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Abstract

For a class of discrete-time linear time-invariant (LTI) plants, we present necessary and sufficient
conditions for the existence of a discrete-time LTI controller that ensures that the H > norm of a closed-
loop map of interest is less than a prespecified level, subject to time-domain constraints on this closed-
loop map. In cases when such an LTI controller does not exist, we show that the problem of finding
an LTI controller that satisfies the input-output constraints with the smallest error can be posed as a
convex optimization problem based on linear matrix inequalities. We also consider briefly other related
problems that can be solved completely using a similar approach, namely controller synthesis to minimize
the optimally scaled H® norm, and controller synthesis to maximize the guaranteed dissipation.

1 Introduction

A standard framework for controller synthesis is shown in Figure 1. P is a linear time-invariant (LTT) plant

K

Figure 1: Controller design framework

and K is the controller. w : Z; — R, is the exogenous input, u : Zy — R, is the control input,
y:Zy — Ry, is the observed output, and z : Zy — Ry, is the output of interest. In this paper, we will
restrict our attention to LTI controllers K'; thus the closed-loop system is an LTI system. We let H,, denote
the closed-loop transfer matrix from w to z.

Our objective in this paper, for the most part, is to design K so as to minimize the H* norm of H,,,,
subject to constraints on the transient-response at z due to some specified reference input at w (we will refer
to such constraints as “transient-response tracking” constraints). In cases when a transient-response error
can be tolerated, we study the tradeoff between the error in transient-response tracking and the H* norm
of H,,. We also consider briefly other related problems, namely: (i) LTT controller synthesis to minimize an
exponentially time-weighted H* norm of H,,, subject to steady-state tracking constraints for polynomial
inputs, (ii) controller synthesis to minimize the optimally scaled H* norm of H,,, and (iii) controller
synthesis to maximize the guaranteed dissipation of H,, . It is important to note that the conditions we
provide are necessary and sufficient when controllers are restricted to be LTI; thus our design methods
provide useful limits of performance achievable with any LTI controller. The design methods also provide a
parametrization of all LTI controllers that achieve the design goals; however, it is not easy to directly pick
controllers of low or fixed order from this parametrization.
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Our approach combines interpolation theory and recent advances in numerical optimization, in particular
convex optimization involving linear matrix inequalities (LMIs). We should mention that a number of other
researchers have applied interpolation theory to the problem of H*-optimal controller design; see for exam-
ple, [1, 2], [3] and [4]. Our approach differs from these in two ways. First, we show that transient-response
and steady-state tracking constraints can be readily handled in the interpolation framework. Secondly, and
perhaps more importantly, we show that we can compute ezact tradeoffs between the H* norm of the
closed-loop map of interest and the error in the satisfaction of the input-output constraints, using convex
optimization. We are not aware of any other existing methods for H* controller design (two-Riccati, LMI
etc.) that provide such a complete solution to these problems.

The outline of the paper is as follows. In §2, we review controller design using interpolation theory,
and in §3 and §4, we discuss a number of controller design problems that can be solved using LMI-based
optimization and interpolation theory.

Apart from standard notation and terminology, we also use the following. D denotes the open unit-disc
{A A€ |A| < 1}. D denotes the unit-circle {A | A € C, |A| = 1}. H* denotes the set of functions that
are bounded and analytic in D. (This may differ from conventional definitions of H°; the reason for our
convention will become apparent later.) H, . denotes the set of m x n matrices whose entries are in H*;

such transfer matrices will be called “stable” in the sequel. For H € HZ, ., the H* norm is defined as

[|H oo 2 sup|aj<1 [[H (M), where [|[M|| denotes the spectral norm (maximum singular value) of a matrix
M (for vectors, || - || is just the Euclidean norm). f5 denotes the Hilbert space of complex-valued square
integrable sequences defined over the nonnegative integers Zy. For v € {3, ||v||2 stands for the ¢3-norm,

defined as ||v]]2 = (E?io |U(i)|2)1/2'

2 Background

Let the plant transfer matrix P be partitioned in an obvious manner as

Pzw qu
o= h)

Let M., denote the set of achievable stable closed-loop transfer matrices from w to z, i.e., the set of all
transfer function matrices achievable over all stabilizing controllers K:

How = {How | How = Pow + Pou K(I — PyuK) ™' Py, H.y is stable } .

Tt is well-known (see for example, [5, 6]) that H,, can alternatively be parametrized affinely using the
Youla parameter () as

sz = {Tl - TzQTg | Q stable} s

where 77, Ty and T3 are stable transfer matrices of sizes n, x ny, n, X ny, and ny x n, respectively, given
explicitly in terms of the plant transfer matrix P. Moreover, every stable @) also yields a stabilizing controller
K and vice versa. Thus, the problem of controller design, i.e., determining K, is equivalent to the problem
of determining the Youla parameter ().

In this paper, we will consider the special case where:

1. We have n, > n, and n, > n,, and that 75()) and 73()) are full rank matrices for almost all A in C.
2. Ty and T3 share no zeros in D.

3. Ty and T3 have no zeros on 9D.

Assumption (1), roughly speaking, means that we have in effect more sensors than exogenous inputs w and
more actuators than controlled variables z, and that none of the actuators and sensors are redundant; thus,
the problem considered is equivalent to the so-called one-block problem of H* control. Assumptions (2)



and (3) are standard technical conditions required for the application of interpolation theory; loosely speak-
ing, these require the sensor and actuator transfer matrices to share no “nonminimum phase” zeros, and to
have no zeros on the unit-circle.

Let aq, ..., a, be the transmission zeros of T3 in D, with geometric multiplicities u1, .. ., s, respectively.
The a;s are not necessarily distinct. Then, there exist vectors u;; € C*=, ¢ =1,...,p, I =1,..., y; such
that

’ 1
Zu;,k (l — k)ITQ(I_k)(ai) = Oa l= 1a ey M i = 1: Ry 2
k=1

where we have used Tz(l) to denote the /th derivative of T5. The set of vectors {u; 1, { = 1,..., p;} is referred
to as a left-null chain of H,,, at «; [7].

Let 31,..., 3, be the transmission zeros of T3 in D, with geometric multiplicities v, ..., v, respectively.
The f;s are not necessarily distinct, but they are distinct from the «; as assumed, that is, o; # 3, @ =
1,...,p, I=1,...,q. Then, there exist vectors z;; € C*», ¢ =1,...,¢q, [ =1,...,v; such that

1
(k)

T?El_k)(ﬁi)l‘i,k =0, I=1,...,pmi=1,...,q
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The set of vectors {z; 1, { = 1,...,v;} is referred to as a right-null chain of H,,, at §; [7].

Since @ 1s stable, H,,, 2 Ty — TQT3 must satisfy
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Conversely, it can be shown that if H,,, satisfies (1) and (2), then there exists a stable transfer matrix
@ of size ny x n, such that H,,, =171 — T5QT3. Thus (1) and (2) provide an interpolation characterization
of the set H,,,. Therefore, the problem of designing @ (and therefore the controller K) is equivalent to the
problem of of finding H,, subject to its satisfying the interpolation conditions (1) and (2). Conditions (1)
and (2) are referred to as “tangential interpolation conditions” in the literature, to contrast them with matrix
interpolation conditions [7].

The H* norm of H,, gives the “worst-case” £y-gain of H.,,, that is, ||H.y|le = SUD||y o<1 [|z]|]2. Thus
the problem of finding the smallest achievable £5-gain between w and z over all possible LTI controllers K
is:

Find Yopt = inf{||H.w||eo | H:w is stable and satisfies (1) and (2)} . (3)

Problem (3) is the two-sided tangential Hermite-Fejér problem. Given v > 0, a necessary and sufficient
condition for yop; < 7 to hold is given by the following theorem from [7, §18.5], restated here in a slightly
different form for our convenience.

Theorem 1 Given v > 0, the quantity yopt given by (3) satisfies vopr < 7y if and only if the solution N, to
the Lyapunov equation

(3 2o ld 2T-% 27wy 2T e L e



satisfies N, > 0, where
Ay =diag (I, . JD ) As = diag (T, Ts)
U=[U1 - U], V=WV - V], X=[Xy - X,], Y=[V1 --- Y],
Ui =lwin - i), Vi=T[vit - vig], i=1,...,p,

Xi=T[ea - 2], Yi=lya - vin], 1=1,...,¢.

(We have used Jy m to denote a Jordan block of size m and eigenvalue v, with ones on the super-diagonal.)

Therefore, we conclude that y,p¢ is given by minimizing v, subject to N, > 0, where N, satisfies (4).
Moreover, the results in [7, §18.5] enable us to construct, for any ¥ > 7yops, all interpolants H,, with
[|Hzwllco = 7; this, in turn, parametrizes all stabilizing controllers that satisfy an f5-gain design constraint.

3 H™ controller synthesis with transient-response constraints

We now consider a variation on the standard H® controller synthesis problem considered in the previous
section. Consider the system shown in Figure 2. w now has the interpretation of a reference input, and d
that of a disturbance.

Suppose that given a reference input wyer (such as a unit-step), the transient step-response at z is required
to track a given trajectory. More specifically, consider the constraint on the transient-response of the system:

With d = 0 and w = wrer, the output z satisfies
(6)
z2(0) = z0,2(1) = z1,...,z2(m = 1) = zp_1.
Thus, {z0,. .., zm—1} is the trajectory the output is required to track over the first m time instants, when w =
wrer and there are no disturbances. Note that the output values after time m— 1, that is, z(m), z(m+1),. .,
are unconstrained. For future reference, we let wy, = wrer(k), £ = 0,1,...,m — 1; these are just the values of

the reference input over the first m time instants.

We now seek a controller that simultaneously achieves the nominal transient-response tracking, and
minimizes the worst-case error energy at z due to disturbances d of bounded energy, acting at the reference
input. Our new design problem is:

Find yopt = inf{ ||H.w||eo | Hzw is stable, satisfies (1), (2) and the transient-response condition (6)}. (7)
Given v > 0, we now state a necessary and sufficient condition for yop¢ in Problem (7) to satisfy yopt < 7.

Proposition 1 Given v > 0, the quantity yope given by (7) satisfies yops < v if and only if the solution N,
to the Lyapunov equation

I 0 I 01" [A 07 Ay 0] [ 4% . 1y .
[OAl]NW[O Al] [0 I]N”[o I]_[v* (X V=] e [LY U] ®
satisfies N, > 0, where

Ao =diag (Jo,0ms s Togwys Togswenn) s Beg1 =0, vgpr=m, X =[X Xgp], Y =[V Y1l

Xegt1 =[wo -+ wm_1], Yeg1 =[20 -+ Zm-1],
(9)
and Ay, X, Y, U, V are defined in (5).



Proof: We first show that the transient-response condition (6) is equivalent to a number of additional
interpolation conditions on H,, .

Let H.w(X) =32, h;A'. Note that this is different from the conventional definition of the z-transform

which is a power series in z~!, but consistent with our definition of H>. Since hy = %Hﬁﬁ)(A) , the
A=0
transient-response constraints imply that

H . (0) 0 0
A 1 1 wo
- FH( )( 0) H ., (0) . 0 w,
- (10)
Zm.—1 #H(m—l)(o) #H(m 2)( 0) --- H.,u(0) W1
(m—1)1 ¥ (m—2)1" ¥ i

Thus, the transient-response constraints just lead to additional tangential interpolation conditions on

H,, at the origin:
j

Z H(] k)( )u’k—l e Z]'_17 j: 1, Lo, m. (11)
k=1 '7 - k

Introducing the notation fg41 = 0 and vg41 = m, adding these interpolation conditions to (1) and (2),
and applying Theorem 1, concludes the proof.
O

We note that we may have multiple transient-response constraints for multiple reference inputs; these
lead to multiple interpolation constraints at the origin.

3.1 Approximate transient-response constraints

Next, consider v satisfying v < 7opt, Where yop¢ is given by (7). Then, there exists no LTI controller that
achieves exact transient-response tracking subject to ||H.yl|co < 7 (we will refer to y as the “disturbance
attenuation level”). In this case, we may be willing to relax the exact transient-response constraint, by
accepting a nonzero tracking error measured in some appropriate manner. We now show that the study
of the tradeoff between the transient-response tracking error and the disturbance attenuation level can be
efficiently performed using numerical convex optimization. We will thus be able to answer questions such
as, “What is the smallest transient-response tracking error, over all stabilizing controllers K, for a given
disturbance attenuation level 7”7 Our answers will be global optima, and thus we will be studying ezact
tradeoffs, with LTI controllers K, between tracking and disturbance rejection.

With d = 0 and w = wyer, we allow the corresponding output z to lie in the set
{2|§(0) =zpte,Z()=z14e€,...,Z(m—=1)=zm_1 + €m_1, e{ek < k=0,... m— 1}. (12)

The output values after time m — 1, that is, z(m), z(m + 1), ..., are unconstrained as before. The left-half
of Figure 3 shows such a transient-response tracking constraint over the first five time instants, for some
reference input wyer (this input is not shown in the figure). The solid lines show the desired nominal response
at z, and dotted lines show the transient-response tracking error allowed.

The quantity € in (12) is a measure of the transient-response tracking error. In this case, the interpolation
conditions (11) become

j
Z G- k H(J k)(O)wk_l =zj_1+e-1, j=1,...,m, with ejT_lej_l <2 (13)
=1

From Proposition 1 and straightforward algebraic manipulations, we conclude the following:



Corollary 1 Given a transient-response tracking error € and a disturbance attenuation level vy, there exists
an LTI controller K achieving transient-response tracking with error not exceeding ¢ and a disturbance
attenuation level not exceeding vy, if and only if there exists a matriz E satisfying

E=[0 -+ 0 Eg1], with Egpy =[eo-em-1], € ¢; < j=0,....m—1, (14)
such that . _ . _
I 0 I 0 Ay 0 Ay 0
wozomi [L0]m D 0T o[ 0] R 0] 05
[ x> 5 Y + E)* 5
[ i 1= [V e

where the various quantities in the above equation are defined in (5) and (9).

At first glance, given v and ¢, checking whether there exists F such that conditions (14) and (15) hold
may appear a formidable numerical task. However, we have the following theorem that simplifies matters
considerably.

Theorem 2 For fized v, the set of variables (€2, E) such that conditions (14) and (15) hold is a conver set
described by linear matriz equations and linear matriz inequalities.

Proof: It can be shown from simple monotonicity properties of solutions to Lyapunov equations that for
some E satisfying (14), the matrix N, given by the Lyapunov equation in (15) satisfies N, > 0, if and only
if for some W > 0 and R < 0, the following hold:

I 0 I 01" Ay 0] Ay 0
[0 Al]W[o Al]_[o I]W[O 1]

RE2S . (Y + B)* . [R O
[V*]['yX V]—i—[ N [Y+E U ]=|, 4|
These conditions, using standard manipulations, can be shown to be equivalent to the matrix inequalities
and equations

_ Wii Wis :| >0 [ Wi — A;WllAQ — 72)?*)2 ({/ + E)*

"= Wiy Wa (Y + E) —I

] = (16)

WiaAT — A5 Wiy — 7 (f(*v — (Y + E)*U) =0, A\WaoAt — Way +72U*U — V*V = 0.

Finally, the constraint that E satisfies (14) is equivalent to

F ET q+1
E=[0 - OEq+1],[E 7 ]20, Fp<ée, i=1,....> u, (17)
i=1

where Fj; denotes the ith diagonal element of F'.

Therefore, given 5 > 0, there exist ¢ and E such that conditions (14) and (15) hold, if and only if
there exist ¢, E, F' and W, satisfying (16) and (17); these latter conditions are linear matrix equations and

inequalities in the variables E, F', W, and ¢2, and the statement of the theorem follows immediately.
O

Theorem 2 has important implications. For example, given 7 and €, checking whether there exists E
such that conditions (14) and (15) hold is a convez feasibility problem, in particular, an LMI feasibility
problem. Moreover, given a disturbance level 7, the smallest value of € for which there exists F such that
conditions (14) and (15) hold can be reformulated as a convex LMI optimization problem. Consequently,
these problems can be numerically solved very reliably and efficiently, using algorithms that rapidly compute
the global optima, with non-heuristic stopping criteria and guaranteed convergence. We refer the reader
to [8, 9] for details about LMI optimization problems and their numerical solution.

1 A linear matrix inequality or LMI is a matrix inequality of the form F(z)=Fo + Zi:l z; F; > 0, where z1, z2, ..., z; are
the variables, F; = FiT € R™*™ are given, and F(z) > 0 means that F(z) is positive semi-definite.
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4 Some extensions

4.1 H®™ controller synthesis with steady-state constraints

In the previous section, we addressed the issue of H*-optimal control subject to transient-response tracking.
We now consider steady-state tracking for polynomial-like inputs, i.e., inputs that are linear combination of
polynomial sequences wy, : Z; — R given by

1 if m=0
wm(k):{(k+1)...(k+m) if m> 0. (18)

For example, with zg, 21 being constant vectors in R"* | wqzg is a (multi-input) step, and wyz; a ramp.
Consider a steady-state tracking constraint of order m, of the form:

For the input w = wozg + w121 + wazs + -+ -+ Wm_1Tm—1,
the output is z satisfies limp_. [|2(k) — (wo(k)yo + w1(k)yr + wa(k)y2 + -+ + Wm—1(k)ym—-1) || = 0,
(19)
where z; € R" and y; € R"*,i=0,...,m — 1 are specified constants. It is an easy exercise to verify that
these constraints lead to the following interpolation conditions on the closed-loop map H,,, at A = 1.

[ sz(l) 0 e 0 T
Ym=1 ﬂH(l)(l) (1) 0 ?m—l
Ym-—2 _ 11 Zw 2o (20)
Yo vme1 : mes : 0
|V S ) )

Once again, steady-state response constraints lead to a number of additional tangential interpolation con-
dition on H,,, as with transient-response constraints. However, there is an important difference: The
additional interpolation conditions (20) are on the unit-circle dD. Therefore, the problem of finding the
smallest achievable £5-gain between w and z, that is, finding

Yopt = Inf{||H.wl|os | Hzw is stable, satisfies (1), (2) and (20) }
is not a standard two-sided tangential interpolation problem.

Therefore, we consider an alternate problem: We minimize, for some p > 1, the p-shifted H* norm of
H,y, defined as ||Hwl|oo,p 2 SUP| <, [|H:w(A)]]. This is equivalent to introducing an additional “stability-
degree” constraint; see [10]. The choice of p, as well as the properties of the solution of the design problem
as p — 1 are of independent interest; we will not investigate these questions here.



The modified design problem is then:
Find Yopt = inf {||H;wl|oo,p | H-w 1s stable, satisfies (1), (2) and (20) }. (21)

Note that ||H.wl|os,p = ||Hzwlleo for all p > 1, so we are in effect minimizing an upper bound on the £5-gain,
subject to tracking constraints, for the original system.

Proposition 2 Problem (21) is a standard two-sided interpolation problem such as Problem (3).

Proof: Consider the exponentially time-weighted system H.. (A) = Hy(pA) for some fixed p > 1. Then,
[|H:wlloo,p = [|Hzwl|oo. Moreover, all the interpolation conditions are in 9D | P for H,,, and therefore they
are all in D for H,,. This concludes the proof.

Oa

Combining Proposition 2 and Theorem 1, we can immediately solve the problem of controller synthesis
to minimize the p-shifted H* norm of H,,,, subject to steady-state tracking of polynomial reference inputs.
We can also incorporate, in a straightforward manner, steady-state tracking constraints for discrete-time
sinusoids using the techniques outlined in this section; these constraints also lead to interpolation conditions
on the unit-circle. We may consider simultaneous transient-response and steady-state tracking as well.

We may also require the system to track polynomial inputs approximately, that is, it may be desired that
for the polynomial input

W= wexo+ W11 + Wz + -+ Wm-1Tm-1,
the response of the system satisfy limp_. [|2(k) — Z2(k)|| = O for some Z in the set (22)
{wo(yo +eo)+wi(pr+er)+ o+ wmo1(Ymo1 + €m—1) | €Z'T6i <€ i=0,...,m— 1} .

The right-half of Figure 3 shows a simple step-tracking constraint. The solid lines show the steady-state
response at z with exact tracking, and the dotted lines show the steady-state tracking error allowed.

As in §3.1, we may apply interpolation theory and LMI-based convex optimization and study tradeoffs
between the p-shifted H* norm for the closed-loop system and steady-state tracking error for polynomial
inputs.

4.2 Minimizing the scaled /;-gain

We mention another interpolation problem that can be solved by combining LMI optimization and interpo-
lation theory. We consider the special case when H ., is square, that is, n,, = n,, and when 75 has no zeros
in D, so that (1) is a vacuous constraint. For this case, we consider the problem of minimizing the diagonally
scaled l5-gain between w and z over all possible LTI controllers K, subject to transient-response tracking
constraints of the type (10), that is:

H,, stable, satisfies (2), (11), }

D ¢ R™*", diagonal, nonsingular

Find yop; = inf{||DHwD‘1||oo ‘ (23)

We remark that the discussion that follows applies to the more general case when D is block-diagonal, with
prespecified block sizes. This problem arises in H® control of systems with structured perturbations [11, 12].
A similar problem (without any input-output constraints) is considered by Safonov [13], who uses matrix
interpolation theory, as opposed to the tangential interpolation theory that is presented here.

Proposition 3 Given v > 0, the quantity yopr given by (23) satisfies vopr < 7 if and only if there exists a
diagonal matriz S > 0 such that the solution N, to the Lyapunov equation

Ny = ANy A, = (72X7 5K - V57 (24)

satisfies N, > 0, where Ao, X and Y are as defined in equation (9).



Proof: We first note that for any scaling D,

J J
1 . 1 .
Z G=F 'Hgiv_k)(ﬁi)xiyk = y; j is equivalent to Z T(DszD_l)(]_k)(ﬂi)Dxi,k = Duz; ;,
k=1 J ) E=1 (.7 )

and therefore, from Proposition 1, there exists a scaling D such that ||DHZU)D_1||Oo < v with H,, satisfy-
ing (2) and (11) if and only if the following hold:

Ny 20, Ny= AN Ay = (12875X - V57 )

where S = D? is diagonal and positive definite, and Ao, X and Y are as defined in equation (9).
O

Thus, the solution to problem (23) may be found by solving a quasi-convex LMT optimization problem—
the so-called generalized eigenvalue problem or GEVP (see [9]):

Minimize v2, over the variables diagonal S > 0, N, and v?, subject to (24).

Using a similar approach, we may readily solve variations of Problem (23), for example, with steady-state
tracking constraints and the p-shifted H* norm objective.

4.3 Positive real interpolation

We may extend all the forementioned results to a related problem, that of designing K to maximize the
guaranteed dissipation i of the closed-loop map H ., , which is defined as

Haw(M) + sz(A)*)
3 :

A .
sz = f min
N(Hew) = inf x <

where Xmin (M) stands for the minimum eigenvalue of the Hermitian matrix M. If w and z are power
conjugate quantities (i.e., their inner-product has the interpretation of power), n( H.,,) can be thought of as
the “dissipation factor”. Thus, the larger 7 is, the larger the dissipation, and it is often of interest in circuit
theory [14, Ch. 9] to design systems so as to maximize the dissipation factor.

Consider then, the basic design problem (without any input-output constraints, for simplicity):
Find nept = sup {n(H.w) | H.w is stable and satisfies (1) and (2)}. (25)

The solution of this problem proceeds via the following proposition.

Proposition 4 Given §, the quantity nope given by (25) satisfies nops > 6 if and only if the solution N to
the Lyapunov equation

I 0 I 01" Ay 0] Ay 0
[0 Al]N[o Al] _[ 0 I] N[ 0 I]
(26)
_ o[ XX XY VX Y*U — X*V
- U*Y —V*X U0 —U*V —V*U |’
satisfies N > 0, where
U=(1-8U+V, V=(148U-V, X=(1-6X+Y, Y=(1+8X-Y, (27)

and U, V, X, Y, Ay and Ay are defined in (5).



Proof: Our proof hinges on reformulating Problem (25) as an £3-gain minimization problem for some other
system, under different interpolation constraints. Let G,y = (I 4+ (How — 61))71(I — (H o — 81)). Then, it
is easily verified that H,, satisfies (1) and (2) if and only if G, satisfies the interpolation conditions

!
* * 1 — * * . f;
Z ((1- )ug y, + Ui,k) mGng D) = (1+ Sujp—vip I=1,.... 6, 1=1,...,p, (28)
k=1 ’
Lo
D o B (= Drip i) = A D —pir L= 1w i=Log (29)
k=1 ’

Moreover, H.,, satisfies n(H,y) > 6 if and only if ||GLuwllec < 1.

Therefore, we conclude using Theorem 1 that there exists a controller such that n(H,) > é if and only
if the solution N to the Lyapunov equation

I 0 I 071" [A 01 oAz 0] _[X*]: o o vl - .
RS I R R R A (R e R b IR N
satisfies N > 0, where U/, V, X and Y are given by (27),and U, V, X, Y, Ay and Aj are defined in (5).

After algebraic manipulations, the Lyapunov equation (30) simplifies to (26), completing the proof.
O

We can extend the results of §3-4.2 in a straightforward manner to the problem designing K to maximize
the guaranteed dissipation, subject to transient and steady-state input-output constraints.

5 A numerical example

We consider an example with

=15
1 A=15 -1
Pzw(/\) qu()\) A=1.5 A=25 Tl(/\) _T2(>\)
P(A) = = = (31)
) P A L) 0
A—0.5)? 0
L 0 T i
The interpolation conditions on H,,, are:
1 0 1 0 0 iy
H..,(0.5) [ . ] = [ 05 ] . H(0.5) [ . ] + H..(0.5) [ 1 ] = [ s ] : (32)

Since T2(A) = I, there are no left interpolation conditions on H,,. Thus, we have, in the notation of (5),
05 1 1 0 0 0
AQ‘[ 00.5]’ X_[l—l]’ Y‘[—0.5 —1.75]'

Using Theorem 1, we first determine that the smallest value of ||H ;|| subject to H,, satisfying the
interpolation conditions (32) is 1.0999. For future reference, we denote this value by yopt ree (the optimal
disturbance attenuation level, free of any tracking constraints).

We next impose a transient-response constraint, requiring that for the reference input whose values over
the first five time instants are

(oo [0 )Los] [0z ] [oc]) )
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the output for the first five time instants is

1.0 —-0.5 0.0 0.5 —1.0 .
(Lol L o] 1] e ) &0
(Tt is unconstrained thereafter.) Using Proposition 1, we solve for the smallest value of ||H.y||co subject
to the additional interpolation conditions imposed by the exact transient-response tracking constraint. The

answer is 10.6917, and we denote this by Yopt,0 (the optimal disturbance attenuation level, subject to zero
tracking error).

We then relax these constraints by allowing a transient-response tracking error of ¢ (see (12)). The
tradeoff between the transient-response tracking error € and the corresponding smallest achievable || H .y ||oo,
denoted 7opt e, is plotted in Figure 4. As expected, when yopt,e > 10.6917, which is the smallest achievable
[|H:wl|oo subject to exact transient-response tracking, € = 0. As 7Yopt,c becomes smaller than yops0, the
tracking error € grows larger. When 7,5  becomes smaller than the smallest achievable ||H,qy||oo subject
to no transient-response constraints, i.e., Yopt,ree, the problem becomes infeasible (i.e., the tracking error e
jumps to co). Thus, the tradeoff curve is discontinuous at Yopt.e = Yopt, free-

Next, we impose the following steady-state tracking constraint, in the place of the transient-response
constraints:

For the input wqg [ _18 ] + wy [ }8 ] , the output z satisfies
' ' (35)

0.5 1.0
z(k) — wo(k) [ 10 ] —wi(k) [ 10 ]H =0.
(Recall that wq is the unit-step and wy the unit-ramp.) With these additional interpolation constraints, the

smallest achievable exponentially time-weighted H* norm (with weighting 1.1) for H.,, is 4.1570.

Relaxing these tracking constraints allows for lower values for ||H,y||co,1.1. The tradeoff between the
steady-state tracking error €, defined in (22), and the smallest achievable value of ||H,u||co,1.1 is plotted in
Figure 5. We can make similar statements here, as with tradeoff curve in Figure 4.

4

Transient-response tracking error ¢
Steady-state tracking error ¢

o 1.0999 ‘ ‘ ‘ 7106917 o 12251 41570
Smallest achievable ||Hzw|oo (Yopt,e) Smallest achievable || H .wl|oo,1.1
Figure 4: Tradeoff between the smallest achievable Figure 5: Tradeoff between the smallest achievable
[|Hzw|lco and the transient-response tracking error e. [|Hzwl|oo,1.1 and the steady-state tracking error e.

6 Conclusions

By combining interpolation theory with recent advances in LMI-based convex optimization, we have shown
how we may solve a number of important controller design problems. We have demonstrated our results
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with a simple example. The results presented here also serve to extend the results on system identification,
presented in [15] for the SISO case, to the case of multi-input multi-output systems.

Based on the results herein, it is easy to study tradeoffs between the £ gain (or the guaranteed dissi-
pation) of the closed-loop system and how accurately the closed-loop system satisfies various input-output
constraints. Computer-aided controller design tools that exploit these results can be devised in a straight-
forward manner.
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