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Abstract

Conditions for robust stability of linear time-invariant systems subject to structured linear
time-invariant uncertainties can be derived in the complex-u framework, or equivalently in the
framework of integral quadratic constraints. These conditions can be checked numerically with
LMI-based convex optimization using the Kalman-Yakubovich-Popov Lemma. In this paper, we
show how LMI tests also yield a convezr parametrization of (a subset of) Lyapunov functionals
that prove robust stability of such uncertain systems. We show that for uncertainties that are
pure delays, the Lyapunov functionals reduce to the standard Lyapunov-Krasovksii functionals
that are encountered in the stability analysis of delay systems. We demonstrate the practical
utility of the Lyapunov functional parametrization by deriving bounds for a number of measures
of robust performance (beyond the usual He, performance); these bounds can be efficiently
computed using convex optimization over linear matrix inequalities.

1 Introduction

Most control system models in use today incorporate in them explicitly “uncertainties” or “per-
turbations”. These uncertainties may model a number of factors, including: dynamics that are
neglected to make the model tractable, as with large scale structures; nonlinearities that are either
hard to model or too complicated; parameters that are not known exactly, either because they are
hard to measure or because of varying manufacturing conditions. Robust control deals with the
analysis of and design for such control system models; see, for example, [1, 2].

Perhaps the most popular paradigm currently in use for robust control has a nominal finite-
dimensional, linear, time-invariant system H with the perturbation or uncertainty A in the feedback
loop (see Figure 1). The uncertainty is assumed to be bounded in size; typically this is stated
as a norm constraint on A. Often additional information about A is either known or assumed:
diagonal or block-diagonal; sector-bounded memoryless, linear time-invariant or parametric, etc.
In such cases, the perturbations are called “structured perturbations”. In this paper, we restrict
our attention to the case when A is block-diagonal with each block being a linear time-invariant

operator (LTI uncertainty). This is known popularly as the complex-u framework.
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One of the most fundamental questions concerning the system in Figure 1 is that of stability:
“Is the model stable irrespective of the perturbation A?” This is also referred to as the robust sta-
bility problem. The best-known early approaches towards solving this problem were the p-analysis
methods due to Doyle [3], and the K,, analysis methods due to Safonov [4]. These approaches de-
rive a necessary and sufficient condition for robust stability that the function “u” of the frequency
response of H must not exceed one at any frequency. One way to (approximately) check robust
stability is to verify, at a finite number of frequencies, that an upper bound for the p value of the
frequency response does not exceed one [5, 1]; this in effect serves as a sufficient condition for robust
stability. Efficient implementations of such techniques are available; see [6].

More recently, it has been observed that stability conditions stated in terms of the upper
bounds of complex-u can be re-derived in a unified setting using multiplier theory [7, 8, 9], or
equivalently in the framework of integral quadratic constraints (IQCs) [10]. The advantage afforded
by this observation is that the sufficient conditions for robust stability can be now checked without
frequency sampling, using convex optimization techniques based on linear matrix inequalities [9,
11, 10, 12].

In this paper, we demonstrate another advantage in using the IQC approach. We show how the
LMI implementation of robust stability tests for a system with LTI uncertainties yields a convex
parametrization of (a subset of) Lyapunov functionals that prove robust stability of the uncertain
system. Consequently, one may optimize over the set of Lyapunov functionals numerically very
easily in order to derive guaranteed bounds on measures of robust performance, including not only
the usual “H,, performance” (i.e., the worst-case H,, norm of a closed-loop transfer function of
interest), but also quantities such as the “Hj performance” (i.e., the worst-case Hy norm of a
closed-loop transfer function of interest), and bounds on the state variables. We illustrate this with
a number of such performance measures.

In principle, the derivation of Lyapunov functions from g or multiplier analysis is straightfor-
ward: In case of u analysis, first obtain a rational function that interpolates the scalings; in the case
of multiplier analysis, such a rational function is immediately available. Then perform a spectral
factorization of this rational function. A Lyapunov function that proves the stability of the closed-
loop system can be then constructed from the spectral factors. While a convex parametrization of
the set of scalings or multipliers can be given, there is no analogous convex parametrization of the
spectral factors; this renders the direct approach for constructing Lyapunov functions of not much
practical use.

The Kalman-Yakubovich-Popov Lemma offers promise for a convex parametrization of Lya-
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punov functions. Using this Lemma, the frequency-domain condition that a finite-dimensional
multiplier proves robust stability of the uncertain system can be rewritten as a linear matrix in-
equality in a symmetric matrix P; this matrix P, which we will call a “KYP certificate” plays
a central role in the construction of any Lyapunov functions or functionals. Unfortunately, a
positive-definite P may not always exist; indeed, precise conditions under which there exists a
positive-definite KYP certificate are yet unknown [13, 14].

Our main contributions are as follows. First, we consider the question of when positive-definite
KYP certificates exist. We show that given a multiplier that proves robust stability of the uncertain
system, we can always find a realization for the multiplier such that positive-definite KYP certifi-
cates exist. Equivalently, we can always translate the set of KYP certificates for a frequency-domain
inequality so that their positive-definiteness can be assured. We devote §3 to these observations,
as we believe them to be of independent interest. We then proceed towards deriving a convex
parametrization of Lyapunov functionals for g analysis, in §4. This parametrization requires no
spectral factorization, is described by simple linear matrix inequalities, and yields as a special case
the well-known Lyapunov-Krasovksii functionals that are encountered in the stability analysis of
LTI systems with delays. We demonstrate the utility of this parametrization in §5, where we derive
upper bounds for several measures of performance for systems with LTI uncertainties that can
be computed using convex optimization over linear matrix inequalities. We also present a simple

numerical example in §5.

Notation

The notation and terminology are standard; for details and precise technical conditions, we refer
the reader to the book by Desoer and Vidyasagar [15].

R (R;) denotes the set of real (nonnegative real) numbers. Ly is the Hilbert space of square-
integrable signals defined over Ry . L, is space of bounded signals defined over R;. Ly, denotes
the extended space associated with L,. The H,, norm of the transfer matrix H of a causal LTI
system H is denoted ||H||o, and defined as || H ||oc = SUPy, s50 Omax(H (s)), Where omax(M) is the
maximum singular value of the matrix M. Of course, H is stable if and only if ||H ||~ is finite, in
which case ||H ||~ equals the Ly gain of H. For a strictly proper LTI system with transfer function

H{(s) and impulse response h(t), the Hy norm is denoted ||H ||z, and defined as

1 o0 (o @]
IH|2 = 2—/ Tr H(jw) H(jw) do = / Tr h(6)Th(1) dt,
oo 0

s

where Tr (M) denotes the trace of a square matrix M.
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The matrix inequalities A > B and A > B mean A and B are square, Hermitian, and that A— B
is positive definite and positive semi-definite, respectively. A'/2 denotes the Hermitian square-root

of A > 0.

2 Preliminaries

We consider a standard paradigm for robust control, shown in Figure 1, consisting of a stable
finite-dimensional linear system H with an uncertainty or perturbation A in the feedback loop:

%w(t) = Ax(t) + Bpp(t), q(t) = Cqz(t) + Dgpp(t), p(1) = A(g, 1), (1)

where A € R"*", B, € R"*"», C, € R"*" and D,, € R"*" and (A, B,,C,, D,,) is a minimal

state-space realization of the linear system H.

Figure 1: A standard framework for robustness analysis

Throughout this paper, we assume that n, = n, = m; with little difficulty, the results herein
can be extended to the more general case n, # n,. For future reference, we note that the transfer
function of the linear system H is given by H(s) = C,(sI — A)"'B, + D,,. We assume that the
perturbation A is LTI with a transfer function A. Henceforth we drop the distinction between
the perturbation A and its transfer function A, and with some abuse of notation, refer to the

perturbation by its transfer function. We make two further assumptions regarding A:

1. We assume that A is stable and causal, with an Ly gain that does not exceed one. Thus
[Alloe < 1. (2)
2. We assume that A is a structured LTI uncertainty. More precisely,

A(s) = diag (65(5) Tk, -+ 65, (), s AT (5, AG (5))

with é;: C — C,ch : C — ChmetaXkmetq,

(3)

Though the notation in (3) appears rather complicated, the underlying idea is quite simple:

A is block-diagonal, with the first m. blocks representing single-input single-output LTI
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uncertainties with the gth uncertainty repeated k, times, and the next m¢ blocks representing
multi-input multi-output LTI uncertainties with the gth uncertainty having £, 4, inputs and

k. 4+q outputs.

We let A denote the set of all A satisfying (2) and (3).

Remark 1 The control system model given by (1) where A € A has been found to be of con-
siderable practical relevance; see for example [1]. We point out that linear systems with LTI
uncertainties that enter polynomially into the transfer function coefficients can also be cast in the

above framework; see for instance [16]. &

Equations (1) and A together may be thought of as representing a set of linear time-invariant
systems, each member corresponding to some A € A. We say that system (1) is “robustly stable
over A” if (1) is stable for all A € A. Our main objective is to derive a convex parametrization of
a set of Lyapunov functionals that prove robust stability of system (1) over A.

We now state a sufficient condition for robust stability of system (1) over A. This condition is

known as the complex-u stability condition [1]. Let

W = diag(W7, ..., W5, wi Tk, s @i Th i )s
W={WeCm™m: W= (W e Crhxkii=1,...m,, , (4)
'wic eR,i=1,....,m¢
and
m2 {l: jJR — W, and for some ¢ > 0, II(jw) > 2¢/ for all w € R}. (5)

Remark 2 The set W that is fundamental to the definition of the set IT has the property that its

every element commutes with every A € A. &

Note that for every A € A and every II € II, we have
A(Jw) M(jw)A(jw) — M(jw) < 0 for all w € R. (6)

The set I is often referred to as the set of stability multipliers, and can be regarded as representing
the “knowledge” of the structure and nature of the uncertainties. The characterization of A via (6)
can be regarded a special case of the more general characterization of uncertainties via integral
quadratic constraints (IQCs) [10].

We then have the following sufficient condition for robust stability of system (1) [3, 4, 10].
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Theorem 1 Suppose that there exist Il € II and € > 0 such that for all w € R,
H(jw) (jw)H (jw) — l(jw) < —2¢l. (7)

Then, system (1) is robustly stable over A.

3 Frequency-domain inequalities and the KYP Lemma

The Kalman-Yakubovich-Popov Lemma plays a key role in the numerical verification of frequency-
domain inequalities such as (7) via convex optimization based on linear matrix inequalities. For
convenience, we define

F(A, B, M. 5) = [ (oI = A)7'B ]*M [ =) ] |

Then we have the following lemma'.

Lemma 1 (KYP Lemma) Let A € R™”™, B € R and M = MT ¢ RUHM)x(m4n) ith A

having no eigenvalues on the imaginary axis. Then, the following statements are equivalent.

1. For some € > 0,

F(A,B,M,jw)>2el, forallweR. (8)

2. There exists P = PT such that

ATP+ PA PB

BT P 0 | < M. (9)

We say that F/(A, B, M, - ) is positive on the imaginary axis if condition (8) holds. Owing to
the equivalence between (8) and (9), we say that the matrix P is a KYP certificate that proves the

positivity of F'(A, B, M, - ) on the imaginary axis.

Remark 3 The matrix inequality (9) is affine in the variable P, and is therefore a linear matrix
inequality or LMI in P [17]. The set of P satisfying (9) is a convex set. Checking whether or not

this set is empty can be performed very efficiently using numerical methods [17, 18, 19]. &

Remark 4 Suppose that the matrix inequality (9) is feasible. Then, along each trajectory z of
the linear system & = Ax + Bp, the functional V : Ly, X Ry — R given by
T
t[ . .
#(r) M #(7) dr
p(7) p(7)
!The version of the KYP Lemma quoted here is taken from [14].

Ve, t) = o(t) Pa(t) —/

0
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satisfies £V (z,¢) < 0. If P is positive-definite, then the first term of V(z,t) is nonnegative for all
z and t. If the second-term of V(z,?) also happens to be nonnegative for all z, p and ¢, we may
regard the matrix P as providing a recipe for the construction a Lyapunov functional V(z,1), for
every p, that proves the boundedness of . Such an argument will play an important role in §4.
However, the matrix P in LMI (9) is not necessarily positive-definite, even when A is Hurwitz.
Indeed, as the following counterexample shows, every element of the feasible set of (9) can be

negative definite: Let

A=-1, B=1, and M:[?i'g _H (10)
Then, LMI (9) is equivalent to
(P+1)?-05<0.
Thus for every P satisfying (9), we have P < 0. &

Remark 5 It is also false that there exists P = PT > 0 satisfying LMI (9) if the following stronger

condition holds: For some ¢ > 0,
F(A,B,M,s) > 2el, forall s with s > 0. (11)

This is demonstrated by the counterexample?

1 1 0 0 -2 1
A= ;. B= s M= -2 2 0|+ pul, (12)
0 -1 1 1 0 0

where 1 is small and positive. It is readily verified that while for some ¢ > 0 condition (11) holds

0

for all s with s> 0 and P = [ 1

(1) ] satisfies LMI (9), there is no P = PT > 0 satisfying (9). ©

Thus, there remains the important question of necessary and sufficient conditions under which
there exist positive-definite KYP certificates proving the positivity of (A, B, M, -) on the imaginary

axis. A partial answer to this question is provided by the following lemma.

Lemma 2 Suppose (8) holds, and let P denote the set of KYP certificates that prove the positivity
of F(A,B, M, -) on the imaginary azis. Define

ATX + XA XB

~r A
M=M - BT x N E (13)

where X = XT € R"™". Then:

2The existence of counterexamples such as the one listed in this and the previous remark are well-known to
researchers; see for example [13]. The ones here were communicated by Prof. Anders Rantzer by way of Dr. Fan
Wang.
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1. F(A,B,M,jw) = F(A, B, M,jw) for allw € R.

2. The set P of KYP certificates proving the positivity of F(A, B, M, - ) on the imaginary axis

is given by
P={P-X : PePhL
Proof:
S S |
1. Let g(w) = [ (Gl IA) B ] Then, for any X = XT € R"*", we have
.| ATX+XA XB B .| —(Gwl = A*X — X(jwl - A) XB
g(w) [ BTX 0 ]g(w) - g(w) [ BTX 0 g(w)
= 0.

Then F(A, B, ﬂ;[,jw) = (A, B, M, jw) follows immediately.

2. Follows by direct verification.

a

Remark 6 Lemma 2 shows that given G : jR — C"™*™ of the form G(jw) = F(A, B, M, jw), we
may associate with it a set of functions

ATX + XA XB

BTX 0 ,X:XTeR"X"}.

F(A,B,M) = {F :F(s)= F(A,B,M,s), M =M —

Every F € F(A, B, M) matches G on the imaginary axis, with the parameter X = X7 serving
to “translate” its set of KYP certificates. As X is essentially a free parameter, by writing G as
G(jw) = F(A, B, M, jw) for some appropriate M, one can always find a positive-definite KYP

certificate proving its positivity on the imaginary axis. &

Remark 7 The comments made in Remark 6 can be interpreted in terms of coordinate transfor-

mations. The linear system whose transfer function is

-1 T A1
G(s) = [ (—SI—IA) B] u [ (sI }4) B ] (14)

has a state-space realization

(l My AT ] , l M ] , [ ML B ] ,Mm) , (15)
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My, My,
ML, My,
by M that satisfies (13) for some X = XT is equivalent to applying a change of coordinates to the

where we have partitioned M in an obvious manner as M = [ ] Replacing M in (14)

realization (15) with transformation matrix

<&

Remark 8 Given G(jw) = F(A, B, M, jw) that is positive on the imaginary axis, with all eigen-
values of A having negative real part, one representation is of particular interest. It is easily argued

that My, is invertible. Then, let X, be the solution of the Riccati equation
AT X 4 XA — Myy + (X B — Mig) My (XmB — Mip)T =0 (16)
with the following properties:
o X=X

m

1 . . . .
e The column space of l ¥ ] spans the invariant subspace of the Hamiltonian matrix
m

A~ BMy'Mf, BM,' BT
My — MioMyp' M, —(A — BMy,' ME)T

corresponding to its eigenvalues with negative real part.
o All eigenvalues of A — BM’Z_Z1 ML+ BM’Z_Z1 BT X, have negative real part.
(We refer to X, as the stabilizing solution to (16).) Then,

W= | A Kt X XmB]:[C D]T[C D,

BTX,, 0

where C' = —JWQ_QI/Q(BTXm—ﬂ/[lj;) eR™™and D = 1\/[212/2 € R Moreover, F(A, B, M, jw) =
(C(jwI = A)'B + D)*(C(jwl — A)~'B + D) is a spectral factorization of F(A, B, M, jw), that is
(C(jwI — A)~'B + D) has a stable inverse. (See, for example, [20].) &

4 Lyapunov functionals for complex-u analysis

We now describe the numerical implementation of the stability test in Theorem 1 using the KYP

Lemma. The set IT is not described by a finite number of variables. In order to reduce the number
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of optimization variables to a finite number, a standard technique is to define a subset of Il as

follows. Let ¥; : C — C™*™ 4§ =0,...,N be given by

1
%I,
(Jow = A)

where A < 0 is some real number, and I is the m X m identity matrix. (Note that Vo(jw) = I for

V(jw) = (17)

all w.)
Let
W(jw) = | Wo(jw) Wi(jw) Wa(jw)® -+ Un(jw) |, (18)
and let
Mo Moy ... Mon " W R
My My ... M Mi; € WWn R72,
M=_L¢Mc Rm(N+1)Xm(N+1) M = .10 ‘11 lN s 7 :]07 .. ,7jV7 . (19)
: : - j=0,...,N
Myo Mny1 ... Mpyn
Let
. _ . * . _ T
e, =11 (jw) = ¥(jw)" RY(jw), R = R € M, _ (20)
for some ¢ > 0, forall w e R, VY(jw)*R¥Y(jw) > 2¢l

Clearly Ilg, C II, and the idea is to search for Il € Ilg, such that condition (7) holds.

Let (Ay, By, Cy, Dy) be a minimal state-space realization of the system with transfer function

U(jw), where Ay € R™*™, By € R™*m, Oy € RmWVHxn P e RMINFXm et

A 0 0 B,
A 3 = D ~ DD
A= ByCy Ay 0 |, B=| ByDy |, C= [ %Cq C(;¢ (»9 ] » D= [ de N ] )
0 0 Aw B?l/ ¥ P

It is then easy to verify that the condition that inequality (7) holds for some Il with Il(jw) =
U(jw)*R¥Y(jw) can be rewritten as

F(A, B, M,jw) < =2, (22)

where

M:[%i“lg _ORMC‘ D, (23)

Then, the following lemma follows directly from Lemma 1. (See for example [11, 12].)

Lemma 3 The following statements are equivalent.

1. There exists some 1l € I, and ¢ > 0 such that inequality (7) holds.

10
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2. There exist matrices P = PT ¢ R(v+2m0)x(n42n0) g X = XT ¢ R™*" gnd R = RT e M,

such that
[ ATX + XA, XB, ] ~ [ cT

lﬂmm pé%ﬁT“R 0“@ <o (24b)

BTP 0 DT 0 —R

Remark 9 The idea underlying the parametrization of Ilg, as in (20) is that we may approximate
a stable transfer function G(s) as the truncated Laurent series G(s) = YN, gi(s — A)~%, for some
A < 0. Restricting II to lie in Ilg, C IT using such a technique renders the numerical implementation
of the stability test in Theorem 1 more conservative, i.e., it is a stronger requirement than is required
by the theorem. The particular choice of ¥(jw) plays an important role in determining how much
more conservatism the restriction Il € Ilg, entails. The numerical implications of this issue are not
fully understood; however, it can be shown [21] that the actual choices of A and N in the definition

of Ilg, are immaterial, provided N is large enough. <&

Remark 10 The case N = 0 above corresponds to the well-studied case of constant scalings.
In this case, there are no difficulties with parametrizing positive-definite KYP certificates; indeed
quadratic Lyapunov functions (rather than functionals) can be readily derived in this case; see for

example [17]. &

Note that as discussed in Remark 4, the KYP certificate P that proves (7) is not guaranteed to
be positive-definite. We now state a modified version of Lemma 3 that guarantees the existence of

positive-definite KYP certificates that prove (7).

Lemma 4 The following statements are equivalent.
1. There exists some 1l € I, and ¢ > 0 such that inequality (7) holds.

2. There exists R = RT € M such that R > 0, and with 1l(jw) = V(jw)*R¥(jw), for some
€ > 0, inequality (7) holds.
3. There exist matrices P = PT ¢ R"20)x(n42n0) gnd R = RT € M, such that

ATP+ PA PB

AT o | FM <o, (25)

P>0, R>0,
where A, B and M are defined in (21) and (23).

11
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Proof: In Appendix A we show that we may, without loss of generality, enforce the condition that
the variable R in the statement of Lemma 3 is positive-definite, and that as a consequence, we can

guarantee the existence of a positive-definite P. The proof relies on the results of §3.

The following theorem follows immediately.

Theorem 2 Let A, B and M be as defined in (21) and (23). Suppose that there exist matrices
P = PT ¢ RUHZ)xX(n42m0) gnd B = RT € M such that LMI (25) holds. Then, system (1) is
robustly stable over A.

We next show how Theorem 2 can be used to provide a convex parametrization of a subset of
Lyapunov functionals that prove robust stability of LTI systems with structured LTI uncertainties.
This is the central result of the paper. While they are of independent interest, we will also see that

these Lyapunov functionals can be used for performance analysis.

Theorem 3 Suppose there evist P = PT and R = RT € M such that condition (25) holds.
Consider any A € A, with its state initialized to zero. For some initial condition x(0), let z, p and

q be the solution to equations (1). Define

t t
z1(1) = / eV Byt —v)dy,  a(t) = / A Byp(t — v) du. (26)
0 0

Then, the function VA : Lo, X Ry — R, given by

T

s 1" [0 ] o 2O R
Vale,) 2 | wi(t) | P | (1) +/ x;ET) [ %T ] l fO% _OR ] (¢ D] x;ETg dr

SR o)
(27)

satisfies:

(a)  For some € >0, Va(z,t) > ex(t)T z(t). (28)
(b)  For some e >0, %VA(aj,t) < —e (;r(t)T;r(t) —}—p(t)Tp(t)) . (29)

Proof: Consider any A € A with its state initialized to zero.
Consider statement (a). Since P > 0, we have, for some ¢ > 0,

o) 17 [ 2t)
$1t i

(t) (
$2(t) $2(t

S e
|

12
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We show in Appendix B that the second term in the definition of Va(z,?) given in (27) is nonneg-
ative, and therefore (a) follows.

Consider statement (b).

d x((t )) ' ATP4+ PA PB QE(Z ))
b T i + T i
%VA(JCJ) = z2(1) BT P 0 ] 5(1)
p(1) p(1)

x((t)) ! - x((t))

T t 0 = ~ T t

T aa(t) lDTHo —R][CD] 2a(1)

p(1) p(t)

From (25) and the above equation, it follows immediately that for some € > 0,

%VA(ﬁ,t) < —€ (.r(t)T.r(t) + p(t)Tp(t)) .

a

Remark 11 Forevery A € A with its state initialized to zero, Va(z,t) is a functional of the state-
trajectory x. This is to be contrasted with the more commonly-encountered Lyapunov functions

for robust stability analysis and design; see, for example, [17, 22, 23, 24]. &

Remark 12 Note that it is not true that Va(z,t) — 0 as t — oo. Theorem 3 implies only that
for every A € A, the functional Va(z,?) is a monotonically non-increasing function of time for
every trajectory z, This immediately establishes that z € L, that is, z(¢) is bounded. (This is the
so-called Lagrange stability property; see for example, [25].) Monotonicity of Va(z,t) will prove
crucial in deriving bounds on robust performance measures, in §5.

It can be shown that (28) and (29) also imply that system (1) is Ly-stable: We have
td
0 < Va(z,t)=Va(z,0) —I—/ —Val(z,7)dr,
0 dr
which, along with (29), yields for all #,

Va(z,0)> —/

0

t t 13

:C(T)T;r(T) dr + 26/ p(T)Tp(T) dr,

d
— >
dTVA(:U,T) dr > 26/ ;

0

from which it follows that z,p € Ly. As ¢ = Cyz + D,,p, we have that ¢ € Ly.

When it can be proven that z possesses additional regularity properties, it can be concluded
from the fact that 2 € Ly that 2(¢) — 0 as ¢ — 0. This is true, for instance, when A is a finite-
dimensional uncertainty, or when D,, = 0. A more general condition is that the map A(7—D,,A)~!

be well-posed. &

13
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Remark 13 The condition in the theorem statement that the state of A be initialized to zero,
roughly speaking, means that there is no initial stored energy in A [26, 27, 28]; see Remark 19 to

see where this assumption plays a role in the development. &

Remark 14 Theorem 3 provides the recipe (27) for constructing such Lyapunov functionals,
parametrized by the variables P = PT and R = RT € M that provide a certificate of stabil-
ity of system (1) for that A. It is important to note that the variables P and R are independent of
A € A, and are only required to satisfy condition (25).

We make the important observation that as (25) is a linear matrix inequality, the set of P and
R such that (25) holds is convex. Thus, Theorem 3 provides a convez parametrization of a subset

of Lyapunov functionals that prove robust stability of system (1) over A. &

Remark 15 The Lyapunov functional construction given in Theorem (25) yields the classical
Lyapunov-Krasovksii functionals for delay systems [29, 30] as a special case. The LTI system
La(t) = Agz(t) + Ajz(t — 1) can be rewritten as

d

22 = Ax(t) + Aop(t) q(t) = 2(1),  p(t) = q(t = t). (30)
Thus A(s) = e[, with ||A]lw < 1. Clearly A(jw)*RA(jw) — R < 0 for every n X n matrix
positive definite matrix R, so that a subset of IT (see (4) and (5)) is given by

I, 2 {Il: jR — R™" : 1I(jw) = R, with R = R” > 0} . (31)

It is readily verified that from Theorem 2, a sufficient condition for robust stability of system (30)
is given by the LMI

< 0.

T
P>0 R>0, P4P+PAH%] [R 0

AP 0 0 —-R

The corresponding Lyapunov functional, constructed using Theorem 3, is the Lyapunov-Krasovskii

functional
Viz,t) = z(t)T Pa(t) + fgiC(T)TR;r(T) dr, t€[0,t],
T 2T Pa(t) + ftt_tl ()T Rz(r)dr, t>t.

The approach presented in this paper offers the potential for deriving less conservative stability
conditions for system (30), when richer subsets of IT (other than IIy in (31)) are employed. We

shall not pursue this point further here. &
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5 Performance analysis using Lyapunov functionals

It is well-known that Lyapunov functions can be used for robust performance analysis; see for
example, the monograph [17]. We now demonstrate how the convex parametrization of Lyapunov
functionals, given in Theorem 3, can be used for the analysis of robust performance for LTI systems
with structured LTI uncertainties. While a long list of performance measures can be studied
using Lyapunov functions or functionals [17], we consider four here, for purposes of illustration.

Throughout this section, we assume the state of A is initialized to zero.

5.1 Invariant ellipsoids

Given only that z(0)7z(0) < 1, suppose that we are interested in a set & such that irrespective of
z(0) and A € A, the state trajectory of system (1) satisfies z(¢) € £ for all £ > 0.

We can use the parametrization of Lyapunov functionals given by Theorem 3 to define invariant
sets & that are ellipsoids. Suppose the functional Va(-,-) of the form (27), for every A € A, satisfies
dVa(z,t)/dt <0 for all trajectories of system (1). Partitioning P as

Pll P12
P= , 32
[ PII; P22 ] ( )

where P;; € R™ ", we have, for all ¢t > 0,
Va(z,t) < Va(z,0) = 2(0)T Pyz(0).

The condition dVa(z,t)/dt < 0 for every A € A and for all trajectories of system (1) is guaranteed
by (25).
Consequently, for all ¢t > 0,

or

217 (P — PPyt PR (1) < 2(0)T Py (0)

for all trajectories of system (1) for every A € A. Suppose that Py; < I, so that 2(0)T P;z(0) < 1.

(This simply represents a normalization of P.) Then, the ellipsoid
£={e: & (P - PPy PL) <1} (33)

is an invariant set for the trajectories of system (1) starting in initial conditions that satisfy

z(0)Tz(0) < 1.
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This observation offers a number of possibilities. For instance, we can find the minimum volume
invariant ellipsoid of the form (33) by minimizing log det (PH — P12P2_21 Plg)_l subject to Pj1 <1
and (25). This is equivalent to the convex optimization problem in variables @ € R"*" P ¢
R(n+2m0)x(n4+2n0) and R € M:

minimize: logdet Q1

Pll_Q P12
Pl Py

(34)

subject to: (25), @ >0, P <1, [ > 0.

Other possibilities are maximizing the minimum eigenvalue of ¢ = Py; — P12P2_21 Plg (this is equiv-
alent to minimizing the maximum diameter of &), or Tr ¢ (which can be interpreted as being

inversely proportional to a measure of the size of &).

Remark 16 It is straightforward to adapt the foregoing analysis when invariant ellipsoids are
sought not for the entire state vector but only for a few of its components. For example, suppose
that we are interested in an invariant ellipsoid for only the first two components of the state (with
the rest of the components initialized to zero). The only essential changes required in the above
analysis are: z(0) is replaced by a vector comprising the initial conditions of the first two state

components, and the partitioning of P in (32) is such that the matrix Py is now a 2 x 2 matrix. <

5.2 Reachable sets

Consider system (1), with zero initial condition, augmented with an input w:

%*f(t) = Az(t) + Bpp(t) + Byw(t), (0) =0, q(t) = Coz(t) + Dopp(t), plt) = Alg,t), (35)

where B, € R""™ and A € A. Suppose we are interested in the set of reachable states with
unit-energy inputs for this set of systems, i.e.,

T
Rue 2 {m(T) : A€ A, z, wsatisfy (35), and / wt) w(t)ydt <1, T > 0} .
0

We now show we can bound R, using Lyapunov functionals of the form (27).

Suppose the functional Va(:, ) of the form (27), for every A € A, satisfies
dVa(z,t)/dt < w(t) w(t) (36)

for all trajectories of system (35). Then, it is easy to show that for all 7" > 0, foT w(t)Tw(t)dt < 1

implies that Va(z,?) < 1. Therefore, for all 7" > 0, we have
T
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Partitioning P as in (32),
o(1)" (P = PPR' Ph) o(T) < 1,

or the ellipsoid
£ = {5 T (PH - P12P2_21P17;) €< 1}, (37)

contains the reachable set Re.
. ST A T T 5 (n+2ny)xn ey s . . o
With B, = | B, 0 0 ] where B, € R »)X7w it is readily verified that condition (36)
holds for all A € A and for all z satisfying (35) if the LMI in the variables P = PT and R € M is
feasible:
M 0

P / nT
>0, R>0, B'P 0 0 00

BTp 0 I

ATp+ PA PB PB,
+ [ < 0. (38)

Thus (37) and (38) provide a parametrization of ellipsoids that contain the reachable set Rye.

We can find the minimum volume ellipsoid that contains R, by minimizing log det Q=1 where
Q = Py — PipP5y' PL. This is the convex optimization problem in the variables @ € R™X",
P e RU2n0)x(n42n0) and R € M:

minimize: logdet Q1

Pll_Q P12
Pl Py

(39)

subject to: (38), @ >0, [ > 0.

As with §5.1, other possibilities are maximizing either the minimum eigenvalue of ¢), or Tr Q.

5.3 Bound on output energy

Consider system (1) augmented with an output z:

%x(t) — Aa(t) + Bp(t),  q(t) = Coa(t) + Dyp(t),  p(t) = Alas1), () = Coa(t),  (40)

where C, € R®#*" and A € A. Suppose that we are interested in the maximum output energy

given a certain initial state for this set of systems:

Funan((0)) = A { /0 T ) dt}. (41)

Suppose that there exists Va(-,-) of the form (27) such that for every A € A,

%VA(.r,t) < —2(1)T (1) (42)

for all trajectories of system (40). Then, partitioning P as in (32), it is easy to show that

Emax(2(0)) < 2(0)TPy12(0). With C, = [ c, 00 ], where C, € R™=*(n+2m0) it is readily
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verified that condition (42) holds for all A € A and for all z satisfying (40) if the LMI in the
variables P = PT and R € M is feasible:

ATP4+ PA+CTC, PB

P -
>0, R>0, iTp 0

+ M <0. (43)

The best upper bound on the output energy can be obtained by solving the convex optimization

problem in variables P € R{(n+2ne)x(n+2n0) and R € M:

minimize:  2(0)7 P112(0)

subject to: (43). (44)

5.4 Bound on the H; norm

Consider system (1), with zero initial condition, augmented with an input w and an output z:

d
E,r(t) = Az(t) + Bpp(t) + Byw(t), ¢q(t) = Cyx(t)+ Dgpp(t), =2(t) = C,z(t), p(t)=A(g,1),

(45)
where B,, € R™*™ (', € R"=*" and A € A.

Suppose that we are interested in the largest Hy norm of the transfer function from w to z,

|Hl2we = sup [[Hawl2 (46)
AecA

Recall that for a strictly proper LTI system with transfer function H(s), the Hy norm satisfies
I1H|2 = / Tr h(6)Th(?) dt.
0

With (A, B,C) being a state-space realization of H, we have
17 =Y [ (cetnTicern) dr,
i=170

where b1, ..., b,, denote the columns of B,. Thus, the Hy norm can be re-interpreted as the
square-root of the sum of the energy in the output z for the system @ = Az, z = Cx, over the
initial conditions z(0) = b;.

Returning to system (45), we thus have an immediate upper bound on the quantity ||H ||z we
n (46): We simply combine the bound on the output energy derived in §5.3, with the interpretation

of the Hy norm as the square-root of the sum of output energy for initial conditions b;. Therefore,

1H |2 <3 sup { / (1T 24(1) dt},
=1 Ae A 0

18
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where J
27 2(1) = Az(t) + Bpp(t),  2(0) = bi,

q(t) = Cyx(t) + Dypp(t), zi(t) = Coz(t), p(t) = Alg,1).

Following the development in §5.3, an upper bound on [[H||3 . can be obtained by solving the

(47)

convex optimization problem in the variables R() € M, v; and PO) = (PONT i =1,... n,:
minimize: )" Y
subject to: fori=1,...,n,,

ATPO) £ pPOA4ETE, POR .
l BT pl) 0 + M <0,
PO >0, RO >0, 5 >67PDp,.

(Pl(? is the principal n x n block of P() and C, 2 [ €. 0 0 ], where €, € R"=*(n42n0) )

Remark 17 The bound on the Hy norm derived here is closest in spirit to the one derived in [31],
applicable when the uncertainties A are diagonal; there, rather than deriving Lyapunov functionals,
the author considers the multipliers II directly, and interprets its unstable modes as corresponding
to an anti-causal system. Bounds on Hy norm are then derived using optimal control theory. For

an overview to the problem of the “robust Hy analysis”, see [32]. &

5.5 A numerical example

We present a simple numerical example that illustrates the development in §5.1-5.4. Consider a

specific instance of system (45) with

~0.30 0 —0.10 0 —0.10 0.04  0.06 —0.05
0.10 —0.10 0 0 0.20 0.60 0.07 0.01
A= 0 0 —0.30 0 —040 | B,=| 008 —046 —0.06 |;
~0.40 040 —0.20 —1.00 —0.30 0.02 —0.11  0.13
0 0 030 —0.30 —0.20 —0.12 —0.07 —0.14
0.08 0.05 0.02 0.08 0.06 ~0.053 0 1.080
C,=| 008 —0.01 011 -0.09 —0.06 |; Dy=| 0590 —0.053 —0.290 |;
0.08 0.05 0.07 0.04 —0.06 0.290 —0.100  0.077
0
0
CZ:[OOOQO]; By=10
0
1

The uncertainty set A is defined by

A2 {A L A(s) = l 65(s) 5:C—C, A°:C—C, Al < 1}, (49)

AC(S) ] )
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where the identity matrix is of size 2. (That is, A is block-diagonal, with a scaled identity block of
size two, and a scalar uncertainty). We use a parametrization for Ilg, given by (17-20).

For this example, we present numerical results obtained via the solution of the optimization
problems discussed in §5.1-5.4. All the numerical optimization problems were solved in MAT-
LAB using the LMI control toolbox [19]. In each case of robust performance analysis, we also
performed Monte Carlo simulations and picked out a “worst-case” uncertainty; when presenting
robust performance upper bounds, we also present the performance of the closed-loop system with
the empirically-determined worst-case A, which yields a lower bound on robust performance mea-

sures.

¢ Invariant ellipsoids. We consider the problem of bounding the states of system (1) over
all A € A and over all initial conditions z(0) satisfying ||z(0)||; < 1. Figure 2(a) shows
the inverse of Tr (@) corresponding to the optimal invariant ellipsoid (see §5.1 for notation)
as a function of A, for N = 0,1, and 2. (Recall that A and N are the two variables that

parametrize Ig,; see (17-20)).

In order to visualize the invariant ellipsoids, we also consider another problem where only the
first two components 2(t) = [ z1(t) x2(1) ]T of the state are of interest. Figure 2(b) depicts
three optimal invariant ellipsoids for Z(t), obtained with N = 0,1, and 2 respectively, with
A = —0.1. Also shown are state trajectories for a few initial conditions, for a few instances of

the uncertainty A(s).

¢ Worst-case reachable sets. We consider ellipsoidal bounds for Ry, the set of states
reachable with unit energy inputs for system (35). Figure 3 shows the optimal maximum
diameters of the ellipsoids containing Rye as a function of A, for N = 0,1, and 2. The lower
bound on the maximum diameters of the reachable ellipsoid, determined using the worst-case
A determined via Monte Carlo simulations, is 11.68. The best upper bound determined using
Lyapunov functionals, is 11.69 (see Figure 3). The relative gap between the upper and lower

bounds is about 0.01(0.1%).

¢ Worst-case output energy. Next, we consider bounds on the worst-case output energy for
system (40), for the initial condition z(0) = [ 00100 ]T. Figure 4 shows the optimal
bound as a function of A, for N = 0,1, and 2. The lower bound on the worst-case output
energy, determined using the worst-case A determined via Monte Carlo simulations, is 127.
The best upper bound determined using Lyapunov functionals, is 230 (see Figure 4). The

gap between the upper and lower bounds is at most 113 (89%).
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(b) Optimal invariant ellipsoids for :E(lt) obtained with N = 0 (shown
in a dotted line), N =1 (shown in a dashed line), and N = 2 (shown
in a solid line), with A = —0.1. The initial conditions are restricted
to lie inside the unit circle (shown in a dotted line). Also shown are
state trajectories for a few initial conditions, for a few instances of
the uncertainty A(s).

Figure 2: Invariant ellipsoids.
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Figure 3: The optimal maximum diameters of ellipsoids containing Ry as a function of A, for
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Figure 4: The optimal upper bound on the worst-case output energy, as a function of A, for various
values of NV.
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¢ Worst-case Hy; norm (Robust H; performance). Figure 5 shows the optimal bounds

on the worst-case Hy norm from w to z for system (45), as a function of A, for N = 0,1,

and 2. The lower bound on the worst-case Hy norm, determined using the worst-case A

determined via Monte Carlo simulations, is 8.26. The best upper bound determined using

Lyapunov functionals, is 8.58 (see Figure 5). The gap between the upper and lower bounds

is at most 0.32(4%).

10° T T T T

=
(=}
N

N

Bound on the worst-case Hy norm
=
o
T

10 I I I I

Lower bound from Monte Carlo simulations

-0.2

Figure 5: The optimal upper bound on the worst-case Hy norm from w to z, as a function of A,

for various values of N.

For purposes of comparison, we consider another example, taken from [31], consisting of a

five-state system with a scalar L'TT uncertainty. (As mentioned in Remark 17, the approach

in in [31] is also based on stability multipliers.) The results from [31] and the bound from

our algorithm, all with A = —1, are shown below:

[ N=0|N=1|N=2]

Bound from [31]

341.17

137.87

99.03

Our bound

305.05

123.31

88.58

5.6 Discussion

We observe the following from the numerical example presented in section §5.5:
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e Significant improvement can be achieved in robust performance analysis with the use of the
Lyapunov functionals presented in §4 (the plots corresponding to N = 1 and N = 2 in
Figures 2-5), as compared to traditional analysis using quadratic Lyapunov functions (the
plots corresponding to N = 0 in Figures 2-5). An order-of-magnitude improvement can be

seen in some cases.

e There are two parameters A and N that influence the form of the Lyapunov functional, and
hence the robust performance bounds. Recall that A determines the expansion point for the
Laurent series of the multiplier II, and that N is the number of terms that are retained in
the series expansion. For the example presented in §5.5, it appears that the sensitivity of
the bounds to A varies with the particular application; for the problems of finding invariant
ellipsoids and bounding Rye, the bounds are fairly insensitive to A, provided it is not too
small in magnitude. For the problems of bounding the worst-case output energy and the
worst-case Hy norm, the bounds depend on A. Note however that for every A, we do obtain a
valid performance bound; the simple technique of gridding over A can be used to obtain the

tightest bound.

As expected, the bounds become better with increasing N; however, for this example, it is
evident that increasing N beyond 2 will not yield a significant improvement in the bound; for

a theoretical study of this issue in a closely-related context, see [21].

e The question of the “gap” between the actual robust performance measure and the upper
bounds derived herein remains. In §5.5, we have used Monte Carlo simulations to numerically
study this gap. For the problems of bounding reachable sets and bounding the worst-case
H; norm, this gap is virtually nonexistent, indicating that our robust performance bounds
are excellent. However, for the problems of bounding the worst-case output energy, this gap
is significant, although it is much smaller than the gap with the bound derived using the

traditional quadratic Lyapunov functions.

The theoretical study of the size of the gap is similar in spirit to the simpler study of the gap
between p and its upper bound; unfortunately, S. Treil has proven that the answer to latter
question is that the gap in general may be infinite [33] (although it is zero for some special
cases [34, §6], and is usually small in practice). We conjecture similar answers to the robust

performance question as well.
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6 Conclusions

We have derived a convex parametrization of a subset of Lyapunov functionals that prove robust
stability of LTI systems with structured LTI uncertainties. The technical difficulty in deriving
such a parametrization stems from the fact that the Kalman-Yakubovich-Popov Lemma does not
necessarily provide positive-definite certificates. We have tackled this issue by showing that given
a stability multiplier, one can always obtain a realization for it wherein the KYP Lemma does
provide positive-definite certificates. This result is of independent interest, and proves crucial in
our Lyapunov functional construction. We have also shown how the Lyapunov functionals can be
immediately used in performance analysis. We believe that these results can be of considerable
practical interest.

Several questions remain open, however. First, reformulating frequency-domain inequalities
that are encountered in control into convex optimization problems based on LMIs using the KYP
Lemma, while theoretically pleasing, leads to numerical optimization problems of quickly growing
size. Some efforts are being devoted currently to tackling this issue in other settings [35]. A
second issue is that of the choice of multiplier dynamics (see equations (17-20)); the quality of
the results obtained using multiplier theory does depend on the choice of multiplier dynamics,
and a theoretical and/or empirical study of this dependence will be valuable. A third question is
that of the gap between the upper bounds for robust performance measures derived using Lyapunov
functionals and the actual values of the performance measures. A final, larger issue is that of robust
synthesis: Several existing robust stability analysis techniques have been extended to stabilizing
controller synthesis; see for example, [5, 7, 23]; it remains to extend the Lyapunov-functional-based
analysis results presented in this paper to the problem of control synthesis with robust performance

constraints.
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A Proof of Lemma 4

We begin with the following Lemma, which was stated without proof by Willems in [13]. We

provide a short proof here for completeness.
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Lemma 5 Let Hy and H; be stable transfer functions with minimal state-space realizations (Ay, By, Cy, Dy)

and (Ag, By, Cy, Dy) respectively. Moreover, let H2_1 be stable. Suppose for some € > 0, for all

w€R,
Hy(jw) H1(jw) — Ha(jw) " Ha(jw) < —2el.
Let
ct oo
- Alo] - [Bll . o [I 0“010171]
A= [ B = M = 0 C (50)
0 Ay |’ By |’ 2 0 -7 0 Cy D
2 2 pT DI 2 s
Then:
1. There exists P = PT such that
ATP+PA PB -
R M <0 51
[ BT p 0 ] +M <0, (51)

2. Fvery P that satisfies (51) is positive-definite.

Proof: Item (1) follows immediately from the KYP Lemma (Lemma 1). We now prove item (2).

Suppose that P = PT satisfies (51). Then, applying a congruence transformation to (51), we

have
I 0 o 17 I 0 0
- . A
0 I 0 (l A E;FPPA POB ] +M) 0 I 0 | <o,
0 -D;'Cy D;! 0 -D;'Cy D;!

which can be rewritten as

ATP+PA PB ct o I 0 C D

l BTP 0 ] lDT IHO —IHO 7| <0 (52)
where
- | A =BiD;Cy _ | BiDy? - _1 = 1
A_[ 0 Ay B C, | B= ByDot | C_[Cl ~D1D; 02], D= DD;".

It is readily verified that (A, B, C, D) is a state-space realization of Hy(s)H; '(s), and consequently,
all eigenvalues of A have negative real part. Then, it follows from (52) that P > 0.
O

Lemma 6 Suppose that there exists R = RT € M such that for some ¢ > 0, U(jw)* RU(jw) > 2el.
Then, there exists R = RT € M, with R > 0 such that

V(jw) RY(jw) = ¥(jw) RV (jw)
for all w € R.
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Proof: Let U(jw) be a spectral factor of ¥(jw)*R¥(jw), ie., U : C — C™*™ analytic in the
right-half complex plane, with an inverse that is also analytic in the right-half complex plane, and
with

V(jw) RY(jw) = U(jw) U(jw) (53)
for all w € R. (The existence of a spectral factor is guaranteed by the positivity of ¥(jw)*R¥(jw)

on the imaginary axis.) Recall that

1
7,

W(jio) = [ Wolie) () e UGe) |7 with i) =

so that we must have

with Gy € M, i=0,1,...,N. Thus, U(s) = GU(s), where G € R™*"(N+1) is given by
G=[Go Gi Gy, (54)
Returning to (53), we have

V(jw) RY(jw) = ¥(jw) GTGY(jw),

where GTG € M. Setting R = GTG completes the proof.

Remark 18 Lemma 6 can be re-interpreted in view of Remark 8. Partition R in Lemma 6 as

R_[@ll R12]7

RY, Ry
where }?22 € R™ ™ It is easily argued that D,Z;EQQD»LZ) is invertible. Let X, be the stabilizing

solution solution (see Remark 8) to the algebraic Riccati equation
AY X + XAy — CLR1 Cy + (X By — C Ri2Dy) (DY Roa Dy) ™ (Xm By — C R12Dy)T = 0.

Then, with Cy = —(D511422D¢)_1/2(B$Xm— DngIITQCQZ,) and Dy = (DZ:ZWQQDd,)l/Q, we have from
Remark 8 that

U(jw) RY(jw) = (Cat(jwl — Ay) ' By + Do) (Cat(jwl — Ay) ' Bg + Dyt).
The claim proved in Lemma 6 is that we can find G of the form (54), with

Gl Cy Dy]=]|Cs Dy
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We are now ready to prove Lemma 4. We prove that (1) <= (2), (1) = (3), and (3) = (2).

To show (2) = (1) is easy. Since R = RT > 0, it immediately follows that Il € IIg,. That (3)
= (2) follows directly from Lemma 1.

Consider (1) = (2), and (1) = (3). Suppose that there exists B = RT € M such that
with TI(jw) = ¥(jw)*R¥(jw), for some ¢ > 0, T(jw) > 2¢l, and such that for some ¢ > 0,
inequality (7) holds. Then, from Lemma 6, there exists R = RT € M, with R > 0 such that
M(jw) = U(jw)*RY(jw) for all w € R. Define R = R 4 ul where g > 0. Then, 0 < RT = R € M,

and we have

H (o)W (o) RV (o) H (je) — W(jw)* RV (jw)
= H(jo)yV(ju) RY(jw) H(jw) - ¥(jw) RY(jw)
T (H (jo) (o) U (i) H (jo) - (i) U(jw)).

By assumption, for some € > 0, we have that H(jw)*¥(jw)*R¥Y(jw)H (jw)— ¥ (jw)* RY(jw) < —2¢l
for all w € R. Therefore, for some p > 0 that is small enough, there exists some ¢ > 0 such that

H(jeo) (o) RU(joo) H(jew) — W(jeo)* RU(jw) < 2¢l,

for all w € R. This proves that (1) = (2).

Proceeding further, from Lemma 1, there exists P = PT such that

[ATP+PA PB] [CTHR 0

BTP 0 hi O—RMC‘D]“)

where A, B, C and C are defined in (21). Equivalently,

[AT;TJFPPA p031+lg”(lagc; _c?TG]*“H _OID[(; <.

From continuity arguments, for g small enough, if follows that

ATp+ PA PB cT GTG 0 O
[ BTP 0 ]+[DT][ 0 —GTG [C D]<0. (55)

Define Hq(s) = GU(s)H(s)and Hy(s) = GVU(s), Recall that G¥(s) is a spectral factor of II(jw),

so that Hy, Hy and H2_1 are stable. Moreover, with

a0 [ B, _ _
Al_[chq Aw]’ Bl_lequ], Ci=G[ DyCy Cy|, Di=GDyD,,

Ay = Ay, By = By, Cy = GCy, Dy = GDy, and A, B, and M as defined in (50), inequality (55)
is equivalent to (51). Therefore, it follows from Lemma 5 that P > 0. This proves that (1) = (3),

completing the proof of Lemma 4.
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B Details of proof of Theorem 3
Consider the second term in the definition of Va(z,?):
z(r) 1" . 2()
1 ozi(n) DyCy, Cy 0 DyDyp R 0 DyC, Cy 0 DyDyp wi(r) |
0 IQ(T) 0 0 Cw Dw I 0 —R 0 0 Cw Dw IQ(T)
p(7) p(7)
T -
_ /t Cyz1(T) + Dyg(T) R 0 Cyz1(T) + Dyg(T) .
o | Cyza(T)+ Dyp(T) | 0 -R Cyzo(T) + Dyp(T)

From the definition (26) of z4(¢) and z4(¢), we have

d
—

Zan(t) = Ay (1) + Bug(t),

—Iy

dt

(1) = Aya(t) + Byp(1),

Recall that (Ay, By, Cy, Dy) is a state-space realization of the system with transfer function

W(jw) = [ Wo(je) V(o)

Let %;(t) be the inverse Fourier Transform of ¥;(jw), ¢

q(t)

(1% q)(t)

*

Un(jw)* ]

., N. Then,

p(1)
(1 xp)(1)

Cyri(t) + Dyq(t) = | (D2x@)(t) || Cyma(t) + Dyp(t) = | (P2xp)(1)

(o % 9)(1)

(o % p)(1)

Since p(t) = (A xq)(t), and since by construction, A and 1; commute with each other, we have

p(t) A 0
(1 *p)(t)
(waep)t) || 7
wvspny] L0
For convenience, we let
q(1)
(1% q)(t)

g(t)=| (P2*xq)(t) |, D

(o % 0)(1)

0 q(t)
0 (¢1 *f])(t)
x| (baxq)(1)
S0 v
A 0 0
oA 0
00 A

Thus, the second term in the definition of Va(z,t) can be rewritten as

R
0

[

/f [ i(r)
o | (Dxq)(r)
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This further simplifies to

/Ot (q(T)TRd(T) —(D*q)(r)'R(D *g)(r)) dr.

R € M is positive-definite, and it is easy to establish that its square-root R'/2 € M. Therefore

RY? and D commute, and the second term in the definition of Va(z,t) can be rewritten as
#
| (B2 (R 24(m) = (D x B29)(1) (D x R 2)(r)) dr > 0,
0

with the last inequality following from the facts that: (i) Ly gain of A, and consequently that of

D, does not exceed one; (ii) the state of A is initialized to zero.

Remark 19 The condition that Ly gain of A does not exceed one means that if p(t) = A(q,1),
then there exists 3 € R such that

Vq € Ly, Vi >0, /Ot p(T)Tp(T) dr < /OT q(T)Tq(T) dr + (56)

As we have assumed that the state of A is initialized to zero, # = 0. (For details, see for example, [15,

27, 28].) o
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