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Abstract
Wepresentanefficientimplementationof anapproxi-

matebalancedtruncationmodelreductiontechniquefor
general large-scaleRLC systems,describedby a state-
spacemodel where the C matrix in the time-domain
modifiednodal analysis(MNA) circuit equation Cẋ �� Gx � Bu is not necessarilyinvertible. Thelarge sizes
of the modelsthat we considermakemost implemen-
tationsof thebalance-and-truncatemethodimpractical
from the points of view of computational load and nu-
mericalconditioning. Thismotivatesour useof Krylov
subspacemethodsto directlycomputeapproximate low-
rank square roots1 of theGramiansof theoriginal sys-
tem. Theapproximate low-order general balancedand
truncatedmodelcan thenbe constructeddirectly from
thesesquare roots. We demonstrateusingthreepracti-
cal circuit examplesthat our new approach effectively
givesapproximatebalancedandreducedorder coordi-
nateswith little truncationerror.

1 Intr oduction

As VLSI technology advances,accuratemodelingof
RLC interconnecteffectsbecomesincreasinglyimpor-
tant. Theseinterconnectmodelstypically involve thou-
sandsof tightly coupledRLC components.Theanalysis
anddesignof large-scaleRLC systemscanstretchthe
limits of computingresources.

Model reduction,i.e., findingan approximatemodel
with far fewer variables,is one techniquethat facili-
tatestheanalysisanddesignof large-scalesystems.One
well-known approachis “moment-matching” [1, 2, 3].�
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1We usethe term “square root” to meanthenot necessarily sym-
metric square root of a matrix: If M � M T � NNT , we sayN is the
squarerootof M.

Anothermodel reductionapproachinvolves truncating
the statevector by projecting it on the principal sub-
space,which can be computedefficiently by Krylov
methods[4, 5].

A third technique,onethatunderliestheapproachin
this paper, is the balance-and-truncatemethod(seefor
example,[6]). This modelreductionmethodis very at-
tractive from a theoreticalpointof view, asthereduced-
ordermodelsare guaranteedto be stable,and thereis
a simpleboundfor the approximationerror [7]. How-
ever, its directusefor themodelreductionof large-scale
systemsis impracticalbecauseof its needto solve two
large-sizeLyapunov equations,anda large-sizeeigen-
decomposition. This issuehas beenaddressedusing
several differentapproaches.Oneof the techniquesis
to solve the original large sizeLyapunov equationsap-
proximately, for example,theSmithmethod[8], andthe
AlternateDirection Iteration(ADI) method[9]. In the
Smithmethod,a closed-formexpressionfor theGrami-
ansis derivedasan infinite summation;an approxima-
tion canbe found simply via a finite summation.The
ADI methodcan be thought of as a generalizationof
the Smithmethod. However, for an implementationof
theADI methodto becomputationally competitive, the
original systemmatrix mustbe tridiagonalizedfirst [9];
thisis computationally demandingandpossibly numeri-
cally ill-conditioned[10, � 9.3.6]. Oneapproachtowards
addressingthe issueof tridiagonalizationis presented
with the VADI (vector-ADI) methodin [11, 12]. Note
that in [11, 12], after the authorsfind the approximate
Gramiansby theVADI method,they projecttheoriginal
systemto theprincipalGramianeigenspaceto perform
modelreduction,ratherthanbalancedtruncation.

Our approachis basedon the idea of balance-and-
truncatemethod, and is close in spirit to the VADI
methodproposedin [11, 12]: We directly computethe
approximatesquare-rootsof the Gramians(ratherthan



the Gramiansthemselves); as is well known, this re-
sultsin a muchbetter-conditionednumericalimplemen-
tation. The methodproposedin [11, 12] requiresJ
matrix-vectorsolvesof asystemwith N variables,where
J denotestherankof theapproximatesquarerootof the
GramiansandN denotestheoriginal state-spacedimen-
sion. We show in Section3.3 that as a consequence,
for large-sizeproblems,thedominantcostincurredwith
the VADI methodis approximatelyJ 	 2 times the cost
with the methodthat we proposehere. Therefore,our
argumentis that for large-scalemodelsencounteredin
VLSI systems(with thestatevariablesnumberingin the
hundredsor eventhousands),ourmethodoffersconsid-
erablecomputational savingsover theVADI method.

Ourapproachbeginswith themodifiedSmithmethod
for computingtheapproximatesquare-rootsof thesys-
tem Gramians.Krylov methodsareemployedto com-
pute thesesquare-roots,leading to enormouscompu-
tational savings. This is our first contribution. Our
secondcontribution is to extend the balancedtrunca-
tion schemesbasedon Krylov methodsto handlegen-
eral RLC networks,where the C matrix in the time-
domainmodifiednodalanalysis(MNA) circuit equation
Cẋ � � Gx � Bu may not be invertible. Our approach
is to first derive an equivalentsystemĈ˙̂x � � Ĝx̂ � B̂u
whereĈ is invertible. However, our implementationof
the Krylov methodsavoids inverting Ĉ. Thus, we ar-
guethatour implementationsareparticularlysuitedfor
VLSI systemmodelreduction, from the points of view
of bothcomputationaldemandandnumericalcondition-
ing.

Notation

Given an RLC circuit comprisingonly passive lin-
earelements,we canextracttheMNA equationsasfol-
lows [5]:

Cẋ � � Gx � Bu
 y � Lx � Du 
 (1)

wherex � t ��
 IRN, u � t ��
 IR andy � t ��
 IR. C � � Q 0
0 H � ,

is block diagonal, symmetric and non-negative defi-

nite. G � �
R E� ET 0 � , wherethematrix R is symmet-

ric and non-negative definite. We will consideronly
single-input single-outputsystemsin thispaper;theex-
tensionof the resultspresentedherein to multi-input
multi-outputsystemsis straightforward. We use5-tuple� C 
 � G 
 B 
 L 
 D � to denotethe state-spacerealizationof
thesystem.SincetheMNA matricescomefrom a real
circuit, thesystemis stable.In otherwords,all thefinite
generalizedeigenvaluesof � � G 
 C � have negative real
parts.

Theobjective in modelreductionis to obtainanother
linearsystem

Crẋr � � Grxr � Bru 
 yr � Lrxr � Dru 

wherexr � t ��
 IRn, with n � N, andwith the mapping
u �� y well-approximatedby u �� yr.

The remainderof this paperis organizedasfollows:
In Section2, we show how for the system(1), we may
obtainan equivalent realization � Ĉ 
 � Ĝ 
 B̂ 
 L̂ 
 D̂ � where
Ĉ is nonsingular. In Section3 we describean algo-
rithm, implementedusing Krylov subspacemethods,
that approximately balancesand truncatesthe realiza-
tion � Ĉ 
 � Ĝ 
 B̂ 
 L̂ 
 D̂ � to obtaina reduced-ordermodel.
In Section4, we presentthreerepresentative examples
thatdemonstratethatour techniqueperformsvery well,
while offeringsignificantsavingsin computation.

2 An equivalent state-spacemodel

With state-spacemodelsof theform(1) thatrepresent
RLC circuits,thesingularity of thematrixC arisesfrom
its entirecolumnsandrows beingzero[5]. Thus,with-

out loss of generality2, we assumethat C � �
Ĉ 0
0 0 � ,

whereĈ is anr � r matrix thatis symmetric,blockdiag-
onalandnonsingular. Partitioningthematricesfrom(1),
we thereforehave

Ĉẋ1 � � G11x1 � G12x2 � B1u 

0 � � G21x1 � G22x2 � B2u 

y � L1x1 � L2x2 � Du 
 (2)

wherex1 � t ��
 IRr . We makethe important observation
thatsince(2) modelsan RLC circuit, thematrix G22 is
nonsingular. Then,eliminating thevariablex2, we have

Ĉẋ1 � � Ĝx1 � B̂u 
 y � L̂x1 � D̂u 
 (3)

where

Ĝ � G11 � G12G� 1
22 G21 
 B̂ � B1 � G12G� 1

22 B2 

L̂ � L1 � L2G� 1

22 G21 
 D̂ � D � L2G� 1
22 B2 �

Note that the state-spacedimensionwith the model(3)
is r � N. Thispossiblereductionin thenumberof state-
variablesrequiredto describetheRLC circuit comesat
the cost of the manipulations requiredto arrive at (3)
from (1); the major cost with thesemanipulations is
computingG � 1

22 , theinverseof an � N � r ����� N � r � ma-
trix. Whenr � N, thiscostis negligible. Whenr � N,
thecostis significant,but is easilyoffsetby thesavings
that accruefrom the fact that the numberof statevari-
ablesrequiredto describethemodelis substantially re-
ducedwithout sacrificingany model fidelity. We also

2If C is notalreadyof theform noted,a simplepermutationof the
componentsof thestatevector will renderit so.



notethat this stepof reducingthe statedimensionto r
canbeperformedasa precursorto anymodelreduction
scheme.

3 Approximatebalancedtruncation
3.1 Balancedtrun cation

Balancedtruncationis onewell-known modelreduc-
tion scheme[6]. In the literature, it is typically derived
for systemswith state-spacerealizationsof the form� I 
 � Ĉ � 1Ĝ 
 Ĉ � 1B̂ 
 L̂ 
 D̂ � . However, invertingĈ may not
bedesirablefrom thepointsof view of computation and
numericalconditioning. We thereforeusethenotionof
“generalized”controllability and observability Grami-
ans,describedin [13].

For astate-spacemodel � Ĉ 
 � Ĝ 
 B̂ 
 L̂ 
 D̂ � , thegeneral-
ized controllability Gramian,denotedby Wc, is defined
astheuniquesolution to thelinearequation� ĜWcĈ

T � ĈWcĜ
T � B̂B̂T � 0 � (4)

Thegeneralizedobservability Gramian,denotedby Wo,
is definedasWo � ĈTW̃oĈ, whereW̃o is theuniquesolu-
tion to thelinearequation� ĜTW̃oĈ � ĈTW̃oĜ � L̂T L̂ � 0 � (5)

With theeigenvaluessortedin decreasingorder, thecor-
respondingeigenvectorsof Wc yield directionsin state-
spacethatareincreasinglyhardto reachfrom the input
u, and the eigenvectorsof Wo yield directionsthat are
increasinglyhardto observe from theoutputy.

Let Wc � XXT , and Wo � YYT , and let XTY �
UΣVT be a singular value decomposition. Then, it
can be shown that with the coordinate transformation
T � XUΣ � 1 � 2 ��� Σ � 1� 2VTYT � � 1, xb

∆� T � 1x, boththe
generalizedcontrollability and observability Gramians
of the balancedrealizationare diagonaland equal to
eachother. In otherwords,

Wc  b � T � 1WcT � T � Σ � Wo b � TTWoT 

whereΣ � diag� σ1 
 σ2 
 �!�"� 
 σr � , with σ1 # σ2 # �!�$� # σr .
Theσis arecalledtheHankelsingular valuesof thesys-
tem. Thusin thebalancedrealization,thestatecompo-
nentsareasreachablefrom theinput asthey areobserv-
ableat theoutput,with thecorrespondingHankelsingu-
lar valuequantifyingtheirreachabilityandobservability.
This motivatesthenext step,thatof “truncating” of the
state-vector, i.e., simply “throwing away” statecompo-
nentsfor which the correspondingdiagonalentryσ i of
Σ is small.

Solving the two large-size linear equations (4)
and (5), and the large-sizeSVD, has a high compu-
tational cost. We addressthis issuewith an approx-
imate balance-and-truncatetechniquethat requiresfar

lesscomputation. The ideais to directly computelow-
rank squareroots of the generalizedGramians;these
square-rootscan be combinedto yield “approximate”
balancingtransformationsthat automaticallytruncate
thestatespace.

3.2 Approximate balanced truncation via
Krylov subspacemethods

For every realscalarp % 0, thelinearequation(4) is
equivalentto

ApWcA
T
p
� Wc � BpBT

p � 0 

where Ap

∆�&� pĈ � Ĝ� � 1 � pĈ � Ĝ� , and Bp
∆�' � � 2p�(� pĈ � Ĝ� � 1B̂. Therefore,we have

Wc � Σk � 1
j ) 0A

j
pBpBT

p � AT
p � j � XkXT

k 
 (6)

where

Xk
∆�+*,� Ap 
 Bp 
 k ����- Bp ApBp .$.!. Ak � 1

p Bp / 

a kth orderKrylov matrix, is a squarerootof thegener-
alizedcontrollability GramianWc.

Similar manipulations yield, with Ãp
∆�0� pĈ �

Ĝ�!� pĈ � Ĝ� � 1 andLp
∆� ' � � 2p� L̂ � pĈ � Ĝ� � 1,

W̃o � Σk � 1
j ) 0 � ÃT

p � jLT
pLpÃ j

p � ỸkỸ
T
k 
 (7)

where

Ỹk ��*1� ÃT
p 
 LT

p 
 k � ∆�2- LT
p ÃT

pLT
p .!.!. � ÃT

p � k � 1LT
p /

is anotherkth orderKrylov matrix. Then,Yk
∆� ĈTỸk is

a squareroot of the generalizedobservability Gramian
Wo. Krylov methods,suchasArnoldi method,canbe
employedto calculateXk andỸk, for computational effi-
ciency andnumericalwell-conditioning.

The discussionof choosingan optimal shift p for
goodapproximationof Xk andYk, the square-rootsof
thesystemGramians,andtheimplementationdetailsof
thealgorithmandstoppingcriterionfor theiterationsare
similar to whatwe presentedin anearlierpaper[14].

After the approximatek-th order low-rank square
rootsXk andYk � ĈTỸk of thegeneralizedGramiansare
computed,we performa k � k SVD

XT
k ĈTỸk � Û Σ̂V̂T �

Thediagonalentriesσ̂i of Σ̂ approximatethefirst k Han-
kel singular valuesof thesystem.Supposethatthefirst
n of thek Hankelsingularvaluesaresignificant.Define

Tl �43 In 0n 576 r � n8:9 Σ̂ � 1
2V̂TỸT

k 
 IRn 5 r 




Tr � XkÛ Σ̂ � 1
2

�
In
06 r � n 8"5 n � 
 IRr 5 n 


then,we have anapproximatelybalancedandtruncated
reduced-ordermodel:

Cr � TlĈTr � In 
 Gr � Tl ĜTr 

Br � Tl B̂ 
 Lr � L̂Tr 
 Dr � D̂ � (8)

For this reducedordermodel,it canbeverified thatthe
controllability andobservability Gramiansare

Wc r � diag � σ̂1 
 �"�!� 
 σ̂n ��� Wo r �
3.3 Flop count

The flop count of the major stepsinvolved in the
implementationsof the balance-and-truncatemethodis� 30 � 2

3 � N3 �<;=� N2 � . For VADI method,theflop count
is 2k

3 N3 �<;>� N2 � . Our method,fastapproximatebalac-
ing and truncationwith Arnoldi (FABT-Arnoldi), uses
about 4

3N3 �?;>� N2 � flops. Here, the numberof states
in the full-order model is N, and we assumethat the
reduced-ordermodelhasn states.We assumethatk it-
erationsareperformedwith VADI method,andFABT-
Arnoldi method.

It is clear from the above data that the dominant
costwith theArnoldi methodis 4

3N3, whicharisesfrom
the two LU factorizationsof N � N matricesrequired
with our procedureto performmatrix-vectorsolves. In
theVADI methodproposedin [11, 12], k matrix-vector
solvesof the form Aixi � bi areneeded,with different
N � N matricesAi , which resultsin k LU factorizations.
Thereforethedominantcostwith theVADI methodsis
2k
3 N3. Consequently, for large N, the computationre-

quiredby VADI methodsis roughly k 	 2 timesthecom-
putation requiredwith our methods.As mentionedbe-
forek is nosmallerthann, thedimensionof thereduced
system;thus,significantcomputationalsavings canbe
expectedto accrue with our procedure.It will be evi-
dentfrom theflop countsin Table1 in Section4.1 that
this is indeedthecase.

4 Numerical Results

We presenta few numericalexamples that are rep-
resentative of the performanceof the model reduction
techniquepresentedin thispaper.

4.1 Exampleswith C � I

We considertwo examplescited in [11, 12]. The
first is an on-chip planar squarespiral inductor sus-
pendedover a copperplane. The original systemhas
500states.We appliedthe approximatebalancedtrun-
cationmethod(FABT) proposedin this paperon it. 33

Table 1. Spiral inductor flop counts .
TBR MMVA VADI FABT-

Arnoldi
Flops 10� 2e9 0 � 60e9 0 � 67e9 0 � 25e9

Arnoldi iterations wereemployedfor computingtheap-
proximatesquare-rootsof thesystemGramians.We re-
fer to this methodas FABT-Arnoldi. Figure 1 shows
the relative inductanceerrorsof the resulting reduced-
ordermodelsgeneratedby ourmethod(FABT-Arnoldi),
and the standardbalance-and-truncatemethod(TBR).
Both modelsare of order7. Comparingthis result to
the oneshown in [12] section6, figures1-2, it is evi-
dentthatour methodbringsthesameaccurateapproxi-
mationastheothermodelreductionmethods:thestan-
dardbalance-and-truncatemethod(TBR), the moment
matchingvia Arnoldi method(MMVA), andthe vector
ADI method(VADI). Furthermore,the computational
costof our methodis muchlower. Seetable1 for com-
parisonof theflop countsrequiredby variousmodelre-
ductionmethods.(Theflopcountsfor TBR,MMVA and
VADI in thetablearereproducedfrom [11].)
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Figure 1. Relativ e indu ctance error of the reduce d-
order models with TBR and FABT-Arnol di methods .

The secondexamplethat we considerhasa number
of significantoscillatorymodes. The example datais
from thediscretizationof a transmissionline. Theorigi-
nalsystemhas256states.Figures2 and3 show thefre-
quency responsesof theoriginalsystemandthereduced
systemsgeneratedby TBR method,andFABT-Arnoldi
with 64 Anoldi iterations. Both the reducedmodelsin
figure2 areof order10, which is thesameasthatused
in [12]. Boththereducedmodelsin figure3 areof order
24,whichis thenumberof thesignificantHankelsingu-
lar valuesof theoriginalsystems,approximatedby sin-
gularvaluesof XT

k Ỹk. It isevidentthatourreduced-order
modelcapturesthe globalfrequency responsebehavior
aswell astheTBR method.Table2 lists theflop counts



requiredby variousmodelreductionmethods.
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and reduc ed systems of order 24.

For purposesof comparison,we alsoranthePRIMA
model-reductionalgorithm [5] on this example to ob-
tain reduced-ordermodelsof sizes10 and24. Figure4
shows thefrequency responseof theoriginal system,as
well as thoseof the two PRIMA-basedreduced-order
models. It is clear that the frequency responsesof the
reduced-ordermodelsdeviatesignificantlyfrom thatof
the original systemat high frequencies.We point out
thatPRIMA takesfivetosix timeslesscomputation than
that requiredby FABT-Arnoldi (seeTable2); thus,the
computationaleffort with FABT-Arnoldi isequivalentto
thatof usingPRIMA with five to six expansionpoints.
However, wenotethatwith ourmethod,wehavebounds
on the frequency responseapproximation error (inher-
ited from the balance-and-truncatetheory); moreover,
thereare no issuessuchas the selectionof expansion
points with ourmethod.

Table 2. Flop counts, reduc ed models of order 10and

24.
Orderof the TBR FABT-Arnoldi PRIMA

reducedmodels
10 3 � 18e9 7 � 95e7 1 � 41e7
24 3 � 21e9 8 � 26e7 1 � 84e7
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4.2 Example with singular C

With themodelin (1), thematrixC canbe singular,
with several columnsand rows of zeros. To illustrate
the performanceof our techniquesfor suchcases, we
considertheexample from [5, � V.A]. Thiscorresponds
to a lossytransmissionline that wasmodeledwith 40
lumpedRLC sections.After extractingtheMNA equa-
tions for theRLC circuits,thereareN � 120states.The
rankof C is 80. Thus,thesizeof thestate-spacemodel� Ĉ 
 � Ĝ 
 B̂ 
 L̂ 
 D̂ � with nonsingular Ĉ (seeSection2) is
r � 80. We ran29 Arnoldi iterations to obtainapproxi-
mationsof thesquarerootsof thegeneralizedGramians,
andthenperformedanapproximatebalancedtruncation.
The size of the reducedsystem � Cr 
 � Gr 
 Br 
 Lr 
 Dr � is
n � 12. Figures5 and6 show the frequency response
andtime domainresponse(to a rampinput with a rise
time of 0 � 1 ns) of the reducedsystemand the original
system.Fromtheseplots, it is evident thatthe reduced
systemgeneratedby FABT-Arnoldi performsverywell.

5 Conclusion

We have presentedan efficient implementationof
the approximatebalancedtruncation model reduction
techniquefor generallarge-scaleRLC systems,using
Arnoldi iterations. The distinguishingfeaturesof our
algorithm are: (i) We provide an efficient way to per-
form anapproximatebalancedtruncationto thegeneral



0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
10

0.5

1

1.5

2

2.5

3

3.5

4
Frequency response of the original system and the reduced systems

0 0.5 1 1.5 2 2.5 3 3.5 4

x 10
10

−4

−2

0

2

4

Original system

FABT−Arnoldi

Figure 5. Frequ ency respon ses of the original syste m

and reduc ed system (origina l size : 120).

Time (sec.)

A
m

pl
itu

de

Linear Simulation Results

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

x 10
−9

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Output of the orginal and reduced systems in time domain

Original system

FABT−Arnoldi

Figure 6. Time domain respons es of the origina l sys-

tem and reduc ed syste m (origin al size: 120).

state-spacemodelas shown in equations(1), whereC
may be singular. (ii) We directly computestatecoor-
dinatetransformations thatapproximatelybalance-and-
truncatethestatevector. (iii) Thecoordinatetransforma-
tionsarecomputeddirectlyfrom Krylov subspacemeth-
odsanda small-sizeSVD, without theneedfor solving
any Lyapunov equations.Numericalsimulations show
that our approachholdsmuchpromisein the balance-
and-truncatemodelreductionof large-scalesystems.
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