyapunov functions
can be employed, yielding improved robust stability analysis results [25]. Specifically, if the rate of
time-variation of the uncertainty # is bounded and lies in the set @ (® = {0} corresponds to the
case of a real constant uncertainty), it has been shown in [25] that the system # = A(#)z, where

A(8) is an affine function of 6, is stable if there exists a parameter-dependent Lyapunov function
V(z) = 2T P()z such that for all § € ©,

P(8) >0, P(8)+ P(A)A(8) + A(8)TP(8) < 0. (14)

Since the knowledge of the time varying rate of the uncertainty is incorporated in the analysis,

condition (14) is evidently less conservative than condition (2). However, condition (14) consists



of an infinite number of inequalities, even in the simple case when A(#) and P(#) are restricted to
be affine functions of #. Multi-convexity techniques are proposed in [25, 35, 36] in order to derive
a sufficient condition consisting of a finite number of LMIs for (14) to hold.

The robust stability condition (14) has been applied to design gain-scheduled controllers for
affine or piecewise affine parametric uncertain systems using multi-convexity techniques [24, 36, 37],
or using a more conservative cover of the set of uncertainties [28].

In this paper, we consider the robust stability analysis and gain-scheduled controller design
problems for LFR systems. For LFR systems with time-invariant parametric uncertainties, Fu and
Dasgupta [38] have proposed to solve the stability analysis problems using a parameter-dependent
Lyapunov function with parameter-dependent multipliers. In this paper, we consider LF'R, systems
with time-varying parametric uncertainties. Qur approach is to combine polytopic system analysis
methods with conventional constant scaling techniques to solve the robustness analysis problem
in LFR uncertain systems. Perhaps more important, we show that this analysis approach can be
extended to design gain scheduled controllers using a parameter-dependent Lyapunov function.

Following the same line as Theorem 2.1, in this section we derive a sufficient condition for robust

stability using parameter-dependent Lyapunov functions, summarized in the following corollary.

Corollary 2.4 Let ©; = [0;1---0;,]7, i = 1,...,7 be the vertices of ® and A; = A(0;). Let
@ = [®p1 - Pr]T, k = 1,...,0 be the vertices of ®. System (4) is stable for all § satisfying
(0,9) € O x ® if there exist Q; = Q;F e R and M = MT > 0 such that

<0 and Q0+Z®ijQ]‘>O, t=1,....,r, k=1,...,v, (15)

i=1

FEiiie Frag
T
E12,i E227i

where

Eua=A[Qo+ > 045Q; | + | Qo+ > 0iQ; | AT+ B, ;MBI - >~ 8,,Q;,
7=1

Eigi=|Qo+Y.0:;Q; | CT + ByiMDY ., Es;= M+ Dy ;MDT,

Pg,i° Pg,i°
Jj=1

and By; = ByA;, Dpgi = DpgAs, =11, k=1...v.

Remark 4 When ; =0, j = 1,...,m, condition (15) reduces to the robust stability conditions
based on a single quadratic Lyapunov function, given in Corollary 2.2, where the information on the
rate of variation of the uncertainty is not incorporated into the stability analysis. (The variables
@ and M in Corollary 2.4 correspond to the variables P~1 and M ~! respectively in Corollary 2.2.)
Thus Corollary 2.4 offers the potential for improved stability analysis when information on the rate
of variation of the uncertainty is available. However, this comes with the added price that an LMI

needs to be checked at every vertex of ® x ®. &

Remark 5 While Corollary 2.4 applies to the more general LFR systems, it can also be used for

robustness analysis of polytopic systems. The resulting robust stability condition consists of a finite



number of LMIs, as compared to an infinite number of LMIs that result from the approach in [25].

However, we would expect the latter condition to be less conservative. &

If the set @ x & is symmetric around the origin, i.e., (6,0) € ® x & implies (—0, —0) € O x &, it
can be verified that if condition (15) is feasible for some @);, then the system must be quadratically
stable, i.e., @; = 0,2 = 1,2,...,m. Therefore in this case Corollary 2.4 offers no improvement
over quadratic stability. However, for cases when set of uncertainties is not symmetric around the
origin, Corollary 2.4 can be strictly less conservative than the quadratic stability condition (see the
numerical example in Section 4.3).

Note that Corollary 2.4 offers an approach for the direct use of parameter-dependent Lyapunov
functions in the analysis of systems that exhibit a rational dependence on the parameters. This is

in contrast to indirect techniques such as using a (conservative) polytopic cover for
{(0,9,0101,...0i0j,...,0m0m)‘0 €cO,0cd,i §j}

as in [35, 28], or using a multi-convexity method [24, 25, 36].

3 Gain-scheduled output feedback synthesis

We next consider the problem of designing a gain-scheduled output feedback control strategy u =
K(y,0) such that system (1) is robustly stable. In particular, we show that the sufficient condition
for robust stability that we stated in Corollary 2.2 and Corollary 2.4 for system (3) can be directly
extended to designing a gain-scheduled controller K (y,#) that is guaranteed to stabilize system (1).
As noted in Section 2, our analysis technique guarantees a larger stability margin over conventional
constant structured scaling methods; therefore, the corresponding gain-scheduled controller will
come with a larger guaranteed closed-loop stability margin as well.

Consider system (1). Since A, B, C and D are real-valued rational functions of #, we have

[‘é% 3%”:[& 5;]+[ ﬁjq]Aw)(f—quA(e))—l[cp D] e

for some appropriate matrices A, By, By, Cp, Cy, Dyq, Dyy, D,y and Dp,. Then, an equivalent

linear-fractional representation of system (1) is described by

t=Ax+ Byq+ Byu, p=Cpr+ Dpyq+ Dpyu, y=Cyx+ Dyq+ Dy,u.

(17)
qg=A(0)p, A(8)=diag(b1s,,...,0.1s,),

where 2 € R", ¢ € R%, p € R*, u € R™ and y € R™. We will henceforth assume that Dy, = 0and
Dy, = 0. The former is a standard assumption and can always be satisfied via loop transformations,
while the latter is a technical assumption that implies that there is no uncertainty in the measured
output.

The new gain-scheduled control scheme is shown in Fig. 3(b). Comparing it to the conventional

gain-scheduled control scheme shown in Fig. 3(a) (see [21]), two differences are apparent. The



first is that with our scheme, every system matrix is scheduled. The second difference is that our

controller includes a unity feedback. This, while causing no loss of generality, will be important

in establishing LMI conditions for the existence of a stabilizing gain-scheduled controller.

Our

gain-scheduled controller design procedure is similar to the one used in [21], with the important

difference that the scalings that we employ are unstructured.

Remark 6 The intuitive reason behind the controller architecture in Fig. 3(b) is similar to the one

outlined in Remark 1. Recall that with our analysis techniques, the plant has the uncertainty A

absorbed in it, resulting in unity feedback. It turns out in order to carry through the gain-scheduled

feedback synthesis procedure, the controller must have the same structure, hence a unity feedback

architecture.

> A(t)
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Figure 3: Gain-scheduled control strategies.

The gain-scheduled controller K can be described by the state equations

T Apazi + Bra,y + Bra,v,

Ww —

where z5(t) € R™, v € R? and w € R%.

Cra, Tk + Dipas,y + Diag,v

U =
9 v =

w,

Cra Tk + Diayyy + Diay,v,

<&

(18)

All the state-space matrices in (18) are functions of the time-varying matrix A(#); hence their

subscript A. (Their exact dependence on A will become clear later.) Then, with the notation

Aga
Cra,
Cra,

Q(8) =

B,
Dgay,
Digas,

10

Bga,
Dpay,
Dipas,

(19)



the state space equations governing the closed-loop system P are

A Ol I RO B P A B O B R T B
[E]I[IA(O)HZ]’

where _
A 0 0 B
Aa(8) = [ 0 0] + BQO)C, Ba(l) = 0 Oq ] + BQ(0)D,,,
] (20)
0 0 0
Ca(f) = + D, 20)C, Dy(b)= + D, (0)D,,,
(0) [CPO] 0. Da(f) ODM] P A6)D,,
with
0 I 0 0
0 B, 0 0o o I
S L R F NS RPN P A B )
“ 0 0 I 0

3.1 Gain-scheduled controller design using quadratic Lyapunov functions

We first design quadratically stabilizing gain-scheduled output feedback controllers by applying
Corollary 2.2. The following theorem provides a sufficient condition for the existence of a full order

robustly stabilizing gain-scheduled controller.

Theorem 3.1 Consider the closed-loop system in Fig. 3(b). Let ny, = n. Then, given v > 0, there
exist P = PT >0 and M = MT > 0 such that for every 8 € v®, there exists Q(6) satisfying

l AT(O)P + PA4(0) + CT(O)MC4(6) PBa(6) + CT(8)M Dy(b) ] 0 (22)

BL(6)P + DL(O)MC4(0) ~M + DY(0)M D4 ()

if and only if there exist R € R™™ and S € R™*", L ¢ R and J € R such that the following

matrix inequalities hold:

v o017 [ AR+ RAT  RCT vB,iJ ¢ Ve o
[*OR I CpR —J YDpyid *OR 7l <0
T T
- 7JBq,i 7‘]qu72' ‘ —J J ( )
23a
T [ ATS +SA 45B,; crr -
[NOS ? vBT,S -1 yDI L "\05 g <0,
LG, YLDy | -L |t
S I L I .
[I R]>0, [I S0 =1 (23b)

where By; = ByA;, Dpgi = DpgAi, A;, 7 =1,...,7 are the vertices of the polytope A, Ng and
Ns are matrices whose columns comprise the bases of the null spaces of [BT  DIL] and [C) 0]

respectively.

11



The main implication of Theorem 3.1 is that we now have a sufficient condition for the existence
of a robustly stabilizing gain-scheduled controller for system (1). In contrast with the gain-scheduled
controller designed in [21] and [16], there are no structure constraints on M in Theorem 3.1;
consequently, even in the case when ©® is a hypercube, our design is at most as conservative as
the design using structured scalings. Of course, as with the stability analysis, our design can also

directly take advantage of the knowledge of more accurate polytopic covers for the uncertainties.

Remark 7 Note that since the gain-scheduled controller depends on the uncertain parameters 8,
the LFR degree of the closed loop system is always greater than one. Thus we may not use vertex
scaling (Corollary 2.3) in designing gain-scheduled controllers. However for general output feedback
synthesis problems (see [39]), we may still apply Corollary 2.3 to design output feedback controllers

that guarantee larger closed-loop stability margins. <&

A direct consequence of Theorem 3.11s that a lower bound of the robust stabilizability margin py,

can be computed by solving the following Generalized Eigenvalue Minimization Problem (GEVP).

Minimize: K
- T [ AR+ RAT RCpT B,;J
Subject to: 1\(7)1% ? CoR -X Dyt [ A([)R ? ] <0,
1| JBL JDI | X
: r [ ATS+54 SB,: | CTL (24)
Ng 0 T ! 12 Ng 0
0 I Bq ZS _Y qu ZL 0 I < 07
1l LG, LDy | =Y
S I ] L I .
[I R > 0, [I 7 >0, X<kJ, Y<kL 1=1,...,m.

where B,; = BA;, Dpyi = Dp,A;, X, Y, R, S, L, and J are optimization variables, py, = 1/k is
the robustly stabilizability margin.

For a given 7 > 0, we have thus far only derived conditions for the existence of a quadratically
stabilizing gain-scheduled output feedback controller over y®. We now describe an algorithm for
explicitly constructing a family of gain-scheduled output feedback controllers that are guaranteed

to stabilize the system over v©®.

Step 1. Design controllers corresponding to each vertex of the polytope vA .

In the first step, we apply a similar technique as the gain-scheduled controller synthesis algorithm

in [21], and we therefore refer to it for details.

Let (R, S, L, J) be a feasible solution to (23). From the proof of Theorem 3.1, S and R are
the upper left blocks on the diagonal of the matrices P and P~! respectively; L and .J are the
lower right blocks on the diagonal of the scaling matrices M and M ~! respectively. Noting that

S > R, we define P = (5 — R‘1)1/2 and Q12 = —RPi5, and

S P12 -1 R QIZ
P = . Then, P7' = . 25
[Pf% I ] Qf, - Phou (25)
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Next, with Myy = (L — J_1)1/2 and N1y = —JMi,, define

I—-MLN,, NI

-1 _
Then, M~ = Nis 7

M:[ I Mf;]

My, L

With P, M and M~! defined above, for each A;, i = 1,...,7r, the LMI (42) must be feasible
from the equivalence between (42) and (23). By solving the LMI feasibility problem (42) for
Qa, = Q(Ai(0)), we get a controller 4, corresponding to the vertex A;.

Step 2. Design the gain-scheduled controller.
For any A(f) € vA, solve the set of linear equations A() = Y"7_; a;(0)7A; to get a;(#). Define

Q0) = Y ai(0)7Qa,- (26)
i=1
Then, (26) gives the state space matrices of a gain-scheduled controller that is guaranteed to

quadratically stabilize the system.

Note that in controller (26), every system matrix of the controller in (19) is scheduled, that is,

depends on 6 (unlike with [21, 16] where only By,, Dy,, and Dy,, are scheduled).

3.2 Gain-scheduled controller design using parameter-dependent Lyapunov func-
tions

For affinely or piecewise affinely parameter-dependent systems, the gain-scheduled controller design
based on a single quadratic Lyapunov function can be improved by using parameter-dependent
Lyapunov functions [24, 37]. In this section, we extend the use of parameter-dependent Lyapunov
functions for designing gain-scheduled controllers for more general parameter-dependent systems
described by the LFR framework.

Theorem 3.2 Consider the parameter-dependent system with a full order output feedback con-
troller in Fig. 3(b), i.e., ny = n. Then the parameter-dependent system is robustly stabilizable for
all 8 satisfying (0,0) € ® x ® if there exist R; € R"™" §; ¢ RV [ € R™ J e R™ and
X € R™ such that the following matriz inequalities hold:

; T | Evni Fio FEq3
[*"OR H EL, —J ‘ Ess [NOR ? <0, (27a)
EL, EL | -J
T| Fin Fig ‘ i3
Ns 0 Ng O
lo I] FL, —X | Py lo ;1 <0 (27b)

FL FL \ .y

L I L A()X
>0, lI J]>0, l ¥
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where

R=Ro+> 0;()R;, S=50+ 6;(1)s;,

i=1 i=1

En = AR+ RAT =3 6;()Rj,  Eiy = RCT, Eiy= By(8)J, Ex= Dpy(8)J,
j=1

Fiu=ATS+ SA+Y"6;(1)S;, Fia=8B,, Fis=ClL, F3=D]L.
7=1
B,(0) = B,A(0), Dyy(0) = Dy,A(8), and Ng and Ng are matrices whose columns comprise the
bases of the null spaces of [BY Dgu] and [C, 0] respectively.

Note that conditions (27) are linear matrix inequalities. Therefore we only need to check
the feasibility of these LMIs on the vertices A; and ®;. Moreover, when R; = 0 and 5; = 0,
j=1,...,m, conditions (27) yield the quadratically stabilizing gain-scheduled controller synthesis
condition (23); this corresponds to the situation when the rate of variation of the uncertainty
cannot be measured in real time or is unbounded. Conditions (27) offer the potential for improved
gain-scheduled controller design when information on the rate of variation of the uncertainty is
available.

We now present an algorithm for explicitly constructing a family of gain-scheduled output
feedback controllers that are guaranteed to stabilize the system. Suppose that the synthesis condi-

tions (27) are feasible for some L, J, and R;,5;,j=1,...,m.

Step 1. With the measured (8,8) € © x ®, construct P(A) and P()~".
Let

S =580+ Zej(t)sj', R=Ry+ Zej(t)Rj. Then, 5 = Zé]—(t)sj, R= Zé]'(t)Rj.

=1 =1 i=1 i=1
Define ,
_ ) —(5—-R™ T M

P(0) = l (S— RS- R ] , and M = [ My, L > 0, (28)

where My = (L — J~')Y/2. Thus

R R I—- MEN,, NI
-1 _ 71 124712 12
P(o)~ = [ R (S— R YH)ISR ] , and M l Ny J ] >0,

where Ni9 = —JM75. Then

P(O) . ) S ) —(S + R_IRR_I)
| Z($+RRRTY) S+ RIRRT |

Since conditions (27) are feasible with L, J, R;,5;, 7 = 1,...,m, it can be checked using the
Elimination Lemma [4, 32] that

X(0,0)+UTQ)ywv +viae)Tu <o, (29)
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must be feasible for some ©(6), where

' ATP(0) + P(0)Ag + P(8) P(A)By, CF
X(6,6) = BIP(#) -M nl 1,
Co Dy —M7!
v=[8Tr@) o DI |, v=[c D, 0],

A0 | 0 B(#) | 0 0 |0 0
AO_[O O]’ BO_[O 0 ]’ CO_[Cp 0]7 Do—lo qu(0)17 (30)

and B, D, C, and Dy, are given in (21).

Step 2. Design the gain-scheduled controller.

Solve the LMI feasibility problem (29) for €(6), which comprises the state-space matrices of the
gain-scheduled controller that stabilizes the system. Moreover, V(z,8) = 2T P(8)z is a parameter-

dependent Lyapunov function that guarantees the stability of the closed loop system.

Note that in the above algorithm, since P(#) is not an affine function of 8, solving (29) for a
stabilizing gain-scheduled controller is not as easy as designing a gain-scheduled quadratic stabiliz-
ing controller in Section 3.1 (where () is simply a convex combination of the controllers ; that
each correspond to a vertex of A). In order to construct the gain-scheduled stabilizing controller
using the parameter-dependent Lyapunov functions introduced in Theorem 3.2, we need to solve
the LMI feasibility problem (29) in real time. One approach is to solve LMI feasibility problem (29)
numerically using an LMI solver [35]; another approach, which requires less on line computation

time, is to find a feasible solution of (29) analytically (see [32]).

4 Numerical Examples

In Section 2 and Section 3, we observed that our approach is in general less conservative than

structured scaling methods. We now illustrate this point through numerical examples.

4.1 Improved robustness analysis

The objective of the first example is to demonstrate that our approach yields significantly bet-
ter results for robust stability analysis, as compared to the structured constant scaling methods.

Consider a second order differential equation with parametric uncertainties
i+ (1 —r(t)cos¢+ r(t)sin ¢ + 0.57(¢)*sin 2¢)i + = = 0, (31)

where 7(t) is a bounded uncertain time-varying parameter and ¢ is an (uncertain) angle lying in the
sector [0, 7/4]. Note that the parameters of (31) are not real-rational functions of the uncertainties.

However, with a simple change of variables 6;(t) = r(¢) cos ¢ and 6,(t) = 7(¢) sin ¢, we obtain the

15



following LFR of (31) with A(t) = diag(6:(¢),82(t)):
1 0 -1 z1 0 0
R R E L .
- 0 1 1 0 0 - 01(15) ( )
P=10 —1 ||y | T =1 0]|® 17 NORES

This LFR is always well-posed. Define

® = {(r(t)cos ¢, r(t)sing) | ¢ € [0,7/4]U [r, 57w /4]}.

This set is shown shaded in Fig. 4. Note that ® is not a polytope; 8 (1)

we therefore use its polytopic covers in order to apply the results D

of Sections 2 and 3. The stability margin oy, is the largest o H 1

such that the stability of the system (32) can be guaranteed for _

any |r(t)] € [0,0]. We will compare the following robust stability e C

analysis methods, using as the basis for comparison the robust - L

stability margin that they can guarantee for system (32): LN V. Ia
1. Hypercube cover, diagonal scaling [31, 4, 40]. This is equiv- B

alent to covering ® by the rectangle FF'GH E (dotted line).
Figure 4: Uncertainty set
2. Polytopic cover, unstructured scaling (Corollary 2.2) This (61(t), 62(1)) and its polytopic
can be interpreted as covering ® by the polytope ABCDA COVer.

(solid line).

3. More accurate polytopic cover, unstructured scaling (Corollary 2.2). This can be interpreted
as covering ® by the polytope AEICGJA (dashed line).

4. Vertex scaling (Corollary 2.3). Note that the LFR degree of system (32) is one, and therefore
Corollary 2.3 can be applied with both polytopic covers ABCDA and AEICGJ A for ©.

For this example, the exact stability margin turns out to be 1. The lower bounds on the robust
stability margin computed?® using the approaches described above are given in Table 1. The results
illustrate the observation that for linear systems affected by time-varying parameters, the approach
described in this paper offers significant improvement for robustness analysis over the traditional
structured scaling methods.

We note that when stability condition (10) with unstructured time-invariant multipliers or full
block scalings is used, the resulting lower bound on the stability margin for case 3 with polytopic
cover AFICGJA is 0.9999. With this approach, however, we need to solve six LMIs for the
six vertices of the polytopic cover, which requires approximately twice the computation as with

constant unstructured scaling (Corollary 2.2) or with vertex scaling (Corollary 2.3).

®The actual calculation was performed by reformulating the lower bound calculation problem as a GEVP; see [41].
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H Polytope ‘ No. of LMIs in (7) ‘ Constant scaling ‘ Vertex scaling H

EFGHE 1 0.4874 —
ABCDA 2 0.8082 1.0000
AEICGJA 3 0.9024 1.0000

Table 1: A comparison of the stability analysis by using structured scaling and unstructured scal-
ings.

4.2 TImproved gain-scheduled controller synthesis

We have seen in Section 4.1 that our approach offers significant improvement over conventional
structured scaling techniques for robustness analysis. We now demonstrate that similar improve-
ments accrue with gain-scheduled controller synthesis as well.

Consider the system in Example 1 with an additional control input «# and a measured output
Yy, i.e.,

G4 (1 —r(t)cose+r(t)sind + 0.57(t)*sin2¢)i +z +u =0, y==z— 3. (33)

Table 2 shows a comparison of the performance of different synthesis methods, based on the robust
stabilizability margin that they can guarantee using quadratic Lyapunov functions for system (33).
It can be seen that our approach using unstructured scalings yields significantly improved stabiliz-

ability margin than the design using structured scalings.

H Type of scaling ‘ Polytope ‘ No. of LMIs in (23a) ‘ Constant scaling H

Diagonal FIGHE 2 0.9985
Unstructured ABCDA 4 1.3646
Unstructured | AFICGJA 6 1.8609

Table 2: A comparison of gain-scheduled controller synthesis by using structured scaling and un-
structured scalings.

4.3 TImproved stability analysis using parameter-dependent Lyapunov functions

In this example, we demonstrate the improvement achievable in robust stability analysis when
parameter-dependent Lyapunov functions are employed (Corollary 2.4), as compared with quadratic
Lyapunov functions (Corollary 2.2). We also compare the analysis results using an LFR model and

a polytopic model to represent the uncertain system.
Consider the following parametric uncertain system:

Ty | 0 -1 -24 -3 42 14 . 28 3.5 5 . 1
[ iy ] = <[ 1 -1 ] + [ 24 3 ] r(t) cos ¢ + [ 60 20 ]r(t)smq” [ 0 5 ]r (t)51“2¢> [ s ]
(34)
where ¢ is a constant unknown parameter that lies in the set [0, 7 /4], and r(¢) is a bounded time-

varying uncertain parameter and satisfies r(¢) € [0, r]. The rate of variation of r(¢) is also bounded

by k, ie., |#(t)] < k.
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By defining new variables 6;(¢) = r(t) cos ¢, 02(t) = r(t)sin ¢, system (34) can be represented
in an LFR model (Fig. 1), where A = diag(6:(?),0(¢)) is the diagonal parametric uncertainty.
For this LFR model, Fig. 5 shows lower bounds of r under which robust stability of the system
can be guaranteed using the parameter-dependent Lyapunov function (40) and a single quadratic
Lyapunov function. The results show that the information on the bounds on the rate of variation
of the uncertainties can be used to improve robust stability analysis. Similar improvement can
be achieved with gain-scheduled controller design as well, when parameter-dependent Lyapunov
functions are employed. However, the improvement comes with the cost of a larger number of
LMIs and optimization variables.

For system (34), we also compare the performance analysis result using other parameter-
dependent Lyapunov function approaches for affine parametric uncertan systems. In order to
represent the system (34) in a model of affine parametric uncertain system (polytopic model), we
define new variables () = r(t) cos ¢, 5(t) = r(t)sin ¢ and b3(t) = r?(t)sin 26. The uncertainty
set @ = {(él, éz,ég)} is covered by a polytope, i.e.,

© C {(ur,us,u3) | wr € [0,7],u2 € [0,7/v/2], w3 € 0,7 }. (35)

Then, it can be checked that even for time invari-

ant uncertainties, the robust stability margin r of

the uncertain system in polytopic model of (35) is -
less than 0.0266. If we further restrict the Lya-
punov function to be of special forms, for example

an affine function of the uncertainty variables as

in [24], the lower bound of the robust stability mar-

gin that can be guaranteed for the polytopic model

of (35) is even lower. In comparison, Fig. 5 shows |
that a lower bound of the robust stability margin
of the LFR model that can be guaranteed by us- Figure 5: Robust stability analysis of sys-

ing a single quadratic Lyapunov function is 0.0266. tem (34) with different bounds on the rate of

If we use parameter-dependent Lyapunov functions variation of the uncertainty.

for analyzing the LR model, the lower bound of the robust stability margin can be further im-
proved.

In this example, the analysis results with the polytopic model are conservative because the
polytopic set coving the uncertainty set in (35) is conservative. If a polytopic model can be con-
structed to approximate the uncertain system more accurately, the analysis results with polytopic
models can be improved. However, it is generally difficult to build an accurate polytopic cover for
an uncertainty set involving multiple uncertainty variables. Besides, an accurate polytopic cover
generally includes many vertices, which may dramatically increase the number of LMIs.

Finally, we exercise the gridding method for the uncertain system (34) [18]. We choose a

parameter-dependent Lyapunov function (40). The result of the gridding method provides an

*In [42], a procedure is proposed to construct a polytopic cover for uncertain systems whose uncertainty is included
in a third order polynormial of a scaler uncertain variable.
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upper bound for the analysis result using Corollary 2.4. However, the gridding method can not
guarantee its analysis result, while the Corollary 2.4 gives a guaranteed lower bound of the robust
stability margin. In addition, the gridding method requires solving more LMIs and the analysis

result depends on choosing the gridding points.

4.4 Robust stability analysis of a nonlinear system

In this section, we demonstrate the application of the techniques presented in Section 2 towards
the solution of stability analysis problems in nonlinear systems with real-rational nonlinearities.

Consider an autonomous nonlinear system

—2x1 + o+ 2122+ 23@% + 2.236% - 5.2m%m2 - 2.2m1m%

i1 | (1—21)(1 - 22) (36)
o —102q + 10225 + 12.423 — 24222, — 12.42,23 '

(1 — $1)(1 — ZCQ)

The system can be represented as an LFR with A = diag(z1, z2) being the “uncertainty”. We study
the local stability around the origin, following the approach in [16]. Suppose that the quadratic
Lyapunov function V(%) = 1T Q"% guarantees the asymptotic stability of system (36) around the
equilibrium point z; = 0 when |z;| < o, i = 1,2. Then, if Q satisfies e/ Qe; < 02, i = 1,2, it can
be shown that &g 2 {z| 2TQ'z < 1} is an invariant ellipsoid around the origin (see [16] for
details). For fixed o, we can then maximize the size of the invariant set £5-1, with “size” measured
with different metrics. With ¢ = 0.5, we maximize the trace of ), which has the interpretation of
maximizing the sum of the squared semi-axis lengths of the invariant ellipsoid £g-1.

When the improved quadratic Lyapunov function search techniques that we presented in Sec-
tion 2.1 are employed, much larger estimates for the region of stability of system (36) result. In
Table 3, we list the sizes of the largest region of attraction that can be guaranteed using the

conventional diagonal scalings, Corollary 2.2, and Corollary 2.3 respectively.

H Quadratic stability criterion ‘ Largest Tr(Q) H

Conventional method 0.1249
Corollary 2.2 0.4994
Corollary 2.3 0.4996

Table 3: Comparison of the largest invariant sets guaranteed by Theorem 2.1 and by the conven-
tional diagonal scalings method.

4.5 Stabilizing nonlinear systems using gain-scheduled approach

In this example, we show that our approach can be applied to the design of output feedback

controllers for nonlinear systems with real-rational nonlinearities.
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Consider the following nonlinear system:

—2z1 + 79 + 72.98587 179 + 21.768323 4+ 45.073823 — 23.949122z, — 15.3989z, 73
l | ] (1—29)(1—x9)
P —10z3 + 90.69197125 + 37.799827 + 48.807122 — 39.6367x2x, — 43.8721 7122
(1—21)(1 —z2)

3.6443
+ l 5.5731 ] “
y = 3.9401z; + 12.80062.

With the state variables (21, z2) as “uncertain parameters”, we design an output feedback controller

such that:

1. &p 2 {z| 2T Pz < 1} is an invariant ellipsoid contained in the box B, a {z| |z;| <04, i=1,2},
where P defines a quadratic Lyapunov function that guarantees local asymptotic stability around

the origin.
2. For any initial condition that satisfies |z1(0)| < 0.16, |z2(0)| < 0.16, the peak value of the output
A
Ypeak = max {|y(t)| |t >0, |z1(0)] < 0.16, |z2(0)] < 0.16}

is minimized. While there exist no methods that directly minimize ypeak, it is possible to minimize

an upper bound Ymax ON Ypeak via the optimization problem
minimize: y2,., subject to: yZ. > cyRcZ, (37)
where R is the left upper block of P!, defined in (25); see [16] for details.

The gain-scheduling methods in [21, 16] that use structured scalings fail to produce a stabilizing
controller; in other words ypeak is not even guaranteed to be finite with these methods. In contrast,
the techniques presented in Sections 2 and 3 yield a gain-scheduled controller with an upper bound
Ymax = 4.3086 for ypeak. This example illustrates the improvement achievable with our techniques

for controller design for systems with real-rational nonlinearities.

4.6 A comparison of robust gain-scheduled control strategy with conventional
gain-scheduled control strategy

In the last example, we compare the robust gain-scheduled control strategy developed in this paper
with a conventional gain-scheduled control strategy: Several controllers are designed for the system
under different operating conditions, with the actual control law switching between the locally
designed controllers under some scheduling scheme [15].

Consider the following parameter-dependent system from [15]:

0 (2-6(1)* 14+0.50(t)+ (2 6(1))* 0
i) = |1 0 0.2 z(t)+ | 0 | u(t),

0 0 0 1 (38)
yt) = [0 1 1 ]a(),
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where 6(¢) is a measurable parametric uncertainty and satisfies —1 < #(¢) < 1. This system can be
represented as an LFR with A = diag(#(¢),6(¢)). For system (38), the conventional gain-scheduled
control technique from [15] fails to internally stabilize the system. However the gain-scheduled
controller obtained using the techniques of Section 3 does indeed stabilize the system. In fact, the
solution of the GEVP (24) reveals that the system can be stabilized for —1.8989 < (¢) < 1.8989.

As an example, for the initial condition z1(0) = 22(0) = z3(0) = 1 and with the uncertainty
6(t) = cos(2t), Fig. 6 shows the state response of the closed-loop system with the gain-scheduled

output feedback controller designed by applying the algorithm in Section 3.1.

Lyapunov Function

Time Time Time
(a) State response of the system (b) State response of the con- (¢) Quadratic Lyapunov func-
zi(t),1=1,2,3. troller zx,(t),21 =1,2,3. tion.

Figure 6: Gain-scheduled control of uncertain system (38).

5 Conclusion

We have presented new algorithms for stability analysis and gain-scheduled controller synthesis for
linear systems affected by parametric uncertainties. We have also established that these algorithms
offer significant improvement over existing methods. The analysis and synthesis conditions are in
the form of linear matrix inequalities; therefore, our algorithms can be very efficiently implemented
numerically. The techniques presented in this paper can be applied to parameter-dependent non-
linear systems with real-rational nonlinearities. In addition, several of the techniques proposed in

this paper can be extended to the solution of robust performance problems.

Appendix A

.1 Proof of Theorem 2.1

Suppose there exist P = PT > 0, Gao € C™? and Hp € C¥*? satisfying (6) for all A € A.

Consider system (4) for a A € A. The equations governing the system can be rewritten as

&= Az + (B A)p, p=Cpa+ (DypA)p.
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Now, for any Ga € C™*?% and Ha € C¥*?, we have
2T Gap = mTGAC’pm + .rTGA(quA)p, p Hap = pTHACpac + pTHA(quA)p,
or equivalently

: 10 GAC, + CT G Ga(DpyA) = Ga + CTHA* + 1,
p (Dpg DY GA* = Ga™ + HAC, HA(DpyA)+ (DpgA) HA* — Hy — HA* | | p '

T

(39)
Thus system (4) can be described by the state equation, & = Az + (B,A)p and the relation defined

in (39). Then, we have

d 2 17 PA+ATP PB,A)] [ @
atarray = [ 2] REA TS ]
" [PA+ATP PBA) ][ @ e
RS M MR MR

with the last inequality following from (6).

.2  Proof of Corollary 2.2

Condition (6), with G = CTM/2 and Ha = ((Dpy AT + I)M/2, reduces to (7). The conclusion

of the corollary then follows from Theorem 2.1.

.3 Proof of Corollary 2.3

Inequality (13) implies that there exists a quadratic Lyapunov function V(1) = % P, such that
P> 0and P(A+B,Ai(I—DpyA) " Cp) 4 (A+ ByAy(I— Dy C)TP <0, i=1,...,r (This
follows from an argument exactly along the line of the proof of Theorem 2.1.) Now, since the LFR
degree of system (3) is one, it turns out (see [6]) that Co {A + B,A;(I — Dy A)71C, |i=1,...,7} =
{A+ B,A(I — DyyA)™'C, | A € Co{Aq,...,A,}}. Therefore,

P(A+ B,A(I — DpyA)™'Cy) 4+ (A + B,A(T — D A)™IC)TP <0,

for any A € Co{Aq,...,A,}, and system (3) is quadratically stable.

.4 Proof of Corollary 2.4

It is easy to establish using routine matrix algebra that if conditions (15) hold for all the vertices
(0;, ®;), they also hold for any uncertainty 6 with (6, 0) € ©® x ®. Following the same line as the

proof of Theorem 2.1, it can be shown that the affinely parameter-dependent Lyapunov function
m -1
V(iz) = a7 (QO + ZHZQZ) T (40)
i=1
provides a guarantee of the stability for system (4), where 6 satisfies (6, 0) €0 X d.
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.5 Proof of Theorem 3.1

Since # € 7®, we have A € yA. Using Schur complements, observe that condition (22) is equivalent

to
AL(B)P + PAa(8) PBa(f) CL(0)
BI(o)P -M DY) | <o0. (41)
Ccl(e) DCI(O) M1
Then using (20), (21), and (30), inequality (41) can be written as
X@)+vre@)yv +viee)v <o, (42)
where
ATP+PAy PBy CF
X(6) = Bfp -M pf |, U=[B"P 0 DL |andV=[C D, 0].

Co Dy —M!

Partition P, P!, M and M~! as

O R = S R TV I B VS R R
* ok * X * L * J
Using this partitioning of P and M and the Elimination Lemma [4, 32] and the Completion

Lemma [43], it is straight forward to verify that inequality (42) is feasible for some Q(A(#)) if
and only if

i . . ]
N o7 [ AR+ RA RC! (B,A)J Ne 0
07 C,R —J (D, A)J o 1| <0
J(B,AT (DN —T ]
(43a)
) T[ ATS+ 54 S(B,A) crn ]
[AOS H (B,ATS L (DAL [NOS g <0,
| LC,  L(DyA) | -L
S T LI
[I R 120 [I S =0 (43b)

Note that the left hand sides of (43a) are affine in A. Therefore conditions (43a) hold if and
only if they hold for each vertex of yA. Finally it is easily argued that if (43) is feasible with

non-strict inequality, it is also feasible with strict inequality. Thus we get condition (23).

.6 Proof of Theorem 3.2

L A(O)X
X A(9) X
and right by diag(/, A, I), we get

v Fy F F
[Ns 0] 11 12‘ 13 [Ns 0]<0

Condition > 0 implies L. > AXA. Multiplying inequality (27b) on the left

o I FL —L | Iy
FhLOFL | -L
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where g = (Sg + ZHj(t)Sj) B,(#) and Fy3 = D,,(8)T L. Therefore (27b) holds for all (6,8) €
7=1
@ x & if and only if (44) holds for all (6,8) € ® x ®. Using a similar argument as the one in the

proof of Theorem 3.1, it can be checked that

[AJ@THQ+J%mAﬂm+04mTMaﬂm+Pw)z%maﬂm+CJmﬂwaﬂm 0

Ba(0)T P(0) + Da(0)T MC4(8) ~M + Da(6)T M D,(6)

where P(f) and M are defined in (28). Thus we conclude that P(#) defines a parameter-dependent

Lyapunov function that guarantees robust stability.

Appendix B

Theorem B.1 System (4) is quadratically stable if and only if there exists P = PT > 0 such that
for every uncertainty A € A defined in (5), the following condition holds

ATP+ pPA-CTC, P(B,A)+ CT = CT(DpA)

(B,A)Y P 4 Cp— (DpyA)Cy (DyyA) + (Dyg A = (DpyA) (DA — 1 | < 0. (45)

Moreover, if D,, = 0, condition (45) is equivalent to (11) with S; = —Q = 1.

Proof: The connection between (45) and (11) is straightforward when D,, = 0. Therefore, we
only need to show that condition (45) holds for the more general case.
Sufficiency
Condition (45), from Schur complements lemma, is equivalent to the condition that for all A € A

P(A + BqA(I - quA)_le) + (A + BqA(I - quA)_ICp)TP

+PB,A(T = Dy A) ™I = DpyA)"TATBT P < 0.

Quadratic stability of system (4) follows immediately. Also note that condition (45) implies that
system (4) is well-posed.
Necessity
Suppose that system (4) is quadratically stable. Then, there exists P = PT > 0 such that

L(A) = P(A + BqA(I - quA)_lcp) + (A + BqA(I - quA)_lcp)TP < 07 VA € A. (46)

Let 7 = suppaca(Amax(L(A))), where Apax denotes the largest eigenvalue. Obviously < 0. We
show that n < 0. Suppose otherwise, i.e., n = 0. Since A is a compact set and Apax(-) is a
continuous function, there must then exist some A € A such that Apax(L(A)) = n = 0, which
contradicts the assumption (46).

Since the system is well-posed (otherwise, it cannot be quadratically stable), det(/ — D,,A) # 0
for all A € A. This implies (I — Dy,A)(I — D,yA)T > 0 for all A € A. Following the same
argument as before, we obtain infaca Amin((I — DpgA)(I — DpyA)T) = 7 > 0, or equivalently
(I = Dy A)~T)|? < 1/7 for all A € A. Define P = (P where

™
N PB, BT P

0<&<— AP < iy p>0.
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It is easy to check that P is a feasible solution for inequality (45). Thus we have shown that (45)

is a necessary condition for quadratic stability. |
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