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Abstract

Presented in this paper is a nonlinear SISOcontroller designmethodology for a class

of Hammerstein models. The designprocessis composedof standard system iden-

ti�cation techniques integrated with an H1 linear controller synthesis formulation.

The system identi�cation portion of this work �rst identi�es the static, single val-

ued nonlinearity capturing the nonlinear behavior of the system. This nonlinearity

is then inverted and servesasa precompensator to the systeminput. The frequency

response function is then identi�ed with the precompensator in place to capture

the linear dynamics of the system. Errors associated with the nonlinear inversion

are addressedin an unstructured uncertainty formulation. A robust H1 controller

is synthesizedusing the identi�ed uncertain Hammerstein model and a systematic

performanceweighting selectionprocessfor a classof L1 constraints. Closed loop
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performanceand stabilit y are assessedvia sector boundsquantifying the maximum

allowable precompensator error. Frequency domain conditions guaranteeing an L 2

output provided the system input belongs to L2 are also presented. To illustrate

the procedure, the design methodology is applied to synthesize a robust feedback

controller to regulate the massair 
o w of a 4.6L V8 spark ignition engineequipped

with an electronic throttle.

Key words: Control systemanalysis,Control system design,Engine control,

H-in�nit y control, Nonlinear models, Robust control, Weighting functions

1 In tro duction

Today there exist many techniquesthat separatelyaddresssystemidenti�ca-

tion and controller design.However, these individual knowledge baseshave

not been harvested to produce a systematic controller designsolution. Fur-

thermore, after the controller hasbeendetermined,it is not always clear how

to quantify the robustnessof the design.

El-Farra developed an approach to designSISO controllers for nonlinear sys-

tems with uncertainty and input constraints (El-Farra & Christo�des, 2001).

This method focusedon a generalLyapunov baseddesignthat did not pro-

vide a direct method of enforcing output constraints. Hedrick presented a

multiple sliding surface method developed for a class of uncertain nonlin-

ear systems(Hedrick, 1998). In this method, input and output constraints

are not considered.Genetic Algorithms (Al-Du waish & Bettayeb, 1997) and

sinusoidal-input describing functions (Zhuang & Atherton, 1996) have also
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Email address: gingram@ecn.purdue.edu (Grant A. Ingram).
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beenusedto designcontrollers for nonlinear systems.However, noneof these

methods have incorporated system identi�cation techniques, input and out-

put constraints, and an evaluation of modeling error into the total controller

designprocess.

The controller designmethodology advancedin this manuscript addressesthe

robust SISO controller designproblem for nonlinear systems,speci�cally un-

certain linear plants precededby static nonlinearities (Hammersteinmodels).

Existing system identi�cation techniques have been integrated with a con-

troller designprocessin this methodology. The contributions of this work are

four fold: (1) a methodology for robust SISO controller synthesis for classof

nonlinear systemsdescribed by uncertain Hammersteinmodels,(2) a system-

atic method for selectingH1 weighting functions for a classof L1 constraints,

(3) a measureof systemrobustnessspeci�cally addressingthe maximum al-

lowable modeling and nonlinear inversion errors, and (4) frequencydomain

conditions guaranteeing an L2 output provided the system input belongsto

L2.

The systematic robust SISO controller designprocessfor nonlinear systems

presented in this manuscript combinesa commontechniquefor systemidenti�-

cation and a controller synthesisprocessinto a completesystematicprocedure.

The processis brokeninto threedistinct parts: systemidenti�cation, controller

synthesis,and systemanalysis.

Modeling e�orts are focusedon an experimental method of systemidenti�ca-

tion that captures nonlinear plant characteristics. The system identi�cation

processinvolves the identi�cation of the plant nonlinearity followed by the

identi�cation of the uncertain linear plant dynamics.The errors betweenthe
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nonlinear model and the actual systemdata are incorporated asunstructured

uncertainty. Sinceuncertainty is present, a robust controller designmethod-

ology that guaranteessystemperformanceis required.

A result of choosingthe H1 designmethodology is that the closedloop system

performanceis contingent upon the choiceof the performanceweighting func-

tions. The selectionof these weighting functions is often di�cult, although,

generalguidelinesfor their development do exist. Many papersdocument tech-

niquesand guidelinesfor weighting function selection.General frequencydo-

main guidelines are given in Meghani & Latchman (1992) and Grimble &

Biss (1988).Chun & Hori (1996)provide typical weighting functions and tun-

ing methods. A method for determining weighting functions which represent

position and rate limit constraints of an actuator as well as a procedurefor

controlling the closedloop systemovershoot are provided in Hu et al. (1996,

1999, 2000). An experimental solution for weighting function selection, im-

plementing orthogonal arrays, is presented by Yang et al. (1994). Genetic

algorithms have alsobeenemployed to search for suitable weighting function

solutions(Donha et al., 1997).Further studiesregardingmethodsof weighting

function selectionmay befound in Postlethwaite et al. (1990)andBeavenet al.

(1996). The technique chosenfor the proceduredescribed in this manuscript

wasdevelopedby Franchekwherethe weighting functionsarechosenin a man-

ner which enforcestime domain tolerances(Franchek, 1996).This method of

weighting function selectionwill be extendedin this work to addressthe con-

troller designobjectivesof maximizing the allowable referencestep sizeto the

systemand maximizing the systemtracking response.

Following the controller synthesis process,the maximum allowable modeling

andnonlinearinversionerrorsaredeterminedfrom a stabilit y analysis.Finally,
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provided certain frequency domain conditions are satis�ed and the system

input belongsto L2, an L2 output may be guaranteed.

To illustrate this procedure,the designmethodology is applied to synthesize

a robust feedback controller to regulatethe massair 
o w (MAF) of an engine.

In this application, a Hammersteinmodel of a 4.6L V8 spark ignition engine

from an electronic throttle input to engineMAF output is identi�ed. An H1

tracking controller is then designedto control engineMAF with zero steady

state error while addressingthe nonlinear throttle characteristics and time

delay. Experimental data validates successfulclosedloop performancewhich

includesnoiseand disturbancerejection while maintaining good transient and

steadystate performance.

2 Problem Statemen t and Metho d of Solution

Considerthe standardHammersteinmodel given in Figure 1 where~u(t) 2 L 1

is the system input, n(�) is a static single valued nonlinearity operating on

~u(t), p(t) 2 L 2 is an impulseresponsefunction, and y(t) 2 L 1 is the measured

systemoutput (Ljung, 1999). It is assumedthat both n(�) and p(t) exist but

are unknown a priori .

p(t)
y(t)

n( ).
u(t)
~

Fig. 1. General Hammerstein Model.

The closedloop tracking performancespeci�cations for this classof systems

includesa control e�ort constraint and an allowable tracking error constraint.
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The time domain control e�ort constraint about a nominal e�ort is given as

ju(t)j � �; 8 t > 0 (1)

and the tracking deviation constraint is

je(t)j � � ; 8 t > 0; (2)

where e(t) is the tracking error of the closedloop system. All time domain

speci�cations are known a priori and it is assumedthe system is initially

at rest. The goal speci�cally addressedin this work is to designa nonlinear

feedback controller that meets the closedloop performancespeci�cations of

Equations (1) and (2).

The method of solution is a controller designexecutedin two phases,system

identi�cation and H1 controller synthesis, followed by system analysis.The

system identi�cation begins with a representation of n(�), denoted as n̂(�),

identi�ed through steadystate testing. For the classof nonlinearity considered,

n̂(�) is invertible and its inversionusedas a precompensator(Figure 2).

Unknown Nonlinear System

p(t)
u(t)

[n( )].^ n( ).
y(t)u(t)~

u(t)
p(t, )a

y(t, )a

-1

Fig. 2. Block Diagram of the Dynamic System and Precompensator.

An equivalent block diagram for the precompensatedsystem where the er-

rors of the inversion processare represented by an uncertainty in the linear
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dynamics, p(t; � ), is also shown in Figure 2. The uncertainty of the linear

plant dynamics is represented via the parameter � . Standard frequency re-

sponsefunction (FRF) estimatesusing spectral density calculations identify

p(t; � ). From thesenonparametricmodels,a linear uncertain model, denoted

by P̂(s; � ), is chosen.

With P̂(s; � ) identi�ed, the mixed sensitivity problem is solved. The corre-

sponding performanceweights for the H1 controller synthesis are selected

by enforcing the prespeci�ed time domain tolerances,given in Equations (1)

and (2), using frequencydomain constraints.

After the H1 controller designprocessis complete,the closedloop stabilit y of

the entire systemis quanti�ed. It is desirableto determinethe allowable error

sizedue to modeling and nonlinearity inversioncontained in p(t; � ) subjected

to closed loop system properties. To this end, this error is assumedto be

a memorylesstime-varying nonlinearity, � (� ; t), which belongsto the sector

[a,b]. To quantify this error, the Lur'e problem of Figure 3 is analyzedusing

the well known circle criterion (Sastry, 1999).

g(t)
u (t)1

f s( ,t)
u (t)2e (t)2

e (t)1 y (t)1

y (t)2

+

-
+

+

Fig. 3. Lur'e Feedback Interconnection Problem.

Once the maximum sector bounds of the modeling and nonlinear inversion

errorsare determined,�nite-gain L2 stabilit y betweenthe actual systeminput

and output is guaranteed provided certain conditions are satis�ed (to be dis-

cussed).The details of each step of this processare presented in the following

sections.
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3 Main Results

Presented is a systematiccontroller designprocessfor a largeclassof nonlinear

systems,speci�cally uncertain linear plants precededby static nonlinearities.

In the following sections,a robust controller designprocesswill be described

including systemidenti�cation, weighting function selection,controller design,

and stabilit y analysis.

3.1 Identi�c ation of the Dynamic Model

A two part systemidenti�cation processis proposedto determinethe control-

oriented system model. First, the static single valued nonlinearity, n(�), of

the systemis identi�ed, represented by n̂(�), to capture the nonlinear charac-

teristics of the system.Once identi�ed, a transfer function estimation of the

combined system, shown in Figure 2, is implemented to develop a dynamic

model having unstructured uncertainty. The two part systemidenti�cation is

detailed in the following subsections.

3.1.1 Nonlinear Static Mapping Summary

Steady state testing can identify n(�), which is represented by an invertible

parameterization denotedas n̂(�). The mapping represented by n̂(�) must be

oneto oneto ensureinvertibilit y. Systemand measurement noisearemitigated

during steadystate testing by averagingdata. Black-box terms (such asspline-

function coe�cien ts and look-up tables) or physical parameters(such as sat-

uration levels) may be usedto parameterizen(�) (Ljung, 1999).A polynomial

expansionto describe n(�) may be e�cien tly determined through a forward-
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regressionorthogonal least squaresformulation. This procedure selectspa-

rametersfrom a set of possiblecandidateparameterssuch that the maximum

increment to explained variance is achieved for each additional model pa-

rameter. Billings provides a completedescription of this procedure(Billings

et al., 1989).Often times possibleregressorsto describe nonlinearitieswill be

revealedusing engineeringinsight (Ljung, 1999).Such black-box basedmod-

els are known as semi-physical models. However there exist somenonlinear

functions which are di�cult to represent using polynomial relationships. To

mitigate this classof static nonlinearities,a "lo ok-up" table may be developed

to describe n(�).

With the representation of the static nonlinearity of the nonlinear plant iden-

ti�ed, n̂(�) can be inverted and usedasa precompensatorto remove the non-

linear behavior of the system(Figure 2). The errors associated with the non-

linear inversionprocessare represented through the uncertainty of the linear

dynamics.Now p(t; � ) may be identi�ed.

3.1.2 SystemIdenti�c ation of the Precompensatorand Plant

To completethe systemidenti�cation, the linear uncertain dynamic model of

the plant will be estimated using standard FRF techniques. The equivalent

linear uncertain systemrepresented by p(t; � ) in Figure 2 and in equationform

by

p(t; � ) = p(t) � n
�
[n̂(�)]� 1

�
(3)
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is identi�ed using the FRF calculation

H (j ! ) =
Sxy(j ! )
Sxx(j ! )

(4)

where H (j ! ) is the systemFRF, Sxy(j ! ) is the crossspectral density of the

input and output, and Sxx(j ! ) is the auto spectral density of the input. This

calculation providesan unbiasedestimateof a SISOsystemwith uncorrelated

output noise(Bendat & Piersol, 1993).

White noise(other frequencyrich signalsmay be selected)is sent as a com-

mand input to the precompensator.FRF estimatesof the pseudolinear system

are obtained for a representativ e set of systemoperating conditions.Thesees-

timates createa family of experimental FRFs representing di�erent operating

conditions and plant to plant variabilit y. Additiv e or multiplicativ e uncer-

tainty may be chosento capture the uncertainty of the plant and any errors

associated with the inversionof n(�).

Assumingmultiplicativ e uncertainty, the uncertain plant model is

P̂ (s; � ) = (1 + � Ŵ2(s))Po(s) (5)

where Po(s) is the chosennominal plant, � is an allowable variable stable

transfer function satisfying

k� k1 � 1; (6)

and Ŵ2(s) is a �xed stable transfer function (Doyle et al., 1992).
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Recalling that P(j ! ; � ) is measured,the multiplicativ e uncertainty weighting

function, Ŵ2(s), may be determinedby
�
�
�
�
�
P(j ! ; � )
Po(j ! )

� 1

�
�
�
�
�
� jŴ2(j ! )j; 8 ! : (7)

A further discussionmay be found in Doyle et al. (1992). The uncertainty

weighting provides an upper norm bound on the system uncertainty. It is

advantageousto choosePo(s) such that it minimizesthe uncertainty weighting,

Ŵ2(s), of the plant description,ultimately leadingto a lessconservativedesign.

3.2 RobustH1 Controller Design

Presented in this sectionis the synthesisof an H1 controller for the equivalent

linear uncertain systemrepresented by p(t; � ) in Figure 2. For the purposes

of controller synthesis,a standard H1 designon P̂(s; � ) will be presented.

3.2.1 Tracking Control H1 Weighting Function Selection

Presented in this section is the development of performanceweights for the

tracking control problem. Consider the tracking problem with multiplicativ e

unstructured uncertainty shown in Figure 4 whereGR(s) represents the refer-

encedynamics(assumedstable), u(s) is the scalarcontroller output variation

about a nominal e�ort, R(s) represents a step referencecommandof magni-

tude ' , e(s) is the scalar error variation of the systemabout zero, q(s) and

p(s) are the uncertainty input and output respectively, K (s) is the controller,

and Y(s) is the scalar output of the system. The plant description, as de-

scribed by Equation (5), is assumedproper with no hidden unstable modes.

Theorems1 and 2 describe the performanceweight selection to enforcethe
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SISO tracking control e�ort and tracking deviation constraints respectively.

Figure 5 incorporatesthe performanceweights into the feedback structure for

tracking.

R(s)

p(s)q(s)

u(s)e(s)GR(s)

W2(s)

K(s) Po(s)+ - ++
Y(s)

Fig. 4. SISO Feedback Tracking Block Diagram.

R(s)

p(s)q(s)

u(s)e(s)W1(s)

W2(s)

K(s) Po(s)+ - ++ Y(s)

Fig. 5. Feedback Structure for Tracking with Uncertainty.

Theorem 1 Assuming the feedback systemin Figure 4 has zero initial con-

ditions, GR(s) 2 RH2, Po(s)(1 + Ŵ2(s)�) 2 RH2, proper, and hasno hidden

unstablemodes, then ju(t)j � � for t > 0 when r (t) is a step input of

magnitude' provided

kW2(j ! )To(j ! )k1 < 1 (8)

where W2(s) is a stable, minimum phasetransfer function (not necessarily

proper) satisfying

jW2(j ! )j �

�
�
�
�
�
'̂G R(j ! )
�P o(j ! )

�
�
�
�
�

+ jŴ2(j ! )j; (9)

where '̂ = ' � , � is a scaling constant which justi�es the enforcement of

time domain speci�c ations through frequencydomain amplitude constraints,
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and To(s) is the complimentary sensitivity function of the nominal system,

To(j ! ) =
K (j ! ) � Po(j ! )

1 + K (j ! ) � Po(j ! )
: (10)

Pro of. Applying a changeof variables,the proof is similar to the proof given

by Franchek (1996) for regulation control H1 weighting function selection. �

Theorem 2 Assuming the feedback systemin Figure 4 has zero initial con-

ditions, GR(s) 2 RH2, Po(s)(1 + Ŵ2(s)�) 2 RH2, proper, and hasno hidden

unstablemodes, then je(t)j � � for t > 0 when r (t) is a step input of

magnitude' provided

kjW1(j ! )So(j ! )j + jW2(j ! )To(j ! )jk1 < 1 (11)

where

W1(s) =
'̂G R(s)

�
; (12)

W2(s) and To(s) are de�ned in Theorem1, and So(s) is the sensitivity function

of the nominal system,

So(j ! ) =
1

1 + K (j ! ) � Po(j ! )
: (13)

Pro of. Applying a changeof variables,the proof is similar to the proof given

by Franchek (1996) for regulation control H1 weighting function selection. �

The weighting function (W2(s)) is contingent upon the uncertainty weighting

(Ŵ2(s)), referencedynamicsandmagnitude('G R(s)), actuator saturation (� ),
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plant dynamics (Po(s)), and a scaling constant (�). Note that if the control

e�ort speci�cation is in�nite, i.e. � = 1 , then jW2(j ! )j � jŴ2(j ! )j and

thereforeW2(s) would only be contingent upon the uncertainty weighting for

all frequencies.

The weighting function, W1(s), emphasizesthe most important frequencies

generatedby the referencecommand.Thereforethe shape of W1(s) is similar

to the referencedynamics, GR(s). This requires the H1 controller designto

minimize the energybetween the referencecommandand the tracking devi-

ations at those frequencieswhere the referencecommand dynamics contain

signi�cant energy. The magnitude of the referencestep, ' , and the tracking

deviation constraint, � , alsoplay a role in the minimizing the energybetween

the referencecommand and the tracking deviations. However, this modi�es

only the static gain of W1(s).

3.2.2 Tracking H1 Controller Synthesis

Two proceduresare now proposedfor the H1 controller design.First, a pro-

cedure for controller synthesis such that the allowable referencestep size is

maximizedwill be given. The idea is to maximizethe referencecommandstep

size, ' , until the result violates one of the time domain speci�cations. The

optimization is actually performed by maximizing '̂ until one of the condi-

tions set forth in Theorems1 or 2 is violated. The values of ' and � are

unknown through the design.After the controller is synthesized, the actual

largest referencestep command size (' � ) is determined through simulation.

The maximization of '̂ is an iterativ e processand the necessarycondition for
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robust performancemay be usedasan initial guessfor the lower bound on '̂ ,

'̂ l = f maxf '̂ g j min fj W1(j ! )j; jW2(j ! )jg < 1 8! g: (14)

The design is optimal in the sensethat the maximum '̂ is found for the

weighting functions selected(basedon the enforcement of time domain speci-

�cations).

A secondoption for controller synthesis is a procedure that maximizes the

system responseto a step change in reference.Essentially , the idea driving

this processis to follow the sameprocedureoutlined above, however, relax the

tracking deviation constraint while maximizing the referencecommandstep

size(' ). This forcesthe controller synthesis to maximize the actuator e�ort.

Again, the optimization is actually performedby maximizing '̂ , relaxing the

tracking deviation constraint (i.e. allowing � to be large), until one of the

conditions set forth in Theorems1 or 2 is violated. The value of '̂ is found as

described above in an iterativ e processusingan initial guessfor '̂ asprovided

in Equation (14).

3.3 Stability Analysis of the Closed Loop SystemUsing Circle Criterion

Once the H1 controller designprocessis complete, the closedloop stabilit y

of the entire systemmay be quanti�ed. The modeling and nonlinear inversion

errors contained within p(t; � ) are assumedto be a memorylesstime-varying

nonlinearity, � (� ; t), which belongsto the sector [a,b] (Figure 2). To quantify

closedloop robustness,the Lur'e problem of Figure 3 is analyzedusing the

well known circle criterion stated in Theorem 3. The block diagram of the

controller, modeling and nonlinear inversionerrors, and plant to be analyzed
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is shown in Figure 6 and is manipulated into the Lur'e problem. The circle

criterion theorem given in Sastry (1999) is stated below.

Theorem 3 Considerthe Lur'e systemin Figure 3, whereL [g(t)] = G(s) 2 A

whereA represents the algebraof transfer functions (Sastry, 1999)and � (� ; t)

is a memoryless,possibly time-varying, nonlinearity in the sector[-r,r]. Then,

the closedloop systemis �nite gain L2 stable if

sup
ω2 R

jG(j ! )j < r � 1 (15)

whereR is the �eld of real numbers.For the casewhere� (� ; t) belongsto the

sector [a,b] for arbitrary a, b, de�ne

c =
a + b

2
; (16)

r =
b� a

2
; (17)

and

Ĝ(s) =
G(s)

1 + c � G(s)
: (18)

Then the closedloop systemis L2 stable if Ĝ(s) 2 A (Sastry, 1999)and

sup
ω2 R

�
�
�Ĝ(j ! )

�
�
� < r � 1: (19)

Pro of. SeeSastry (1999). �

The allowable modeling and nonlinear inversionerrors, � (� ; t), may be quan-

ti�ed by applying Theorem 3 to the system described in Figure 3. In many
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f s( ,t)
y(t)^+

-

u(t)^ e(t)^
k(t) p(t, )a^

Fig. 6. Feedback Interconnection of Controller, Modeling and Nonlinear Inversion

Errors, and Plant.

cases,a free integrator is added to the controller to ensurezero steady state

error. ThereforeEquation (19) must be satis�ed for stabilit y accordingto the

circle criterion. In this case,the Lur'e problem may be rewritten into the form

shown in Figure 7 and Theorem 3 applied. The modeling and nonlinear in-

version errors will be quanti�ed by �nding the largest sector bound of the

memorylesstime-varying nonlinearity � (� ; t).

p(t, )a
u (t)1

f s( ,t)
u (t)2e (t)2

x (t)e y (t)1

y (t)2

+

-

+

+

c

c

k(t)
e (t)1 y(t)^+

-

u(t)^

+
- e(t)^

-

+

y (t)c

^

Fig. 7. SystemFeedback Interconnection Problem with Loop Transformation.

3.4 Quantifying AllowableModeling and Nonlinear Inversion Errors

The problemof determining the largestsectorboundsof � (� ; t) becomesoneof

optimizing two variables,a and b. Instead of solving an optimization problem

of two variables,a constrainedoptimization problem using one variable may

be developed. Consider the following, if no errors exist between [n̂(�)] � 1 and

n(�) shown in Figure 2, � (� ; t) can be represented by a mapping of a line with
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unity slope and zerointercept. Sincethe upper and lower boundsof the sector

[a,b] represent limits on the total modeling and nonlinear inversionerrors that

may be tolerated by the system,the sector[a,b] represents the maximum and

minimum gains about unity, i.e. a line with unity slope and zero intercept.

Therefore,given this case,the optimization problem of two variablesmay be

rewritten asa constrainedoptimization problem of onevariable, � (Figure 8).

In this case,� is maximizedand a and b are constrainedby

a = tan
� �

4
� �

�

(20)

and

b= tan
�

� +
�
4

�

: (21)

The maximum sectorboundsare found when � is maximizedwhile satisfying

the provisionsof Theorem3,

� max =

(

maxf � g

�
�
�
�
�

sup
ω2 R

jĜ(j ! )j < r � 1

)

: (22)

A simple bisection method may be implemented to determine � max and the

resulting a and b determinedby Equations (20) and (21).

slope=1

2q

s

f s( ,t)

slope=a

slope=b

Fig. 8. Sector Bounds of � (� ; t).
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3.5 AllowableInput Signal Sizefor BIBO Stability

Once the maximum sector bounds of the modeling and nonlinear inversion

errors are determined,Corollary 1 provides additional information regarding

the stabilit y of the systemwith respect to the actual systeminput and out-

put, û(t) and ŷ(t) respectively (Figures 6 and 7). Corollary 1 follows a proof

in Vidyasagar(1978) and provides a result of �nite-gain L2 stabilit y between

the actual systeminput and output under certain conditions.

Corollary 1 Consider the systemin Figure 7, where K (s) is the controller

(with a free integrator), � (� ; t) and c are described in Theorem 3, and P̂(s; � )

is the plant as described by Equation (5). De�ne F̂ (s; � ), Ĥ (s; � ), and Ĝ(s; � )

as

F̂ (s; � ) =
P̂(s; � )

1 � P̂ (s; � )K (s) � c
; (23)

Ĥ (s; � ) =
K (s)

1 � P̂ (s; � )K (s) � c
; (24)

Ĝ(s; � ) =
� P̂ (s; � )K (s)

1 � P̂ (s; � )K (s) � c
: (25)

SupposeF̂ (s; � ); Ĥ (s; � ); Ĝ(s; � ) 2 A ; 8 � and satisfy

sup
ω2 R

�
�
�F̂ (j ! ; � )

�
�
� , 
 2 < 1 ; 8 � ; (26)

sup
ω2 R

�
�
�Ĥ (j ! ; � )

�
�
� , 
 1 < 1 ; 8 � ; (27)

sup
ω2 R

�
�
�Ĝ(j ! ; � )

�
�
� , 
 o < r � 1; 8 � ; (28)

where r is de�ned in Theorem 3. Then the closed loop system,including the

mappingfrom û to ŷ, is �nite-gain L2 stableprovided u1(t), u2(t), û(t) 2 L2.

19



Pro of. Similar form of proof found in Vidyasagar(1978). �

A methodologyhasbeenpresented to quantify the modeling and nonlinear in-

versionerrorsby determining the largestsectorboundsof a memorylesstime-

varying nonlinearity while guaranteeingL2 stabilit y. Furthermore, Corollary 1

provides an extensionof Theorem 3 to guarantee �nite-gain L2 stabilit y be-

tween the actual systeminput and output, û(t) and ŷ(t) respectively. Using

this information, the closedloop systemmay be evaluated.

4 Spark Ignition Engine Mass Air Flo w Con trol Application

The proposedrobust SISO controller designmethodology is applied to syn-

thesizea robust feedback controller to regulate the MAF of a 4.6L V8 spark

ignition engineequipped with an electronicthrottle. The associated controller

designchallengesare three-fold. First, the systemcontains a time delay, which

must be incorporated in the design.Second,the throttle hasa nonlinear gain,

which variesasa function of throttle angleand enginespeed.Third, the con-

troller must provide adequateperformancefrom idle to high speed/loadengine

conditions.

4.1 Identi�c ation of the Dynamic Model

The proposed two part system identi�cation processis employed. First, a

static (steady-state) map is empirically determined to capture the majorit y

of the nonlinearities associated with the enginethrottle characteristics.This

map is then inverted to serve as a precompensator to the system. Next, a
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transfer function estimation of the combined system,i.e. the inverted steady

state throttle map and engine, is calculated to develop the dynamic system

model with uncertainty. The two part systemidenti�cation is detailed in the

following subsections.

4.1.1 Developmentof the MassAir Flow Static Map

The 
o w characteristicsof a throttle are inherently nonlinear.The relationship

betweenthrottle position andMAF hasbeenaddressedby Stefanopoulouet al.

(1994);Benninger& Plapp (1991);Bidan et al. (1995),aswell asothers. The

desiredmapping proposedin this work is an experimental processinvolving

a seriesof throttle sweeps.The enginewas held at a constant speed by the

dynamometerwhile throttle position was slowly swept. The experiment was

repeatedfor several enginespeedsbetween600RPM and 4000RPM.

To mitigate the nonlinear throttle behavior, this static map (look-up table)

must be inverted to provide the relationship betweenMAF and enginespeed

to throttle commandedposition (Figure 9). By inverting the enginemap, a

desired MAF and current engine speed may be used to predict a throttle

command.

4.1.2 SystemIdenti�c ation of the Inverted Mass Air Flow Static Map and

Engine

A model of the enginedynamics related to engineMAF is required for con-

troller design.To this point, a static map hasbeendeterminedexperimentally

and inverted to remove the majorit y of the nonlinearities associated with the

throttle 
o w characteristics. Now, the frequency responseestimation of the
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Fig. 9. Inverted Mass Air Flow Static Map.

combined system, i.e. the steady state throttle map and engine, may com-

mence.

A block diagram of the dynamic systemto be identi�ed is shown in Figure 10.

White noisewas sent as a frequencyrich commandinput to the system.The

white noiseperturbs the desiredMAF while current enginespeedis alsopro-

vided to the static map. The output of the inverted static map commandsthe

electronicthrottle position. Desiredand actual engineMAF weremeasuredfor

several engineoperating conditions: � 40 kph (1000 RPM, 105.8N�m), � 76

kph (1260 RPM, 149.1 N�m), � 93 kph (1550 RPM, 210.2 N�m), and � 119

kph (2000 RPM, 192.5N�m). The model P̂(s; � ) was identi�ed implement-

ing a standard FRF calculation (Equation (4)) for each operating condition

resulting in the FRFs presented in Figure 11.

Desired
MAF Throttle

Command
Inverted

Static
Map

Engine
Speed

MAF
(volts)

Fig. 10. Experimental Setup for SystemIdenti�cation of Mass Air Flow System.

It is clear from the FRFs of the systemthat a time delay exists. This delay
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Fig. 11. SystemIdenti�cation of Mass Air Flow System.

is associated with the breathing dynamicsof the engine.A restriction of H1

controller designsynthesis is that the nominal plant may not contain a time

delay term. The delay may be incorporated into the nominal plant by a Pad�e

approximation. However, the Pad�e approximation would increasethe order

of the nominal plant and therefore a higher order H1 controller would be

synthesized.The higher order controller may be more di�cult to reduce.In

this case,the delay will be incorporated into the uncertainty weighting as

discussedby Doyle et al. (1992).The selectednominal plant transfer function

is

Po(s) =
1:2589

�
s

16
+ 1

�

�
s

20
+ 1

� � �
s

50

� 2
+ 2(0.707)

50
s + 1

� ; (29)

(Figure 11). This transfer function, Po(s), was chosen such that the mag-

nitude of its frequency responseis approximately equal to the mean of the

experimental frequencyresponsemagnitudesfor each frequency. Now that a

nominal plant has beendetermined, the nonlinearities and uncertainty must

be incorporated into the model.

For this design,multiplicativ e uncertainty was chosento capture the system
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nonlinearities and system delay. Multiplicativ e uncertainty may be written

as shown in Equation (5) with the condition stated in Equation (6). The

uncertainty weighting, incorporating the time delay, may be determined by

the expressiongiven in Equation (7) (Doyle et al., 1992). The experimental

multiplicativ euncertainty for this systemis shown in Figure 12and in equation

form as

Ŵ2(s) =
0:45

�
s

9
+ 1

�

s

130
+ 1

: (30)
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Fig. 12. Ŵ2(s) Bounding the Uncertainty of the Nominal Plant.

4.2 H1 MassAir Flow Controller Design

Now that the inverted MAF static map and MAF path of the enginehave

beenidenti�ed, the H1 MAF controller may be synthesized.The closedloop

MAF block diagram may be written in the form shown in Figure 4 and with

the proper selectionof weighting functions, transformedto the form shown in

Figure 5.
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4.2.1 Weighting Function Selection

The control orientated goal is to designa tracking controller which maximizes

the systemresponsivenessto a stepchangein reference.Therefore,Theorems1

and 2 are implemented to determine the proper weighting functions while

the time domain tracking deviation speci�cation (� ) is relaxed and set to

a relatively large value. The time domain control e�ort speci�cation (� ) is

dependent on the electronic throttle actuator and is 0.7 volts.

To implement Theorems1 and 2, the referencedynamics,GR(s), are required.

The referencedynamicsfor this application were chosento capture the refer-

encecommanddynamics in a slightly larger frequencyrange than the plant

would respond, i.e.

GR(s) =
1

�
s

83
+ 1

� 2 : (31)

One of the system requirements of this controller design is the closedloop

systemmust have zerosteadystate error, requiring the controller to have one

free integrator. To incorporate a free integrator into the design,the nominal

plant transfer function is augmented with a free integrator. Now Theorems1

and 2 may be usedto aid in the controller synthesis.

4.2.2 RobustMassAir Flow Controller Design

The H1 controller designfollowsthe procedure,outlined in a previoussection,

that maximizessystemresponsivenessto a step changein reference.The op-

timization is actually performedby maximizing '̂ while relaxing the tracking

deviation constraint (i.e. allowing � to be large) until one of the conditions

set forth in Theorems1 or 2 is violated. This forcesthe controller synthesisto
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maximize the actuator e�ort. In this case,� was set to equal 100. The value

of '̂ is found as described above in an iterativ e processusing an initial guess

for '̂ as provided in Equation (14).

The maximum value of '̂ was found to be 0.41. This resulted in the �nal

weighting functions of

W1(s) =
0:0041

�
s

83
+ 1

� 2 (32)

and

W2(s) =
0:92

�
s

14.5
+ 1

�

s

119
+ 1

: (33)

The H1 MAF controller was determined using the MATLAB r
1 command

hin
mi . After the design was complete, a balanced truncation method was

employed to reducethe order of the controller. The reducedorder controller,

with the free integrator added,is

K (s) =
419:4s2 + (2:675e4)s + 1:105e6

s3 + 424:8s2 + (9:78e4)s
: (34)

The valuesof ' and � are unknown through the design.Now that the con-

troller is synthesized,the actual largest referencecommandstep size (' � ) is

determinedvia simulation and found to be 0.88.

4.3 Analysis of the Closed Loop System

Beforethe experimental evaluation of the controller, the closedloop stabilit y

of the entire systemmay be quanti�ed and assessed.To this end,Theorem3 is

1 MATLAB is a registeredtrademark of MathWorks, Inc. of Natick Massachusetts
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usedto determinethe largestsectorboundsof a memorylesstime-varying non-

linearity representing the amount of modeling and nonlinear inversion errors

(Figure 2) that can be tolerated by the controller and plant. Oncethe sector

boundshave beenobtained, Corollary 1 provides conditions under which the

actual input and output of the system (û(t) and ŷ(t) respectively) will be

�nite-gain L2 stable.

To apply Theorem3 and Corollary 1, the plant will be described using multi-

plicativeuncertainty. As mentioned previously, time delaysmay not bedirectly

included in the nominal plant for H1 designsynthesis. However, Theorem 3

doesnot contain such a restriction. Therefore, to provide a plant model with

lessuncertainty, a time delay is addedto the nominal plant description and a

new weighting function associated with the multiplicativ e uncertainty of the

system is determined using Equation (7). The nominal plant consideredfor

stabilit y analysisis

Pstab(s) = Po(s) � e� 0.027s (35)

and the associated multiplicativ e uncertainty weighting function is

Wstab(s) =
0:39

�
s

11.5
+ 1

�

s

30
+ 1

: (36)

Theorem3 is applied using the plant description given by Equations (5), (6),

(35), and (36) as well as the controller given by Equation (34). The result

of a bisection routine implemented to determine the largest sector bounds,

constrainedby Equations (20) and (21), is

� (� ; t) 2 [0:229; 4:35]: (37)
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This sector represents the allowable modeling and nonlinear inversion errors

within the system.Speci�cally, under the conditionsprovided by the circle cri-

terion, the plant gain may increaseor decreaseby a factor of 4.35or 0.229re-

spectively without the systembecomingunstable.Furthermore, the conditions

of Corollary 1 are satis�ed and thereforethe actual input/output relationship

betweenthe desiredMAF and the actual MAF is �nite-gain L2 stable.

4.4 Experimental Validation of the MassAir Flow Controller

Oncethe feedback controller designwas�nalized, the H1 MAF controller was

implemented in real time via dSpaceand an enginedynamometer.A block di-

agram of the implementation is provided in Figure 13. Step changesof MAF

wereaccomplishedin approximately 1.2,1.9,1.4,and 2.7enginecyclesfor the

40, 76, 93, 119 kph operating conditions respectively (Figure 14). At lower

engineloads there exists someovershoot of the actual MAF. This can be ex-

plained by the nonlinear throttle behavior. At smaller throttle openingsthe

systemgain is large. Thereforean overshoot may be anticipated if the static

map is not exact for all engineconditions. An advantage of the robust con-

troller methodologyemployed for this designis the fact the system,in general,

respondswell over a large operating rangedespitethe throttle nonlinearities.

Desired
MAF Throttle

CommandInverted
Static
Map

Engine
Speed

Actual
MAF

+

-

MAF
Controller

Requested
MAF

Fig. 13. Block Diagram of Mass Air Flow Controller.
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mand (solid), Actual MAF (dashed).

5 Conclusions

The methodologyfor robust SISOcontroller synthesisadvancedin this manuscript

can be applied to a classof nonlinear systemsdescribed by uncertain Ham-

mersteinmodels.The methodology is applicablefor maximizing the allowable

referencestep size or maximizing the tracking responsegiven time domain

constraints. Furthermore, once the design is complete, the maximum allow-

able modeling and nonlinear inversion errors can be quanti�ed. A guarantee

of L2 BIBO stabilit y may be given provided the systeminput belongsto L2

and certain frequencydomain conditions are satis�ed. Finally, the controller

designmethodology hasbeensuccessfullyapplied to MAF tracking control of

a spark ignition engine.
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