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ABSTRACT
This paper presents a multi-shift generalization of the recently pro-
posed quadratic alternating direction implicit (QADI) iteration. QADI
and its Cholesky Factor (CF) variant, CFQADI, have been shown to
be efficient ways of solving the large-scale algebraic Riccati equa-
tions (AREs) required in positive-real balanced truncation (PRBT).
However, only their single-shift implementations have been con-
sidered so far. Using linear fractional transformation (LFT), we
present elegant multi-shift extensions of both QADI and CFQADI,
thereby enabling even faster and more accurate PRBT.

Categories and Subject Descriptors
I.6.5 [Simulation and Modeling]: Model Development—model-
ing methodologies; J.6 [Computer-Aided Engineering]: —computer-
aided design (CAD)

General Terms
Algorithms

Keywords
Model order reduction, positive real, balanced truncation, ADI

1. INTRODUCTION
Balanced truncation (BT) model order reduction (MOR) schemes

offer superior accuracy in reduced-order models [1], but are largely
restricted by the complexity of solving high-order matrix equations.
A particular BT approach known as positive-real BT (PRBT)1 pre-
serves passivity, exhibits high modeling accuracy, and poses no
special structural constraint on the initial state space. However,
PRBT requires solving a pair of algebraic Riccati equations (AREs).
These are quadratic matrix equations whose solution involves in-
tensive computation, thereby forming the bottleneck in large-scale

1PRBT is also called positive-real truncated balanced realization
(PR-TBR) [1]. In [2], balanced stochastic truncation (BST) is used
to denote PRBT. In any case, these refer to the passivity-preserving
BT procedure wherein a pair of dual AREs are solved.
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PRBT. Various methods have been proposed to alleviate the work-
load in solving AREs, e.g., [3, 4]. They are mainly based on the
Newton’s method or alike for iteratively and progressively solv-
ing an ARE, wherein a linear matrix equation, called the Lyapunov
equation, is solved in each Newton step. In this context, the al-
ternating direction implicit (ADI) iteration [5] provides a versatile
way of solving Lyapunov equations. Its major merit comes from
a Cholesky Factor variant, called CF-ADI [5], that directly iterates
on the matrix square roots, thus taking full advantage of the low-
rank input/output matrices pertinent to circuit models. Nonethe-
less, these methods are indirect in the sense that each iteration still
targets at solving a Lyapunov equation, rather than directly at the
ARE. Recently, a quadratic extension of ADI, called QADI, to-
gether with its CF variant, called CFQADI, have been proposed to
solve an ARE iteratively without setting up Lyapunov intermedi-
ates [2]. Both algorithms enjoy simple coding, and the same nu-
merical properties and complexities as in ADI and CF-ADI. Like
CF-ADI, CFQADI directly computes factor-iterates of an ARE so-
lution, thus exploiting the low-rank matrices in VLSI models and
enabling better scalability and further memory savings. However,
only single-shift QADI and CFQADI have been considered so far.
This paper generalizes single-shift (CF)QADI to its faster converg-
ing multi-shift version (CF)QADI(l) where l stands for the number
of shifts. Linear fractional transformation (LFT) has been used to
achieve the otherwise intractable derivations. Numerical examples
confirm the efficiency of the practically attractive CFQADI(l).

2. PRBT AND (CF)QADI
Interconnect and package modelings generally make use of pas-

sive RLC components. Consider a large-scale RLC network cast
into a state space

ẋ = A0x + B0u , y = C0x + D0u (1)

where A0 ∈ R
n×n, B0 ∈ R

n×m, C0 ∈ R
m×n, D0 ∈ R

m×m,
B0, C0 are generally of low ranks (i.e., m � n) and u, y are
power-conjugate [2]. A0 is stable, i.e., its spectrum is in the open
left half plane, denoted by spec(A0) ⊂ C−. Let M > 0 (M ≥
0) denote a positive definite (positive semidefinite) matrix M , we
assume without loss of generality that D0+DT

0 > 0, otherwise the
reduction techniques in [6] is used to achieve this. Next, define the
matrix root LLT = (D0 + DT

0 )−1, B = B0L, C = LT C0, and
A = A0 −BC. In PRBT, the unique stabilizing solutions, X ≥ 0
and Q ≥ 0, respectively, to two AREs

AT X + XA + XBBT X + CT C = 0 (2a)

AQ + QAT + QCT CQ + BBT = 0 (2b)

are solved such that spec(A + BBT X) ⊂ C− and spec(AT +
CT CQ) ⊂ C−. The matrix square roots (or Cholesky factors)



Q = Y Y T and X = ZZT are then computed to form the projec-
tion matrices for reducing the original model (1) while preserving
passivity and stability. The reader is referred to [2] for details.

QADI and CFQADI aim at solving the stabilizing solution of an
ARE of the form (2a) [2] (application to (2b) is trivial). A stable
A-matrix is assumed which is the case for passive circuits. QADI
consists of two half-steps:

(AT + XT
j−1BBT + pjI)XT

j− 1
2

= −CT C −XT
j−1(A− pjI) (3a)

(AT + Xj− 1
2
BBT + pjI)Xj = −CT C −Xj− 1

2
(A− pjI) (3b)

where X0 = 0 and pj ∈ C− (j = 1, 2, · · · ) are either real or conju-
gate pairs. A key insight that greatly simplifies analysis of QADI is
by recognizing (3) as linear fractional transformations (LFTs) [7].

Denoting P =

�
P11 P12

P21 P22

�
, we define the (lower) LFT, denoted by

Fl(P, ∆), as the transfer matrix from w to z, i.e., z = Fl(P, ∆)w,
which is also a mapping of ∆:

Fl(P, ∆) = P11 + P12∆(I − P22∆)−1 P21

where the matrix dimensions are implicitly assumed compatible
and the matrix inverse valid. Defining Sj = (A + pjI)−1 and
Tj = (A− pjI), it can be shown that

Xj− 1
2

= Fl(P, Xj−1) and Xj = Fl(P
T , Xj− 1

2
), (4)

P =

� −CTCSj −T T
j +CTCSjBBT

Sj −SjBBT

�
.

The chief property of LFTs is that their interconnection is still
an LFT, e.g., the nested connection Xj = Fl(P

T , Fl(P, Xj−1)),
called the Redheffer Star Product [7], is an LFT. This enables the
combination of the two half-steps in (3) into one, namely,

Xj =M11 + M12Xj−1(I −M22Xj−1)
−1MT

12 (5a)

where M11 = −2pjS
T
j CT (I −CSjBBT ST

j CT )−1CSj , (5b)

M12 = I − 2pjS
T
j (I − CT CSjBBT ST

j )−1, (5c)

M22 = −2pjSjB(I −BT ST
j CT CSjB)−1BT ST

j . (5d)

As illustrated in [2], well-posedness of the matrix inverses in (5)
can be verified by the bounded real lemma. Starting with X0 = 0,
all Xjs are symmetric and their convergence to the stabilizing X
is superlinear. Define Ã = A + BBT X, similar to ADI [3, 5, 8],
fast convergence in QADI can be achieved by choosing the l shifts,
pjs, according to the minimax problem

min
{p1,p2,··· ,pl}

�
max

λi∈spec(Ã)

�����
l�

j=1

pj − λi

pj + λi

�����
�

(6)

where the spectrum of Ã is known prior to solving X [7]:

spec(Ã) = spec

��
A BBT

−CT C −AT

��
∩ C−. (7)

When low-rank B and C are present, it is desirable for QADI to
work with the CF iterate Zj where Xj = ZjZ

T
j . Utilizing (5), the

CF variant of QADI, called CFQADI, can be derived. Specifically,
setting Z0 = 0, for j = 1, 2, · · · ,

Zj = [M
1
2
11 M12Zj−1(I − ZT

j−1M22Zj−1)
− 1

2 ]. (8)

In each iteration of CFQADI, the number of columns in Zj grows
by the number of rows in C. When low-rank system matrices are
present, CFQADI is always preferred as it provides computational

and memory savings since only low-rank factors are stored. Sym-
metry of Xj is perfectly preserved by reconstruction from Zj . The
converged factor Z, where X = ZZT , can then be readily adapted
to PRBT to elude large-scale matrix factorizations [2].

3. MULTI-SHIFT QADI AND CFQADI
Referring to (6), so far only single-shift (l = 1) QADI and

CFQADI have been considered [2]. This section presents the multi-
shift QADI and CFQADI, denoted by QADI(l) and CFQADI(l)
where l is the number of shifts (pjs). Analogous to ADI and for
computational reasons, all arithmetics in QADI(l) and CFQADI(l)
must be confined to the real domain. This entails a two-step QADI
and CFQADI such that when the shifts, pj and pj+1, are conjugate
pairs or both real, a real Xj+1 can be obtained directly from a real
Xj−1 skipping the possibly complex Xj . To begin with, a further
LFT breakdown of (5) shows that Xj , being the transfer matrix
from w to z, namely z = Xjw, can be written as

z ←
y1 ←
y2 ←
y3 ←

�
���

0 0 −�−2pjST
j −ST

j T T
j

0 0 ST
j

�−2pjST
j

−�−2pjSj Sj 0 0
−SjTj

�−2pjSj 0 0

�
���
← w
← u1

← u2

← u3

y1 →
y2 →
y3 →

�
� BBT 0 0

0 CT C 0
0 0 Zj−1ZT

j−1

�
� → u1

→ u2

→ u3

(9)

where we have used connector symbols to avoid cumbersome con-
nections. Using (9), we now formulate the two-step QADI. Equa-
tions (10)-(13), which are equivalent LFTs, detail the flow in deriv-
ing the two-step QADI. In these equations, we use indices {0, 1, 2}
to replace {j − 1, j, j + 1} for compactness. Specifically, it is ob-
vious from (13) that a pair of conjugate shifts always give rise to a
real Xj+1 provided Xj−1 is real. Nonetheless, direct computation
of the LFT in (13) is numerically unfavorable. This is because the
matrix inverse in (13), when compared to the original single-step
single-shift QADI or QADI(1), has at least double the order and
this increase in computation, especially in large-scale problems, al-
most always outweighs the possibly faster convergence. In fact, the
power of QADI(l) comes from its low-rank CFQADI(l) formula-
tion, which in turn relies on the availability of a two-step CFQADI.
To derive this, from (13) we have

Xj+1 = ST
1 ST

2 Fl(Fl(M, ĈT Ĉ), B̂B̂T )S2S1

= ST
1 ST

2 Fl(M̂ĈT ĈM̂T , B̂B̂T )S2S1. (14)

Partitioning M̂ĈT and denoting the first n rows as Θ1 and the rest
as Θ2, it can be shown that

Zj+1 = ST
1 ST

2

�
Θ1 Θ1Θ

T
2 B̂(I − B̂T Θ2Θ

T
2 B̂)

−1/2
	

(15)

where Xj+1 = Zj+1Z
T
j+1. Noting the low-rank nature of B̂ and

Ĉ, Zj+1 serves as a low-rank iterate through which a perfectly
symmetric Xj+1 can be reconstructed. The most expensive step
in implementing CFQADI(l) is the matrix inversions in Sj corre-
sponding to each shift pj , which in general takes O(n3) work (so
CFQADI(l) is in general an O(n3) algorithm). However, in the
case that A possesses special structures, such as banded or sparse,
CFQADI(l) can be reduced to O(n2) complexity. QADI(l) repre-
sents a theoretical tool and is not numerically favorable when com-
pared to QADI(1). In practice, the speed gain of the multi-shift
approach comes from CFQADI(l). Because CFQADI(l) is a super-
set of CFQADI(1) in [2], it possesses all merits of the latter. These
include, in terms of PRBT, the avoidance of two large-size matrix
factorizations and one large-size singular value decomposition [2].



Equations (10)-(13) are equivalent LFTs featuring a two-step QADI development. Quantities in (13) are real.

z ←
z1 ←
z2 ←
z3 ←



���

0 0 −√−2p2S
T
2 −ST

2 T T
2

0 0 ST
2

√−2p2S
T
2

−√−2p2S2 S2 0 0
−S2T2

√−2p2S2 0 0



���
← w
← w1

← w2

← w3

,

w3 ←
y1 ←
y2 ←
y3 ←



���

0 0 −√−2p1S
T
1 −ST

1 T T
1

0 0 ST
1

√−2p1S
T
1

−√−2p1S1 S1 0 0
−S1T1

√−2p1S1 0 0



���
← z3

← u1

← u2

← u3

z1 →
z2 →

�
BBT 0

0 CT C

� → w1

→ w2
,
y1 →
y2 →
y3 →



� BBT 0 0

0 CT C 0

0 0 Z0Z
T
0



� → u1

→ u2

→ u3

(10)

z ←
z1 ←
y1 ←
z2 ←
y2 ←
y3 ←



�������

0 0 0
√−2p2S

T
2

√−2p1S
T
1 ST

2 T T
2 ST

1 T T
1 ST

2 T T
2

0 0 0 ST
2 2

√
p1p2S

T
1 ST

2

√−2p2S
T
1 T T

1 ST
2

0 0 0 0 ST
1

√−2p1S
T
1√−2p2S2 S2 0 0 0 0√−2p1S1S2T2 2

√
p1p2S1S2 S1 0 0 0

S1T1S2T2
√−2p2S1T1S2

√−2p1S1 0 0 0



�������

← w
← w1

← u1

← w2

← u2

← u3

z1 →
y1 →

�
BBT 0

0 BBT

� → w1

→ u1

z2 →
y2 →
y3 →



� CT C 0 0

0 CT C 0

0 0 Z0Z
T
0



� → w2

→ u2

→ u3

(11)

z ← �
ST

1 ST
2

�←
z1 ←
y1 ←
z2 ←
y2 ←
y3 ←



�������

0 0 0
√−2p2S

−T
1

√−2p1T
T
2 T T

1 T T
2

0 0 0 S−T
1 2

√
p1p2I

√−2p2T
T
1

0 0 0 0 S−T
2

√−2p1S
−T
2√−2p2S

−1
1 S−1

1 0 0 0 0√−2p1T2 2
√

p1p2I S−1
2 0 0 0

T2T1

√−2p2T1

√−2p1S
−1
2 0 0 0



�������

← [S2S1]← w
← w1

← u1

← w2

← u2

← u3

z1 →
y1 →

�
S2S1BBT ST

1 ST
2 0

0 S2S1BBT ST
1 ST

2

� → w1

→ u1

z2 →
y2 →
y3 →



� CT C 0 0

0 CT C 0

0 0 Z0Z
T
0



� → w2

→ u2

→ u3

(12)

z ← �
ST

1 ST
2

�←
z1 ←
y1 ←
z2 ←
y2 ←
y3 ←



�������

0 0 0
√−2psA

T √−2pspmI T T
1 T T

2

0 0 0 AT √
pmI

√−2psA
T

0 0 0
√

pmI −AT − psI
√−2pspmI√−2psA A

√
pmI 0 0 0√−2pspmI

√
pmI −A− psI 0 0 0

T2T1
√−2psA

√−2pspmI 0 0 0



�������

� �� �
:=M:=

�
� 0 M̂

M̂T 0

�
�, and ps=p1+p2 , pm=p1p2

← [S2S1]← w
← w1

← u1

← w2

← u2

← u3

z1 →
y1 →

�
S2S1BBT ST

1 ST
2 0

0 S2S1BBT ST
1 ST

2

�
� �� �

:=[B̂B̂T ]

→ w1

→ u1

z2 →
y2 →
y3 →



� CT C 0 0

0 CT C 0

0 0 Z0Z
T
0



�

� �� �
:=[ĈT Ĉ]

→ w2

→ u2

→ u3

(13)
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Figure 1: AREs from (a) transmission line; (b) RLC ladder.

Table 1: CPU times (sec) for the examples in Fig. 1.
l=4 l=8 l=16 l=32

Fig. 1(a) (One ARE†) 14.22 15.64 6.82 7.68
Fig. 1(a) (PRBT) 28.48 28.95 12.68 14.44
Fig. 1(b) (One ARE‡) 32.47 33.30 36.27 37.11
Computed to the † same accuracy ‡ best possible accuracy

4. NUMERICAL EXAMPLES
Performance of CFQADI(1) in real-life benchmarks and com-

parison of it against other MOR schemes have been discussed in [2].
Here, we focus on the effect of shifts on the behavior of CFQADI(l)
in (15). The algorithm was coded in MATLAB m-files and run
in the MATLAB R14(SP2) environment. A desktop with a 3GHz
CPU and 3G RAM was used. In our examples, the heuristics in [3]
for shift selection and their cyclic application (i.e., pj = pj+kl

for k = 1, 2, · · · ) are employed. However, depending on specific
problem structures, other shift selection schemes (e.g., [5, 8]) may
be used.

The first example is a discretized transmission line model of or-
der 300 with some dominant oscillatory modes. Fig. 1 (a) shows the
convergence of Xj to X in solving one of the AREs in PRBT. It is
seen that an increase in the number of shifts accelerates the conver-
gence significantly, but the gain drops off with further increase in
shifts. The first row of Table 1 shows the times to obtain the same
order of accuracy in solving one ARE. Obviously, despite the in-
creased number of matrix inversions in computing Sjs, a net speed
gain is warranted at a larger l owing to faster convergence. The
second row lists the times for the whole PRBT process, which are
essentially double the times in the first row. This is so because low-
rank iterates from CFQADI(l) renders negligible computation in
the subsequent matrix factorizations in PRBT. These PRBT times,
as noted in [2], are about 5 ∼ 10 times slower than PRIMA [9], but
more than 10 times faster than traditional PRBT. The slower time
than PRIMA is then again offset by the superior accuracy in the
reduced models. The second example, shown in Fig. 1 (b), stems
from an order-500 RLC ladder used in interconnect simulation. The
same observations can be drawn. The third row in Table 1 shows
the times spent under different number of shifts where we allow
CFQADI(l) to run till there is no further improvement in solution

accuracy. Though more shifts are being used, the increase in com-
putation is relatively slight.

Several remarks are drawn. In many cases, a small number of
shifts (e.g., 8 ∼ 32) are enough to accelerate convergence. Further
increase in shifts may not be advantageous, as has been observed
in the ADI case [3]. The effect of multiple shifts is highly depen-
dent on the model nature. As a rule of thumb, in heavily damped
systems, a small number of shifts will suffice, while more shifts
are needed in lightly damped systems. Also, for smaller size prob-
lems (say, a few hundreds or less), CFQADI(1) has the advantage
of lower algorithmic complexity. While for larger size problems,
CFQADI(l) (say, l = 32) may be chosen for an overall speed gain.

5. CONCLUSION
This paper has presented a multi-shift extension to the quadratic

ADI called QADI(l) where l is the number of shifts. For high-
speed positive-real balanced truncation (PRBT), a Cholesky Factor
variant, known as CFQADI(l), has been developed. The core in
CFQADI(l), namely, a real-domain two-step CFQADI, have been
elegantly derived using linear fractional transformation (LFT). Nu-
merical examples have shown that CFQADI(l) exhibits faster con-
vergence, better numerical accuracy, and better or comparable com-
plexity to its single-shift counterpart.
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