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ABSTRACT

Existing exact closed-form expressions for the scalar aiund
self-potential coefficients for rectangular conductorsyrba ill-
conditioned for certain geometries. We propose new, exbrted-
form expressions for potential coefficients that are muctiebe
conditioned. The basic idea is to express all potentialfiefits
as weighted sums of mutual and self-potential coefficiehtit-
ably defined virtual plates. Experimental results are prieskto
demonstrate the improved numerical stability of the newnfdas.

1. INTRODUCTION

Capacitance extraction has been a fundamental problenein th
modeling and analysis of VLSI interconnects. A number of ap-

proaches are available for the extraction of capacitance fgen-
eral structure oh conductors [1], [7], [5], [2]. To calculate ca-
pacitance, Laplace equations have to be solved numericadly
a charge free region, with the conductors providing the damn
conditions. Though there are a number of numerical methuats t
could be employed for the solution of Laplace equationsliraa
the usual approach is to use a boundary element technigselfer
ing the integral form of Laplace equations [5], [2]. Heres tton-
ductor surfaces are divided into rectangular panels, aeid $lir-
face charge density is computed by solving the equation

9= /sun‘acesG(x7 x )O-(X/ )da/ 7 ®

Wherex,x/ e R, ¢ is the known surface potential, aﬁix,x’) is
Green’s function. Given the surface charge densitythe total
charge on the conductor can be calculated by summing it beer t
panels that comprise the entire surface. If condugtes raised
to a unit potential, the partial capacitance betweenitthend jth
conductors(;j, is simply equal to the charge on condudtor

The approach presented in [5] is to divide the surface intogel

number of panelg\ so that the charge on each panel can be as-

sumed to be constant. The charge voltage relationship éopain-
els can then be written as matrix equation of the f@ua= v, where
v is the vector of panel potentialg,is the vector of panel charges,

andP is the potential coefficient matrix of the system. The capac-

itance matrix is now obtained by summing the panel charges. T
potential coefficient between paneisand?; is given by
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whereA; andA; denote the areas of panalsand®; respectively.
In [2], the potential coefficients are approximated by

1 1 /
= 7 da7
areaf;) Jxep; 4Teo || X —Xi ||

®)

Rij

wherex is the center of pangl

For rectangular geometries, the expression in (2) can bglisim
fied to yield explicit formulas [4]. While they are simple toad-
uate, these formulas are numerically ill-conditioned,ssmuently
when the separation between the conductor surfaces is (ange
yet realistic), the evaluation of the formulas, even withulle-
precision, leads to erroneous results ($&éor numerical results).

The numerical ill-conditioning in the formulas is causedday-
cellation errors. The same issue arises in the calculafiamdac-
tance of rectangular conductors, where it has been obséinatd
the numerical inaccuracies in the evaluation of mutual dtaluce
formulas are much more severe than those with self induetfame
mulas [8]. Numerically stable formulas for self-inductasavere
given in [6, 3]. The authors in [8] then derived numericallgliv
conditioned formulas for mutual inductances of paralleiductors
by expressing them in terms of self inductances. Our worlpirits
takes a similar approach to derive stable expressions farahpo-
tential coefficients. However, the work here is more invdltiean
deriving inductance formulas. First, in inductance extoacwith
parallel conductors, the basic problem has the filamentspara
allel orientation. However, with capacitance extractitmg plates
can be aligned in three different configurations (§8g Second,
the expressions for self-potential coefficients in [4] suffom can-
cellation errors, and must be rewritten to improve their etioal
stability.

In this paper we derive the explicit formulas for the expi@ss
in (2) for rectangular conductors. We first present formutas
self potential coefficients that are theoretically equewlto, but
numerically more stable than, the ones derived in [4]. Wa the
express the mutual potential between two plates as a weighta
of self potentials. Numerical results show that our forrsudae
numerically more stable than those derived in [4].

2. FORMULASFOR POTENTIALS
2.1 Paralle plates

We first consider the case of two parallel plates, as showigin F
ure 1. Without loss of generality, we assume that pidagein the
xy-plane. Letay, kI € {0,1} denote the four corners of plate
with {x«,¥,0} being the cartesian coordinates of coragr Let
by, kI € {0,1} denote the four corners of plajewith {ux,vi,z}
being the cartesian coordinates of corbgr Let Aj andA; be the
areas of platesandj respectively. For this case, equation (2) yields
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whererjj = \/(xf W2+ (y—v)?+22. The formulas in [4] are es-
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Figurel: Cellsaligned in parallel direction.
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sentially simplified forms of this integral.
The approach that we employ relies on the following simpég, y
key, observation from calculus [8].

LEMMA 1. Let f: R? — Rsatisfy fix,y) =
g:R— RandforallxyeR. Then,
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Lemma 1 states that the integral of a function of two varialzle
andu, that is symmetric about the line= u over arectangle can
be expressed as a combination of integrals over $quares
Using (5) we may rewrite (4) as
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Thus, the implication of Lemma 1 for the calculation of thegre

tial coefficientR; is thatP; can be expressed as a weighted sum
of sixteen integrals. These integrals have interestingichyinter-
pretations, and can be further simplified:

g(|x—y]) for some

©)

Pij = 4rrsoA.A,

e Consider the case= 0, i.e., when platesand j both lie in
thexy-plane. In this case every integral in the formula (6) can
be interpreted as theelf-potentialof a “virtual” rectangular
plate of dimension$xm — un| % |yk —Vi|. One such virtual
plate is shown in Figure 2.
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Figure2: Virtual platefor cornersagg and bgg of Figure 1 when
z=0.

It is readily shown that in this case, we may further simplify
each integral:

I (k,I,mn) = ////—dxdudydv
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t(x).

e Next, consider the cage# 0. In this case each integral can be
interpreted as the potential coefficient between two palrall
plates of dimensiofxm — un| X |yk — V|, with a separation of
z One such set of virtual plates is shown in Figure 3.

It is readily shown that in this case, each integral can be fur
ther simplified:
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wherel = [Xm— Un|, W= |yx — V|, andS(x) = sinh

P
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whereT (x) = tan2 (x), S(x) = sinh 2 (x), p= Knthl g
\Yk;VI\ =P+ R
In summary, we have the following new formulas:
1
S (DM L mn). ()
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Figure 3: Virtual platefor cornersagg and bgg of Figure 1 when

z#0.
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Figure4: Cellsaligned in perpendicular direction.

We note that it is possible that some of the virtual platesshav
In such cases the corresponding

zero area, e.g., whexy = uj.
integrals simply drop out of the sum in (9) yielding expressi
with fewer than sixteen terms. Finally, while the formulas(9)
appear different from the ones in [4], they evaluate in tiie¢be

same quantity. However, we will demonstrate via examplef3in

that the formulas in (9) are much better conditioned nuradyic
than the ones in [4].

2.2 Perpendicular plates

We next consider the second potential coefficient calculatin-
countered in conductors with rectangular geometries, dhavo
perpendicular plates, as shown in Figure 4.

Without loss of generality, we assume that plate in the xy-
plane. Letay, k,I € {0,1} denote the four corners of platewith
{X, 1,0} being the cartesian coordinates of coragr Let by,
k,I € {0,1} denote the four corners of plajewith {uy,y;,z } be-
ing the cartesian coordinates of corrgr. Let A; andA; be the
areas of platesand j respectively.

Paralleling the development §2.1, the formulas in (2) can be

%Virtual Plates

|

X

Figure5: Virtual plate for cornersagg and bgg of Figure 4.

simplified to yield

S /Xl/UI/yl/211dddd (10)
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whererjj = \/(xo —x1)* + (yfy,-)2+22.
Using (5) we can rewrite the above equation as

1
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Thus, as with the case of parallel plates, the potentiafficteft

Pj can be expressed as a weighted sum of integrals of a special

type, there being four integrals in the sum in this case. Haelyral
can be interpreted as the self potential of a virtual platexample

of which is shown in Figure 5. Moreover, each integral can be

simplified to yield a closed-form formula:
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Thus,
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These formulas are theoretically equivalent to those in tjv-
ever, they turn out to be much better-conditioned.
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3. NUMERICAL RESULTS

In this section we compare the results for numerical stgtoli
potential coefficients as obtained by evaluating our exgioes and
as given by formulas in [4]. Results are shown for the follogvi
three cases with parallel and perpendicular configuratibneach
of the cases the cross-section of the two plateslamax .1um All
the expressions have been implemented in MATLA®th double
precision.

e Configuration 1: Both plates are in the same plane. Poten-
tial coefficients are calculated as the horizontal sepamde-
tween the plates is increased.

e Configuration 2: Plates are oriented in parallel direction i
two different planes. Potential coefficients are calculate
the vertical separation between the planes is increased.

e Configuration 3: Plates are oriented in parallel direction i
two different planes. Potential coefficients are calculate
the vertical as well as the horizontal separation between th
plates is increased.

e Configuration 4: Plates are oriented in perpendicular eirec
tions in two different planes. Potential coefficients ark ca
culated as the horizontal separation between the platas is i
creased.

Results are shown in Figures 6 through 9 respectively. Adean
seen from the figures, the formulas from [4] tend to becoméauns
ble as the separation between the plates is increased. @ihire
hand the new formula proposed are much more numericallyestab
over long distances. Note that some of the setup in theseiexpe
ments may not reflect on-chip interconnect realisticallpwidver,
they do demonstrate the differences in the numerical raobgstof
the two formulas.

We have also implemented a simple capacitance extract@n to
in MATLAB, using the new formulas, based on the BEM (Bound-
ary Element Method) approach described§in The purpose is
to evaluate the accuracy of the newly derived potentialfoent
expressions in the context of capacitance extraction. tHerex-
periment we considered wires of cross-sectional afea>1um

IMATLAB is a registered trademark of Mathworks.

Potential (1/F)

Potential (1/F)

1015

10

Potential (1/F)

13

10

14|

1012

Formula from [4]

New Formula

Figure7: Cellsoriented in parallel direction .

15

10

.
10" -
Vertical separation between plates (m)

100

10

1071

10%

14|

Formula from [4]

New Formula

Figure8: Cellsoriented in parallel direction .

10" N

Vertical separation between plates (m)

100

10

13

107

12

10

14|

Formula from [4]

New Formula

-4

10
Horizontal separation between plates (m)

100

Figure9: Celsoriented in perpendicular direction .



L(in pm) || Our tool | Fastcap| Standard
2 9526 | 94.89 95.59
4 13256 | 13220 13290
6 16544 | 16510 16580
8 19586 | 19550 19630
10 22463 | 22430 22510
12 || 25219 | 25180 | 25270
14 27880 | 27850 27930
16 || 30464 | 30430 | 30520

Table 1: Capacitance values(x 10~18F) as obtained by Our tool
and Fastcap.

and lengths varying fromiinto 16um For each imx 1pumsur-
face, we used a uniform dicretization ok panels. The capaci-
tance values extracted by our tool and Fastcap are listeakhile T,
columns 2 and 3. Note that “L” denotes length of the conductor
under consideration. To demonstrate the accuracy of olirw@o
also ran Fastcap with very fine discretization §2Q0 panels for
each imx lumsurface), leading to more accurate values. These
“Standard” results are reported in column 4 of Table 1. Thyeta
shows that the capacitance values obtained from our toaltdeast

as accurate as Fastcap with the same panel discretization.

4. CONCLUSION

We have presented formulas for mutual and self potential co-
efficients of plates that are numerically more stable thanaties
derived in literature [4]. The main reason behind the sitgtdf
our expressions is that all potential coefficients, mutsalvall as
self, have been expressed as a weighted sum of self poteogil
ficients of virtual plates, which are derived to be numeljcsiable
than their counterparts in [4].
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Comments and Corrections

Corrections to “Exact and Numerically Stable Closed-Form Equation (12) should be
Expressions for Potential Coefficients of Rectangular
wy wy Y1 1
/ / / / — dedudydz
T YT JYp zg Tig

Conductors”
In the above paper [1], equation (8) should be 22: 22: + 2
= (=1 [z en In(bm + pmn)
m=1n=1
Ci b + Pmn

I(k,1,m, n) — gy T + 2%b,, In(cn + prmn)
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Jitesh Jain, Cheng-Kok Koh, and Venkataramanan Balakrishnan (k1)

3 Cn + Tman Tmn

z 2 q
3 |: 2 - mn — lmn) T _T s
S S = ) = T (22

2 p e, xb
+ 6 (g —1); S P _ 2 n _ 2 m )
(@ -1p ( Y 1) b2,2T (bmpmn) AT (Cnpmnﬂ

vq
+6pS(p) + 6¢S(q) — 12pgT | ——ee
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b4y 1 We would like to point out that correct formulas were used for the
p . L -
\/p2 T+ \/qz 1 numerl(_:al implementation in the paper and the experimental results
shown in the paper are correct.

_ 1 We regret our typographical errors and would like to thank Dr. Rafael
14 /14 p? Escovar from Mentor Graphics for bringing them to our attention.
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