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1 Introduction

A popular paradigm for modeling control systems with uncertainties is illustrated in Figure 1.
Here P is the transfer function of a stable linear system, and A is a stable operator that rep-
resents the “uncertainties” that arise from various sources such as modeling errors, neglected
or unmodeled dynamics or parameters, etc. Often, the uncertainty A is assumed to possess
various additional properties. Common examples are that A is structured (i.e., diagonal or
block-diagonal), that it is linear time-invariant or real-constant etc. Such control system
models have found wide acceptance in robust control; see for example [D, S, PD, L, ZDG].
We will henceforth refer to the system in Figure 1 as the P-A interconnection, and denote
it by Z( P, A).

The Small-g Theorem is the foundation of the structured singular value approach towards
assessing the stability of systems affected by structured uncertainties. Specifically, the theo-
rem gives a necessary and sufficient condition on the “g-norm” of the plant transfer function
P for Z(P,A) to be stable for all structured A € H,, of a given maximum size (H,,-norm).
Various versions of the small-y theorem exist in the literature, and it was shown in [TF] that
some commonly quoted versions of this theorem are in fact incorrect.

The situation is even less clear when the norm-bound on A is frequency-dependent. To
the authors’ knowledge, no formal extension of the small-y theorem to this case is available
in the open literature. Proofs informally mentioned within the research community are
usually based on the construction, for each uncertainty block, of an H., function, invertible
in H,, whose magnitude on the unit circle (in the discrete-time case) is equal to the given
uncertainty bound w;(z). Such proofs assume that the uncertainty bounds possess some
regularity properties (implying their boundedness), and are bounded away from zero. In
this article, we first formally state and prove such a small-y theorem (Theorem 1).

Stability of Z(P, A) for all A in the uncertainty set of interest is usually referred to as
“robust stability.” Another concept that has received scant attention in the literature is that
of “uniform robust stability.” Z(P,A) is uniformly robustly stable over a given uncertainty
set if not only the transfer matrix of interest remains in H., as A ranges over that set, but
furthermore its norm remains bounded by a quantity independent of A.

The major part of the article is devoted to deriving conditions for robust stability and
uniform robust stability of the P-A interconnection, when the boundedness and regularity
assumptions on the uncertainty bounds are relaxed. Note that, in particular, the bounded-

ness assumption on the w;s may be overly restrictive, as often the uncertainty is modeled



Figure 1: The P-A interconnection modeling an uncertain system.



as being arbitrarily large at high frequency. We first show that if mere stability rather than
uniform stability is sought, then a sufficient “small-x” condition holds without any bounded-
ness or regularity assumptions on the w;s. We also derive a necessary condition for uniform
robust stability where the assumption that the w;s are bounded away from zero is relaxed;
however, certain regularity conditions on how fast the w;s can approach zero become nec-
essary in order to have a nontrivial set of uncertainties. Finally, we show that for certain
uncertainty models, a necessary and sufficient condition for robust stability can be obtained,
without any boundedness assumption on the w;s. Known small-p theorems with frequency-
independent uncertainty bounds are recovered as special cases and stated as Corollaries 1

through 4.

2 Preliminaries

We will focus our attention for the most part on discrete-time systems, as the technical details
become somewhat simpler here; we discuss continuous-time systems briefly in §5. Let Ry be
the set of nonnegative real numbers. Let D denote the closed unit disk {z : z € C, |z] < 1},
D¢ = C\ D its complement, D the closure of D, and dD the unit circle {z : z € C, |z]| = 1}.
Given a matrix M € C"*", let M* denote its complex conjugate transpose, a(M) its largest
singular value, and g(M) its smallest singular value. H., (D) denotes the set of functions
that are bounded and analytic in D°. For compactness of notation, we will also use H, (D)
to denote matrix-valued functions whose entries are in H,, (D). Finally, the H,, norm of

H € H, (D) is denoted ||H oo, and defined as
| H||oo = sup a(H(z)).
zE€DC

Let R, S and F' be nonnegative integers, not all zero, and let n, r1,...,rg, s1,...,Ss
and fi,..., fr be positive integers with n = >"r; + 3> s; + > fi. Define n, = 3" r; and
ne =58 +>. f;. Let I'; be the subspace of real n, x n, matrices defined by

I, = {diag(71]T17 s 7713]7’1{) RS R}7 (1)
let T'. be the subspace of complex n. x n. matrices defined by
T. = {diag(vi s, .., 75Le.Ths .., Tp) 13 € CT; € X} (2)

and let
I = {diag(T,,T.): TI,el,,T,eTl.}, (3)



and

Br={I'el: &I)<I1}.

The structured singular value of a matrix M € C"*" with respect to a block structure I' is

defined to be p(M) = 0 if there is no I' € T such that det(/ + I'M) = 0, and

u(M) = (mig{a(r) . det(I +TM) = 0}) -

e

otherwise. The description above corresponds to the so-called “standard mixed-p” frame-
work. The quantity p plays a central role in the stability analysis of systems with real and
complex structured perturbations; see, e.g., [ZD, §8.12].

We will make use of various sets of functions in H,, (D) that will be assumed to have
continuous extension on D.! In that context, we will often abuse notation and use the same

symbol for a function in H,, (D) and the corresponding extension. Let A, be defined by
A.={A. € H (D) : A.z)€e.VzeD A, has a continuous extension on Df },
and let A be defined by
A={A: A=diag(A,A), A, el A.€A.}. (4)

In this paper, our concern is to extend the standard mixed-u analysis to the case when

the complex uncertainties have frequency-dependent upper bounds. To this end, define

W = diag(pilr,, ... prlrg,wils,, ..., wsls ,wsir Ly, ..., wsyrly,) for
W = (W : some nonnegative real numbers p;, ¢ = 1,..., R and some functions p . (5)

w; D =Ry, e=1,...,(S+ F)

Of special interest are those W that are conjugate-symmetric, i.e., that satisfy
W (z*) = W(z) for all z € OD.
Given W € W, define
BiwA ={A€A : A(z)"A(z) < W(2)* for all z € D} (6)
For future use, also define, for W € W,

BywRA = {A € BwA : A is real on the real axis},

In [T], a small-p theorem is obtained, in the case of constant scaling, without such assumption on P

and A.



and

BywRRA = {A € By A : A is real-rational },

as well as (corresponding to W(z) = [ for all z € dD),
BA ={Aec A: 5(A(z)) <1Vz € dn},

BRA = {A € BA : A is real on the real axis},

and

BRRA = {A € BA : A is real-rational }.

Consider now Z(P, A) where P € P, with
P ={P € H,(D) : P has a continuous extension on Df },

and with A assumed to lie in A. For every such P and A such that Z(P,A) is well-posed,?
we will denote by G/a the following transfer function, associated with Z(P, A):

:( (I +AP) AU+PAV1)' ™

P(I+AP)™1  (I+ PA)™?

Given S C A, if G5 is well defined and belongs to H, (D) for all A € S or, equivalently, if
(I + AP) is invertible in H.,(D°) for all such A, we will say that Z(P,S) is robustly stable.
If Z(P,S) is robustly stable, and if moreover

sup [|Galle < 00, (8)
Aes

we will say that Z(P,S) is uniformly robustly stable. The second definition is inspired
from [KGP].

Remark: Whenever W is bounded, (8) is clearly equivalent to
sup ||(I + AP) oo < 0. (9)
A€S

When W is unbounded, however, (9) is weaker than (8). In such a case, it is not clear that (8)
is the “right” definition for uniform robust stability. Indeed, the question of which nodes in the
block-diagram of Figure 1 are “physical” depends on the uncertainty model from which this block-
diagram is derived (additive, multiplicative, etc.). Still, most results derived below remain true

when (8) is replaced with (9). When this is not the case, it is pointed out. o

2This simply means that the equations describing the interconnection have a unique solution.



When W(z) = I, for all z € D, the situation considered here is the standard complex-p
problem, and a number of precise mathematical statements have been made relating robust
stability, uniform robust stability and g in this case; see [TF] for example. For general W,
however, no such statements can be found in the literature. The objective of this paper is
to explore this issue.

We first note that under some assumptions on W, we can provide necessary and sufficient
conditions for uniform robust stability of the P—A interconnection by appealing to standard

p results. We have the following theorem.

Theorem 1 lLet P € P and let
W = diag(pllﬁ, RN pRL-R, wllsl, RN wsjss, w5+1]f1, . ,w5+F]fF) e W. (10)

Suppose for eacht =1,...,(S+F), w; : 0D — Ry is continuously differentiable, and nowhere
vanishing. Then, T(P,BwA) is uniformly robustly stable if and only if

sup u(W(z)P(z)) < 1. (11)

2€0D

In addition, if W is conjugate-symmetric, then I(P,BwRA) is uniformly robustly stable if
and only if (11) holds. Finally, if condition (11) does not hold, then T(P,BwA) is not even
robustly stable.?

Proof: The main step in the proof is to apply Lemma 6 (in Appendix A) to construct
analytic functions ¢; : D° — C, 1 = 1,...,(S + F), with ¢;,6;" € H. (D), satisfying
|pi(rz)] — wi(2) as r | 1 for every z € dD. Let

¢ = diag(pleu s HOR]TR? ¢11817 Ty ¢S]Ssa ¢S+1]f17 Ty ¢S+F]fF)‘

Then, with P = ®P, condition (11) is equivalent to the condition that

sup pu(P(z)) < 1. (12)

2€0D

A standard result in p analysis* states that this condition is equivalent to I(P, BA) being
robustly stable, and supz.ga ||( + AP)_IHOO < 00. Moreover, if condition (12) does not
hold, then Z(P, A) is unstable for some A € BA.

3However, Z( P, Bw RA) can still be robustly stable, even when P is real-rational, and even when W(z) =

I for all z € dD: see [TF].
4In particular, this result is alluded to at the end of [TF]. It is obtained in this paper at the end of §4

(Corollary 1) as a special case of our general result, Theorem 4, proved from first principles.



Figure 2: The P-A interconnection. I(P,A) is stable if and only if I(P, A) is.



Now, defining A = A®, we see that A € BA if and only if A € By A. Moreover,
I(P, A) is stable if and only if Z( P, A) is stable (see Figure 2). Also note that AP = AP.
Therefore, we conclude that condition (11) is equivalent to Z( P, By A) being robustly stable,
and supaep,a ||[(I+AP) ™« < oo. Moreover, if condition (11) does not hold, then Z(P, A)
unstable for some A € By A. The claim concerning Z( P, BwRA) follows similarly, in view
of the fact that, it W is conjugate-symmetric, ® is real on the real axis. This completes the

proof. n

Clearly, condition (11) is sufficient for uniform robust stability of Z( P, Bw RRA) as well.
However, the proof of Theorem 1 cannot be easily modified to address the question of whether
condition (11) is necessary for uniform robust stability of Z(P, Bw RRA). Moreover, the
uniform robust stability condition is stated in Theorem 1 under fairly strong assumptions on
w;. In particular, it is required that w; be bounded, which is unnatural as often uncertainty
bounds are known reliably only over certain frequency “bands”. (This is specially true in the
continuous-time case, where the uncertainty is typically modeled as being arbitrarily large
at high frequency.) In the rest of the paper, we explore the possibility of addressing some of

these issues. A direct approach becomes necessary however.

3 Irreducible representation of uncertainty balls

It is in general not necessary that u(W(z)P(z)) < 1 for all z € 9D in order for Z(P, By A)
to be robustly stable: consider the trivial case where some w; is discontinuous at some
point and takes a large value there but is small everywhere else. A less trivial situation
in which Z(P,BwA) can be robustly stable even though (12) is violated arises when for
some ¢, w; is nonzero, but there is no nonzero function in H, (D) whose magnitude on oD
lies below w;. Finally, it is clear that, unless W is conjugate-symmetric, Z( P, BwRA) and
I(P,BwRRA) can be robustly stable even when (12) does not hold. These observations
motivate the following definitions.

We say that
W =diag(pil,,,- .., prln, wils, ..., wsls,wspi Iy, ... wsyply) €W (13)

is Ho (D) —irreducible if (1) w;, ¢ = 1,...,(S + F) is lower semicontinuous, and (ii) for
every w;, ¢ € {1,...,(S + F)} that is not identically zero, the corresponding uncertainty

sub-ball contains a nonzero element, i.e., for ¢ = 1,...,(S + F'), there exists some nonzero



Ac; € H,, (D), continuous on DF, such that
Aci(2)*Aci(z) < wi(2)*1 Yz € In. (14)

We say that W is real Ho, (D) —irreducible if it is Ho, (D )—irreducible, and W is conjugate-
symmetric. We say that it is real-rational H, (D) —irreducible if it is real Ho, (D )—irreducible,

and for every w; that is not identically zero, there exists a nonzero real-rational A.; such

that (14) holds.

Remark: When the w;s are lower semicontinuous, H (D )-irreducibility of W reduces to the
following question: Given w; : D — R, lower semicontinuous, does there exist a nonzero é €
H,. (D), with a continuous extension on D, whose magnitude on the unit circle lies under w;?
The answer turns out to be “yes” if w; vanishes nowhere on dD. And, in cases when w;(z) = 0
for some zy € JD, the answer depends on how “fast” w; approaches zero as z approaches z5. More
specifically, w; is required to satisfy a log-integrability condition; in such a case, § can always be
picked to be real on the real axis, see Lemma 7 (in Appendix A). In the case when 6 is required to
be rational as well, w;(2) has to bounded below by a function of the form k|z — 20|72V, around z,

for some integer N and some k& > 0. o

Conditions for robust stability and uniform robust stability of Z( P, By A) will be stated
in terms of bounds W that are H.,(Df )—irreducible, real H, (Df )—irreducible, or real-rational
H., (D )—irreducible. This incurs no loss of generality, as we show next.

Let W of the form (13). Corresponding to every wj;, let w; be the lower envelope of w;,
i.e., let it be such that its epigraph is the closure of the epigraph of w;. Then, define

W = diag(pilry, .y prlp, il oy 0slog, Wssrlsy, ..o Wserly,), (15)

where

~ { 0 if there exits no nonzero A.; € H..(Df) such that (14) holds,
w; =

w; otherwise.
Next, define
W = diag(pllﬁ, e 7)0R]7’R7 1271]51, ceey Ibs]SS, 1275_}_1]](1, e ,ﬁ;5+FIfF), (16)

where
W;(z) = min{w;(z),w;(z*)}, =z € In.

Finally, define

Wt =diag(pilr,, ... prlygwils, . wsl who Ih . wh, w15, (17)



where

7

{ 0 if there exits no nonzero A.; € H.,(D?), real-rational, that (14) holds,

w; otherwise.

It is readily verified that W, W, and WT are H., (Df)-irreducible, real H, (Df)-irreducible,
and real-rational H.,(D")-irreducible, respectively; note in particular that for each ¢, w; is
lower semicontinuous.

Then, we have the following result.

Proposition 1 Let W € W. Then, Bj;; A = BwA, Bj;RA = ByRA, BytRRA =
BywRRA.

Proof: Suppose A € By A. With W as in (10), we have
AN, < diag(pil,,,...paly), Aci(2)*Aci(z) Swi(2) IVz €D, i =1,...,5+ F, (18)
where A, ; is the :th diagonal block of A.. We show that
Aci(2)*Aci < wi(2)*1 Vz € ID.

Let zo € OD, let ¢ € {1,...,5 4+ F'}, and pick a sequence {z;}32; C dD, converging to zo,
such that w;(z; x) — wi(zo) as k — oo. Letting z = z;; in (18), letting £ — oo, and invoking

continuity of A on db, we get

AC,i(ZO)*Ac Z(ZO) S %(20)2]7

)

as claimed. The remaining claims are readily proved. n

4 Main Results

In the proof of Theorem 2 below we will make use of the following form of Nyquist’s criterion,

which applies without real-rational assumption.®

Lemma 1 Let F' € H, (D), with a continuous extension on DF, be such that (I + F) is
not invertible in Hoo (D). Then there exist a scalar o € (0,1] and a point Z € ID such that
det(I + aF(2)) = 0.

5Tt is a simplified version of a result given in [T] in the more general case where existence of a continuous

extension of F' on Df is not assumed.

10



Proof: Let G be defined by G(z) = F(1/z). Thus G is analytic and bounded in the
interior int(D) of D and admits a continuous extension on M. Since (I + F') is not invertible
in H,,(D%), ¢ = det(/ + () cannot be bounded away from 0 on int(D). Thus there must
exist 2 € D such that g(2) = 0. If Z € ID the proof is complete, with o = 1 and Z = 1/2.
Thus assume now that |2] < 1. Consider the closed path (circle) v : [-7, %) — D given by
7(0) = . Since g is analytic and bounded in int(D) and has no zero in the range of 7,
it follows from Cauchy’s Principle of the Argument (see, e.g. [R, Theorem 10.43]) that the
origin has a nonzero index with respect to the compound map g o~ (i.e., g 0y “encircles”

the origin at least once). Consequently if, for every a € [0, 1], we define h, : [0,27) — C by
ho(0) = det(I + aF(7(0)))

then hg (=1) and hq (= g o~) are not homotopic with respect to the punctured plane. Thus
there exists o € (0,1) such that the range of h, contains the origin, i.e., for some 2’ € D,

det(! 4+ aG(2")) = 0. The claim follows, with z = 1/Z". -

Theorem 2 Let Pe P and W e W. If
p(W(z)P(z)) <1 Vze db, (19)

then Z(P,BwA) is robustly stable, and thus so are Z(P,BwRA) and Z(P,BwRRA).
Moreover, suppose that W is bounded. Then, if
sup u(W(z)P(2)) <1, (20)
z€ID

then Z( P, Bw A) is uniformly robustly stable, and thus so are Z(P,BywRA) and Z(P,BwRRA).

Remark: Note that Theorem 2 applies with no irreducibility assumptions on W. o

Proof:  Use contradiction to prove the first claim. Thus, let A € By A be such that
Z(P,A) is unstable, i.e., such that (/ + AP) is not invertible in H, (D). Since P and A are

continuous on DF, it follows from Lemma 1 that there exist o € (0,1] and 2 € 9D such that
det(I + aA(2)P(2)) = 0.
Since A € BwA, aA(2) = fW(z?) for some I' € BT. It follows that
WW()P() 2 1,

11



contradicting (19). Thus the first claim holds.
Concerning the second claim, again proceed by contradiction: Suppose that given any

e > 0, there exist A. € By A and z. € dD such that
o(l + Az)P(z)) < e. (21)
Thus there exists a matrix E., with 7(F,) < ¢, such that
oI+ Ac(z) P(ze)(I + E.)71) =0,

Since

Adz)* Ad(z) < W (z0)2, (22)

it follows that
W(W () P2+ )7 > 1, (23)

Since W and P are bounded, there exists a sequence {¢;}, with ¢ | 0 as & — 0, a point
2 € 0D, and a diagonal matrix W such that z,, — % and W(z, ) — W as k — oco. Since u(-)

is upper semicontinuous, it then follows from (23) that
p(WP(2)) > 1.
If 4(+) is continuous at W P(2) then it follows that, given any v < 1 there exists k such that

pW(zo)P(2¢)) 2 7,

contradicting (20). Thus x(-) must be discontinuous at W P(2). It follows from [PP, Lemma
5.1] that
pr (WP(2)e) = n(WP(2)) 2 1,

where pr, denotes the structured singular value with respect to block-structure I', and

subscript “rr” refers to the top left n, x n, submatrix. Now,
(W P(2)) = Wit Pu2) = W (2) Pa(2) = (W(2)P())e
where we have used the fact that W, is constant (see (5)), thus continuous. Thus
pr (W(2)P(2))e) 2 1,

implying that
p(W(2)P(2)) 21,

12



a contradiction. =

Remark: Clearly, if W is unbounded, boundedness of [|Ga||s over By A does not follow from
(20). Note however that, in the 1-block case, (20) implies boundedness of [|(I + AP)™!||. over
Bw A without boundedness assumption on W. Indeed, p then becomes the largest singular value

@ and, if (20) holds, then, for some v < 1,
g(A(z)P(2)) <v<1 VAe€BwA,zec 0D,

implying that
a(I+A(z)P(2))>1—-v>0 YAE€BwA,z¢€ D,

Since, as per the first statement in the theorem, robust stability does hold, it follows that

I+ AP) e < 7=
proving the claim. On the other hand, it may be worth stressing that, in the block-structured case,
not even ||[(I + AP)7!||s need be bounded under (20) when W is unbounded. The reason is that,
in such case, uncertainties A of arbitrarily large size (as allowed by an unbounded W) can leave
the system stable while rendering ||(I + AP)7!||., arbitrarily large. This happens, for example,
if the unbounded uncertainty A is purely multiplicative, so the nominal plant P sees no feedback.

Then, stability is no longer an issue; however, ||(I + AP)~!||., can be made arbitrary large by a

suitable choice of A. A specific example is illustrated in Figure 3. Here,

0 0
10|’

and A is a “repeated complex scalar uncertainty”, i.e., in our notation,n =2, R=0, F =0,5 =1

P =

and s; = 2. (Note that similar examples can be constructed with non-repeated uncertainties as

well.) Suppose that

tan(8/2)|,1)1, z=¢€" 0¢c (—m,7),
IWQI{?MUMN/N) e (~7,7)

Then, it is readily checked that W is H., (D )-irreducible (indeed, real-rational H, (D" )-irreducible),
and that det (I + A(z)P(z)) =1 for all z € JD and A € By A, so that

sup 4(W(2)P(2)) = 0.

z€ID

Thus, Z( P, Bw A) is robustly stable. However, consider the system with the uncertainty A® = 61,

where

1 a4
"= AT+ 0-07

13



with € > 0. Then it is readily verified that A® € By A for all ¢ > 0. And,

I+ AP) oo = M _165

o0

which can be made arbitrarily large by selecting ¢ small enough.

> [|6%]e0 =

1

e/2(1 —¢%)’

<&

We now turn to necessary conditions. In view of the development thus far, the fol-

lowing question assumes central importance: Under what conditions on W is it the case

that violation of (20) implies the existence of a destabilizing A € By A? Also of interest

are conditions on W under which, when (20) is violated, there exists a destabilizing A in

BwRA or ByRRA. We now show that all that is required for the existence of appropriate

destabilizing A is that W be irreducible in the appropriate sense.

We begin with the following four lemmas, proved in appendices (except for Lemma 4).

Lemma 2 Let W € W, W lower semicontinuous, let P € P, and suppose that

sup p(W(z)P(z)) > 1.

2€0D B

Then, given any € > 0, there exists Z € JD, I'e BT salisfying

A

det(I+ (1 + W (2)P(2)) = 0

with either T' real or 2 ¢ {—1,1}.
Lemma 3 ¢ Let M € C"*™ and suppose
det(I + TM) = 0

for some I' € T'. Then there exists

I =diag(yileyy s vRLm mlsy,y ooy msls, T,

with a(I'") = (1) and rank(I}) <1, such thal

det(I +T"M) = 0.

%) el

(24)

(25)

SA proof of this result can be found in [TF], embedded in the proof of Theorem 1. It is reproduced here

for the reader’s convenience.

14



Figure 3: When W is unbounded, uncertainties A of arbitrarily large size can leave the
system stable while rendering the H,, norm of the transfer function from u to e arbitrarily

large.

15



Lemma 4 Let {M. € C"*" : ¢> 0} be such that
det(I 4+ (1 +¢)M,) = 0.

Then
limo(l 4+ M.)=0.

€l0

Lemma 5 7 Let 2 € D\ {—1,1}, and lel
I' =diag(n /1,y ymligsmils ... ynslse, 1y .., T'F) € BT,
be such that rank(I';) < 1. Then there exists A € BRRA such that A(Z) =1T.

Theorem 3 Let P € P and W € W. Suppose that

sup u(W(2) P(2)) > 1. (26)

2€0D

Then, if W is Hoo (D )—irreducible (respectively, real Ho, (D )—irreducible and real-rational
H. (D) —irreducible), then Z(P,BwA) (respectively, T(P,BwRA) and Z(P,BwRRA)) is

not uniformly robustly stable.

Proof:  Suppose that (26) holds. In view of Lemmas 2, 3, and 4, there exist families
{zz.€ 0D : €>0} and {I'. € BT : ¢ > 0} such that
lima(l 4+ T .W(z)P(z)) =0 (27)

€l0

and, for each ¢ > 0, either (i) T'c is real or (ii) z. ¢ {—1,1} and rank(T.;) < 1. Now let
C' > 0. We show that there exists A € BwA such that either (I + AP) is not invertible
in Hoo (D) or |[(1 + AP)_IHOO > (C, thus proving the claim. Invoking (27), let 2 € D and
' € BT be such that
o(I +TW(2)P(2)) < 1/(20).

Either I' is real or 2 ¢ {—1,1} and rank(I;) < 1. If T is real, let A = I' and the proof of
the first statement is complete. Thus, suppose 2 = el g {—1,1} and rank(fi) < 1. Without
loss of generality suppose that 0 € (0,7). To complete the proof we construct a family
{A, : €€ (O,max{é, s —é})} in the appropriate ball (Byw A, ByRA, By RRA) such that

"This result is standard. It can be found in [TF] for the continuous-time case. Some inaccuracies in [TF]

have been corrected in the presentation here.
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A.(Z) converges to W(é)f as € — 0. Thus let € € (O,max{é,ﬂ' — é}) Then, A, will be of

the form

TRY Ve $59 Ve 1

Alz) = ®(2)diag (I, ., Lo 61(2) Ly oo 87 (2) g, 855 (2) I, 6577 (2) 1, ) Ad(2),

where the factors in the right-hand side, all in A, are specified now. Express W as
W = diag(pllﬁ, e 7PR]7=R7 wllsl, ceey w5]557 u75+1]f1, e ,w5+F]fF).

First, for every 7 € {1,...,(S + F)} such that w;(2) = 0, let § be identically zero. For such
2, the corresponding entries in the first and third factors are now arbitrary. Now for the first

factor. Invoking Lemma 7 (in Appendix A), let

¢ = diag(pllﬁa s 7/0R]7’R7 9911517 s 799S+F]fF)7

respectively in Bw A, BwyRA, and BwRRA, be such that ¢;(2) # 0 for every ¢ such that
w;(2) # 0. Concerning the second factor, first let

ag = min p;(e”)[Twi(e)

fe[f—e,0+€]

for every ¢ € {1,...,(S 4+ F)} such that w;(2) # 0. (Reduce the value of € as necessary for
©; to be invertible in the required range.) Since w; is lower semicontinuous, the “min” is
achieved, and moreover ai > 1 whenever w;(2) # 0. To handle the cases when A, is required
to belong to BwRA or ByRRA, for every i € {1,...,(S + F)} such that w;(2) # 0, let &'

be the real-rational function in H., (D) given by &' (z) = fZ(z__& ), with f defined by

i(s) = 55— 28
R (28)

where a!, b!, and ¢!, with b', ¢! > 0, are real numbers selected in such a way that

[6:(2)] = ap > 18:(2)] Ve #£ 2

and

160(2)| <1 Vzg{e:0e[—0—e—0+Ul—ec0+). (29)

In the case when A, is merely required to belong to By A, use the Poisson integral formula
in Lemma 6 (in Appendix A) to construct, for all 2 € {1,....(S + F)} such that w;(2) #
0, a function & in H, (Df), with continuous extension on Df and whose magnitude is a

I (j__&)‘ with f* as above for z € {el? :

continuously differentiable function on dD, equal to
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0 €f—c 0+, and less than or equal to one for z & {el : 6 € [§ — ¢,0 + €]}. Taking into
account the fact that, in the cases when A, is required to belong to ByRA or ByRRA,

the w;’s are assumed to be conjugate-symmetric, it is readily checked that, in all three cases,
|g.92(z)52(2)| <wi(z) YzedD 1=1,...,(S+F)
and
|pi(2)6:(2)

Finally, for i = 1,...,(S 4+ F), let 65 be the phase of ¢;(2)§!(2). To complete the proof in
all three cases, we invoke Lemma 5 to construct the third factor A, € BRRA such that

— w;(2) as e — 0.

Ae(ZA) = fe = diag([nr? e_j6§]517 . 7e_j€€S+F]

SS4F

A

I

Remark: As noted in Footnote 3, condition (26) does not imply the existence of a destabilizing
A in BwRA (let alone in BwRRA), even when when W(z) = I for all z € dD. However, under
additional regularity assumptions on W, a destabilizing A in By A can be constructed, as can
be shown by appropriately modifying the proof of Theorem 3. Continuous differentiability of W
is one such regularity assumption. Note that mere continuity of W is not sufficient, as seen from
the scalar example p(z) = 1, w(2) = 1/(1 +10]) for = = &% 8 € [—7,7), where Z(p,ByA) is
robustly stable since Ho,(Cy ) functions that take the value one at z = 1 and stay under w(z)
on JD must have a discontinuous phase at z = 1 and thus cannot be in A. On the other hand,
whenever the right-hand side in (26) is strictly larger than one, then of course, under the respective
irreducibility assumptions, destabilizing As do exist in all three balls. (As a matter fact, this follows

from Theorem 5 below.) o

Theorems 2 and 3 can be combined to yield a necessary and sufficient condition for uniform

robust stability which improves on Theorem 1.

Theorem 4 Let P € P, and let W € W be bounded. Suppose that W is Ho. (D )—irreducible.
Then Z(P,Bw A) is uniformly robustly stable if and only if

sup u(W(z)P(z)) < 1. (30)

2€0D

Suppose moreover that W is real Hoo (D )—irreducible (respectively, real-rational H.,(D°)-
irreducible). Then Z(P,BwRA) (respectively, I(P,BwRRA)) is uniformly robustly stable
if and only if (30) holds.
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A special case of major importance is that where the uncertainty bounds are frequency-
independent, i.e., W = [. This result is well known but, to our knowledge, neither a precise

statement nor a proof are available in the open literature.

Corollary 1 Given any P € P, the following are equivalent:
1. Z(P,BA) is uniformly robustly stable;
2. IZ(P,BRA) is uniformly robustly stable;

3. Z(P,BRRA) is uniformly robustly stable;

4. sup,esp p(P(2)) < 1.

For completeness let us also note (see [TF] and [T, Remark]) that, for P € P2

sup u(P(z)) = sup p(P(z))

2€9D z€DC

so that a fifth equivalent statement is

sup u(P(z)) < 1.

z€DC

It may be somewhat unsatisfying that the necessary and sufficient condition obtained in
Theorem 4 requires boundedness of W. This situation however is unavoidable regardless of
whether uniform robust stability or mere robust stability is sought. Indeed (i) as shown in
the remark following the proof of Theorem 2, boundedness of W is required to guarantee
sufficiency of (30) for uniform robust stability and (ii) as shown in the remark following
Theorem 3, some regularity (implying boundedness) of W is required to guarantee necessity
of (30) for (mere) robust stability (and even then, only for By A). We conclude this section

by showing that, if “open” uncertainty balls are considered instead, then an appropriate

8When n, = 0, u(-) is continuous and thus IF can be replaced by IDF. This is not so in the general case
however. A counterexample (see [TF]) is given by
1 1
P(z) = SRa
—(z+1)/z 1
with R = 1 and r; = 2 (“repeated-real”). For such a structure p(P(z)) is the spectral radius of P(z) if P(z)
has a real eigenvalue, and 0 otherwise. Tt is readily checked that P(z) has a real eigenvalue if and only if

(2 + 1)/z is pure imaginary, and the only » € D where this occurs is z = —1, which is not it DF.

19



¢ condition (nonstrict upper bound) is indeed necessary and sufficient for robust stability,

without boundedness assumption on W.? Specifically, let By A be defined by
BwA = {A: A€ {BwA for some ¢ < 1},

and similarly define ]éWRA and ]éWRRA from BwRA and ByRRA. Note that when
W is Hy (D )—irreducible (respectively, real H, (D¢ )-irreducible and real-rational H,, (D)
irreducible), then for every w;, ¢ = 1,...,(S+ F) that is not identically zero, the correspond-
ing “open” uncertainty sub-ball also contains a nonzero element. We will assume (without

loss of generality, in view of Proposition 1) appropriate irreducibility properties for W.

Theorem 5 Let P € P, let W € W, and suppose that W is Ho(Cy )—irreducible. Then,
I(P,]éWA) is robustly stable if and only if

p(W(2)P(z)) <1 Vz € ap. (31)

Suppose moreover that W is real Ho,(Cy )—irreducible (respectively, real-rational H.,(Cy)-
irreducible). Then, I(P,]éWRA) (respectively, I(P,]éWRRA)) is robustly stable if and
only if (31) holds.

Proof: = We use contradiction to prove sufficiency. An argument similar to that used
in the proof of the first claim in Theorem 2 shows that, if Z(P,A) is unstable for some
A € By A, then there exists a € (0,1] and 2 € 9D such that

det(I + aA(2)P(2)) = 0.

Since, for some ¢ < 1, A(Z)*A(2) < EW(2)?, we have that aA(2) = fW(é) for some
I' € ¢€BT and thus that

p(W(2)P(2)) > 1,
a contradiction. We now use contradiction to prove necessity. Thus suppose that, for some
Z € Jb,

W(W()P(E) > 1.

Then there exists I' € I, with E(f) < 1, such that

det(I + TW(2)P(2)) = 0.

9For the special case of frequency-independent uncertainty bound, this result was obtained in [TF] (in

the continuous-time case).
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It remains to construct A € By A (respectively, BwRA, ]éWRRA) such that A(Z) =
fW(é) Let v > 1, £ < 1 be such that E(’yf) < £, Clearly, 'yf eI and

det(I + (vD) (77 W () P(2)) = 0.

The remainder of the construction is analogous to, but significantly simpler than, the con-

struction used in the proof of Theorem 3. Thus, A will be of the form
A(z) = ®(2)diag (1, ... Ly, 8 (2) Ly, 85(2) Lg, 6541 (2) I, 854 (2) 11, ) A(2),
where the factors in the right-hand side, all in A, are specified now. Express W as

W = diag(pllﬁ, e ,pR]TR,wl]Sl, .. .,wsjss,u75+1]fl, e ,w5_|_F]fF).

First, as in the proof of Theorem 3, for every i € {1,...,(S+ F)} such that w;(2) = 0, let &
be identically zero; the corresponding entries in the first and third factors are now arbitrary.

Now, for the first factor, again following the proof of Theorem 3, in all three cases, let

¢ = diag(pljﬁv s 7PR]7’R7 9‘91]517 s 79‘95+F]fF)7

respectively in ]U3WA, ]V3WRA, and ]ém/RRA, be such that ¢;(2) # 0 for every ¢ for which
w;(2) # 0. Concerning the second factor, first let

AN —

o = |ei(2)7 Iy wi(2),

for every i € {1,...,(S + F)} such that w;(2) # 0. Then o' > 1 whenever w;(2) # 0 and,
since the w;’s are lower semicontinuous and since v > 1, there is a neighborhood N(Z2) of 2

such that, for every ¢ € {1,...,(S + F)} such that w;(2) # 0,
al < lpi(2)| " 'wi(2) V2 € N(2) N JD.

Now pick §' exactly like §° was picked in the proof of Theorem 3 (with o' replacing a'),
except for replacing (29) with

6°(2)] <1 Vz such that o' > |@i(2)| ™ wi(z).

Finally, A € éBywRRA is constructed as in the proof of Theorem 3, with ’yf replacing I.

In the case of frequency-independent bounds, the discrete-time counterpart of the result

proved in [TF] is recovered.
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Corollary 2 Given any P € P, the following are equivalent:
1. I(P,]U3A) is robustly stable;
2. I(P, ]V3RA) is robustly stable;
3. I(P,BRRA) is robustly stable;
4. u(P(2)) <1 Vze .

With reference to the comment following Corollary 1, a fifth equivalent statement 1is

w(P(z)) <1 Vzelr.

5 Synopsis of the continuous-time case

We briefly present the continuous-time version of the results obtained in §4 here. Some
notation first. Let Ry be the set of nonnegative real numbers. Let C;. be the closed right
half of the complex plane. Let R, = R U {oc} be the one-point compactification of R.
H..(Cy) denotes the set of functions that are bounded and analytic over C;. For com-
pactness of notation, we will also use H.,(C;) to denote matrix-valued functions, whose

entries are in Hy,(Cy). With I’y and T as defined in (1)—(3), let A, be defined by
A.={A. € H (Cy): A.(s) e T.Vs € Cy, A admits a continuous extension on Cy U {oo}},
and let A be defined as in the discrete-time case by

A={A: A=diag(A,A), ATl A€ A.}.

We next define
W = diag(p1lr,, ... prlnwils,, ..., wslsg,wsir 1y, ..., wsyrly,) for

Wer = ¢ W @ some nonnegative real numbers p;; ¢+ = 1,..., R and some functions } ,
w; Re— Ry, t=1,...,(S+ F)
(32)
and Pgor as
Por = {P € H(Cy) : P has a continuous extension on C; U {oo}}.
Given W € Wgr, define
BiwA ={A € A:A(jw)Aljw) < W(w)? for all w € B, }, (33)
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BywRA = {A € BwA : A is real on the real axis},

and

BywRRA = {A € ByyA : A is real-rational }.

For the case when W(w) = I for all w € R, these balls are again denoted by BA, BRA,
and BRRA, respectively.
We then have the following theorems.

Theorem 6 Let P € Por and W € Wer. If
p(W(w)P(jw)) <1 Vw € R,, (34)

then Z(P,BwA) is robustly stable and thus so are I(P,BwRA) and Z(P,BwRRA). More-
over, suppose that W is bounded. Then, if

sup p(W(w)P(jw)) <1, (35)

wERe

then Z( P, Bw A) is uniformly robustly stable and thus so are Z(P,BwRA) and Z( P, BwRRA).

Note that whenever n, = 0, R. in (35) can equivalently be replaced by R (even if W is
discontinuous at co: use Lemma 9).

In parallel with the discrete-time case, we will say that W is H.,(Cy )—irreducible if every
wi, 1t =1,...,(S+F) is lower semicontinuous on R, and for every w;, ¢ = 1,...,(S+ F) that
is not identically zero, the corresponding uncertainty sub-ball contains a nonzero element,

i.e., there exists some nonzero A.; € H,,(Cy), continuous on Cy U {oo}, such that
Aci(jw)* Aci(jw) < wi(w)*I  Vw € R, (36)

We will say W is real Hoo(Cy )—irreducible if it is Ho(Cy )—irreducible, and W is even. We
will say W is real-rational H, (Cy )—irreducible if it is real H.,(Cy )—irreducible, and for every

w; that is not identically zero, there exists a nonzero real-rational A.; such that (36) holds.

Remark: Similarly to the discrete-time case, when the w;s are lower semicontinuous on R,
H . (Cy )-irreducibility amounts to a certain log-integrability condition on those w;s that are not
identically zero. Specifically, in the continuous-time case, min {0, (logw;(w))/(1+ w?)} must be
integrable on the real line. (To see this, make use of a bilinear transformation between D and C; .)

&
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Theorem 7 Let P € Por and W € Wer. Suppose that

sup (W (w) Pjw) > 1. (37)

wERe

Then, if W is Hoo(Cy )—irreducible (respectively, real Hoo(Cy)—irreducible and real-rational
H..(Cy)—irreducible), then T(P,BwA) (respectively, Z(P,BwRA) and Z(P,BwRRA)) is

not uniformly robustly stable.

Note that the theorem remains true (but is generally weaker) if, in (37), R, is replaced by R.
Again, when n, = 0, such a change leaves (37) unaffected.
Theorems 6 and 7 yield the following necessary and sufficient condition, which also holds

with R, replaced with R whenever n, = 0.

Theorem 8 Let P € Pcr, let W € Wer, bounded, and suppose W is H,(Cy )—irreducible
(respectively, real Hy, (Cy )—irreducible, real-rational Hy, (Cy )—irreducible). Then, T(P,BwA)
(respectively, T(P,BwRA), Z(P,BwRRA)) is uniformly robustly stable if and only if

sup p(W(w)P(jw)) < 1. (38)

WER
Corollary 3 Given any P € Pcr, the following are equivalent:

1. Z(P,BA) is uniformly robustly stable;

2. I(P,BRA) is uniformly robustly stable;

3. Z(P,BRRA) is uniformly robustly stable;

4. sup,eg, p(P(jw)) < 1.
A fifth equivalent statement is

sup  p(P(s)) < 1.

sECHU{o0}

Finally, as in the discrete-time case, we give a necessary and sufficient condition for robust

stability that holds without boundedness assumption on W. We define
BwA = {A: A € ¢{BpA for some & < 1},

and ]éWRA and BWRRA similarly.
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Theorem 9 Let P € Per, let W € Wer, and suppose W is Hoo(Cy )—irreducible (respec-
tively, real Hoo(Cy )—irreducible, real-rational Ho,(Cy)—irreducible). Then, I(P,]éWA) (re-
spectively, I(P,BWRA), I(P,BWRRA)) is robustly stable if and only if

W(W (1) P(i) <1 Ve € B, (39)
Corollary 4 [TF] Given any P € Pgr, the following are equivalent:

1. I(P,]éA) is robustly stable;

2. I(P,]éRA) is robustly stable;

3. T(P,BRRA) is robustly stable;

Jou(P(w) £1 Ve ek,
A fifth equivalent statement is

u(P(s)) <1 Vs €Ty U {oo}.

6 Concluding remarks

Both necessary conditions and sufficient conditions have been obtained for (uniform) robust
stability in the presence of structured uncertainty with frequency-dependent bounds. Two
necessary and sufficient conditions were also obtained. For the first one (uniform robust
stability) the frequency bound is required to be bounded, and it was shown that the result
does not hold without such condition. The second one (robust stability over an “open”
ball) holds with essentially no assumption on the uncertainty ball: indeed, irreducibility is
a property not of the uncertainty set, but of its representation. Thus our goal of providing

small-p theorems that hold under “weak” assumptions is achieved.
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Appendix A: Some results from complex analysis

Lemma 6 Let w : D — Ry be a continuously differentiable function, with logw being

integrable over dD. Define the function 1 : D — C by

1 p2r ooz + e i?
o) =5 | log w(e )21 qp (40)

z—e 0
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Let ¢(z) = e¥®). Then:
e o € H, (D), and admits a continuous extension on DF.
o |6(re?)| converges to w(e?) asr | 1.
Moreover:
o [fw is conjugate-symmetric, i.e., w(z*) = w(z) on ID, then ¢ is real on the real azis.

o [fw is bounded away from zero over dD, ¢~' € Ho,(DF).

Proof: This lemma represents an application of the standard Poisson integral formula (see
for example, [G, Ch. 1, §3]) to construct a function ¢, analytic in D¢, such that Re ¢ (rel?) —
logw as r | 1. Continuity of ¢ (and consequently ¢) over Df results from the fact that
Im(rel?) — b as r | 1, where w : 9D — R is a continuous function (this is guaranteed by
the continuity of the derivative of w; see for example, [K, pp. 25-26]).

Next, if w is conjugate-symmetric, it is easily verified that ¢ (z)* = t(z), whenever z = 2*,
so that 1, and hence ¢ are real-valued on the real axis. Finally, when w is bounded away

from zero over D, ¢~! is analytic in D, and bounded over Df, so that ¢~ € H,,(D°). n

We next state a “nontriviality” condition for the set of uncertainties.
Lemma 7 Suppose that w : D — Ry is lower semicontinuous. Let

B,A = {A € HOO(DC) :

A has a continuous extension on DF }

A(2)*A(z) < w?l for all z € I,

and

B,RA = {A € B,A: A is real on the real axis} .

Then the following conditions are equivalent:
1. B,A contains an element besides 0.
2. B,RA contains an element besides 0.
3. min(0,log w) is integrable over OD.

Moreover, when any of these conditions hold, there exists an element of the form ¢l in

B, RA, with ¢ : C — C, salisfying for z € dD, |¢(z)| > 0 whenever w(z) > 0.
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Proof: Clearly, (2) implies (1). We now show that (1) implies (3). Suppose some nonzero
A € B,A. Let ¢ be some nonzero entry of A. Then, log |6| is integrable over dD (see for
example, [G, Ch. II, Thm 4.1]). Since w is measurable (being lower semicontinuous) and
since w(z) > |6(z)| for z € D, min(0,logw) is integrable over dD as well.

Next, we show that (3) implies (2). Suppose that min(0,logw) is integrable over dD.
Define @ by w(z) = min(w(z),w(z*)). Then, min(1,w) is lower semicontinuous and log-
integrable over dD, so that it is is a limit from below of continuous functions which are log-
integrable over dD. Let ¢ : D — Ry be a continuous function, that is conjugate-symmetric,
bounded above by min(1, ), with ¢ being log-integrable. Then g can be uniformly approxi-
mated from below by a continuously differentiable log-integrable function & : 9D — R, also
conjugate-symmetric. Then, a function ¢ € H,, (D) can be constructed using Lemma 6 with
a continuous extension over DF, real on the real axis, and with |¢(z)| = h(z) for all z € ID.
Clearly, ¢I € B,RA.

Finally, for every z such that w(z) > 0, the functions ¢ and % in the above construction
can be chosen to satisfy g(z) > 0 and h(z) > 0 respectively, and the last statement of the

lemma follows. =

Appendix B. Proof of Lemma 2

The following two lemmas will be used. The first lemma is a direct consequence of a result

of Packard and Pandey [PP, Lemma 5.1]. It generalizes Lemma 1 of [TF].

Lemma 8 Let M € C"*" be such that p(M) > 0 and p is discontinuous at M. Then there
exists a real matriz I' € T’ such that (') = 1/p(M) and det(I + 'M) = 0.

Proof: Let M, € C""*"™ be the top left submatrix of M. From Lemma 5.1 in [PP], it
follows that discontinuity of ¢ at M implies that pr, (M) = p(M), where pr, (M,,) denotes
the structured singular value of M,, with respect to block structure I'y. Since (M) > 0,
there exists I', € I, with o(I'y) = 1/u(M) such that det(!+ T, M,,) = 0. It is readily checked
that the matrix I' € I defined by I' = diag{[';,0,,} satisfies the required properties. n

Lemma 9 Let M € C**" and let a; > 1,2 =1,...,n. Then, given any block structure T,

p(diag(a) M) > (M),
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Proof: If (M) = 0, the result holds trivially. Thus, suppose p(M) > 0, and let
I' e T, with &(T') = 1/u(M) satisfy det(I + 'M) = 0. Let I" = I'diag(a;)~". Since a; > 1
for all 7 it follows that (1) < &(I'). Moreover,

det(7 4 IMdiag(c;)M) = det(I + TM) = 0.

The claim follows. n
Proof of Lemma 2 Let z' € D such that

1
Sl +¢€

There are two cases: either u(-) is continuous at W(z')P(2’) or it is discontinuous at that

p(W(P()) =

point. First suppose it is discontinuous. In that case, it follows from Lemma 8 that there is

a real I'" € T, with (1) < v/1 4 € such that
det(/ + T'W(Z")P(z")) =0

i.e., (25) holds with [= 11:1” € BT, real, and Z = z’. Suppose now that u(-) is continuous
at W(2")P(2). If 2" € {—1,1}, then the claim follows directly from the definition of p, with
z = z'. Thus suppose that z’ = 1 (the proof is similar when 2z’ = —1), i.e.,

1
1+ e

p(W(LP(1) 2

By continuity, there exists 6’ € (0, 7) such that
1

DP(E?)) > ———~ V0 o'
HWWPE) > G e 0.0),
implying, since p is positively homogeneous, that
i (1) P > —— woe0,0)
1+ € “(1+e€) T

Now, since the (diagonal) entries w; of W are lower semicontinuous, there exists 0 e (0,6

such that, for all ¢,
1

31_|_

wi(ejé) > w;(1).

[}

It follows from Lemma 9 that

1
(1+¢)

p(W () P()) >
The claim follows readily, with Z = et
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Appendix C. Proof of Lemma 3

Express I' as

I' =diag(n/le, . svmligsmils, o ynslse, Ty TR,

and let || - || denote the Euclidean norm in €*. Let u € C", with ||u|| = 1, be such that
(I + MT)u = 0.
Express u as [a7,uT, ..., uE]T, with @ € s and u; € O, and let

I = diag(vilrys s YR, mlsy oo omslsg, Ty TR)

with, for e =1,..., F,

0 otherwise.

V:{FM@MwWiHMH#m

Then clearly 7(1”) = 7(I') and, for ¢ = 1,..., F, rank(I}) < 1. Moreover
(I +MT"u=u+ MTu=(I+ MT)u =0,

and thus det(/ + MI") = 0, proving our claim.

Appendix D. Proof of Lemma 5

For:=1,...,5, let §; be an all-pass, stable transfer function defined by
1+ oz

2z + «;

52(2) = a;

where a; € [—1,1] and «; € (—1,1] are such that 6;(2) = ;. It is readily checked that,
since Z ¢ {—1,1}, this is always possible. Next, for ¢ € {1,..., F'}, let o,v;w} (o; € [0,1])

be the singular value decomposition of I'; and let vf and wf be the jth entries of v; and w;,

1

L 2l T and y; = [yl ... .y/']T be real-rational vector functions,

respectively. Let z; = [z
with x; analytic and bounded in Df and y; analytic and bounded in the interior of I, defined

by

. 1—|—Oz"Z . Z—I—ﬁ
r(z) = ay i yl(2) = b; i
(0= T ) = b
where a;;, b;; € [—1,1], ai;, Bi; € (—1,1] are such that
@) =vl, W@ =wl, j=1..f
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Let A;(2) = oy2i(2)y:(1/2)T. Finally, let
A(z) = diag(nleys s vmLg, 61(2) sy . ooy 05(2) 55, A1 (2), ..., AR(2)).

Clearly, A €¢ BRRA and A(2) =T
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