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Abstract

We presentan efficientimplementabn of an approxi-
matebalarcedtruncaton modelreductiontechniquefor
geneanl large-scaleRLC systemsdescribedby a state-
spacemodelwhee the C matrix in the time-domai
modifiednodal analysis(MNA) circuit equaton Cx =
—Gx+ Buis not necessarilyinvertible Thelarge sizes
of the modelsthat we considermake mostimplemen-
tationsof the balance-and-truncatenethodmpractical
from the points of view of computatbnal load and nu-
merical conditianing. This motivatesour useof Krylov
subspacenethodgo directly computeapproximate low-
rank squae roots' of the Gramiansof the original sys-
tem. The approximate low-order generl balancedand
truncatedmodelcan thenbe constructeddirectly from
thesesquae roots. We demonstate usingthree practi-
cal circuit examplesthat our new approac effectively
givesappmoximatebalarced and reducedorder coordi-
nateswith little truncationerror.

1 Intr oduction

As VLSI technolog adwancesaccuratenodelingof
RLC interconneceffects becomesncreasinglyimpor-
tant. Theseinterconnectmodelstypically involve thou-
sandof tightly coupledRLC componentsTheanalysis
anddesignof large-scaleRLC systemscan stretchthe
limits of computingresources.

Model reduction,i.e., finding an approximatenodel
with far fewer variables,is one techniquethat facili-
tatestheanalysisanddesignof large-scalesystemsOne
well-known approachis “moment-matching [1, 2, 3].

*This work wassuppeted in partby NSF undercontractnumter
CCR-998458, SRC undercontractnumbe 99-TJ-689 and Purdue
Researclroundtion.

1We usethe term “squae root” to meanthe not necesarily sym-
metric squae root of amatrix: If M = MT = NNT, we sayN is the
squaregootof M.

Anothermodelreductionapproachinvolves truncatng
the statevector by projectirg it on the principal sub-
space,which can be computedefficiently by Krylov
methodd4, 5].

A third techniquepnethatunderliesthe approactin
this paper is the balance-and-truncat@ethod(seefor
example,[6]). This modelreductionmethodis very at-
tractive from a theoreticapoint of view, asthereduced-
order modelsare guaranteedo be stable,andthereis
a simple boundfor the approximationerror[7]. How-
ever, its directusefor the modelreductionof large-scale
systemds impracticalbecauseof its needto solve two
large-sizeLyapunw equationsand a large-sizeeigen-
decomposition This issue has beenaddressedising
several differentapproaches.One of the techniqueds
to solve the original large size Lyapunw equationsap-
proximately for example,the Smithmethod8], andthe
AlternateDirection Iteration(ADI) method[9]. In the
Smithmethod,a closed-formexpressiorfor the Grami-
ansis derived as an infinite summation;an approxima-
tion can be found simply via a finite summation. The
ADI methodcan be though of as a generalizatiorof
the Smith method. However, for animplementatiorof
the ADI methodto be computationdy competitive, the
original systemmatrix mustbe tridiagonalizedirst [9];
thisis computationalt demanding@ndpossiby numeri-
cally ill-conditioned[10, §9.3.6]. Oneapproachowards
addressinghe issueof tridiagonalizationis presented
with the VADI (vectorADI) methodin [11, 17]. Note
thatin [11, 12], after the authorsfind the approximate
Gramiandy theVADI method they projecttheoriginal
systemto the principal Gramianeigenspacé¢o perform
modelreduction ratherthanbalancedruncation.

Our approachis basedon the idea of balance-and-
truncatemethod, and is close in spirit to the VADI
methodproposedn [11, 17]: We directly computethe
approximatesquare-root®f the Gramians(ratherthan



the Gramiansthemseles); as is well known, this re-
sultsin a muchbetterconditonednumericalimplemen-
tation. The method proposedin [11, 12] requiresJ
matrix-vectorsolvesof asystermwith N variableswhere
J denotegherankof theapproximatesquareoot of the
GramiansandN denotesheoriginal state-spacdimen-

sion. We shawv in Section3.3 that as a consequence,

for large-sizeproblemsthe dominantcostincurredwith
the VADI methodis approximatelyd/2 timesthe cost
with the methodthat we proposehere. Therefore,our
amgumentis that for large-scalemodelsencounteredn
VLSI systemgwith thestatevariablesnumberingn the
hundredor eventhousands)pur methodoffers consid-
erablecomputatioal savingsoverthe VADI method.

Ourapproacheginswith themodifiedSmithmethod
for computingthe approximatesquare-rootsf the sys-
tem Gramians.Krylov methodsare employedto com-
pute thesesquare-rootsjeadingto enormouscompu-
tational savings. This is our first contribution. Our
secondcontrikution is to extend the balancedtrunca-
tion schemedasedon Krylov methodsto handlegen-
eral RLC networks, wherethe C matrix in the time-
domainmodifiednodalanalysigMNA) circuit equation
Cx = —Gx+ Bu may not be invertible. Our approach
is to first derive an equivalentsystemCt = —GX+ Bu
whereC is invertible. However, our implementatiorof
the Krylov methodsavoids inverting C. Thus,we ar
guethatour implementatias are particularlysuitedfor
VLSI systemmodelreduction from the points of view
of bothcomputationatiemandandnumericalcondition

ing.
Notation

Given an RLC circuit comprisingonly passve lin-
earelementsye canextractthe MNA equationsasfol-
lows[5]:

Cx= —Gx+Bu, y= Lx+Du, (1)

wherex(t) € RN, u(t) € Randy(t) € R.C= [(g 3] :
is block diagonal, symmetric and non-ngatve defi-
R E

& 5
ric and non-n@ative definite. We will consideronly
single-irput singke-outputsystemsn this paper;the ex-
tensionof the resultspresentedhereinto multi-input
multi-outputsystemsds straightfoward. We use5-tuple
(C,—G,B, L, D) to denotethe state-spaceealizationof
the system. Sincethe MNA matricescomefrom areal
circuit, the systemis stable.ln otherwords,all thefinite
generalizeceigevaluesof (—G,C) have negative real

parts.

nite. G = wherethe matrix R is symmet-

The objective in modelreductionis to obtainanother
linearsystem

Cr = —Grx + Bru, yr = LiX + Dy,

wherex(t) € R", with n < N, andwith the mapping
u+— ywell-approximatedy u+— y;.

The remainderof this paperis organizedasfollows:
In Section2, we shav how for the system(1), we may
obtainan equivalentrealization(C,—G, B, L, D) where
C is nonsingllar. In Section3 we describean algo-
rithm, implementedusing Krylov subspacemethods,
that approximately balancesand truncatesthe realiza-
tion (C,—G,B,L,D) to obtaina reduced-ordemodel.
In Section4, we presentthreerepresentatie examples
thatdemonstratéhatour techniqueperformsvery well,
while offering signficantsavingsin computatio.

2 An equivalent state-spacemodel

With state-spacenodelsof theform (1) thatrepresent
RLC circuits,thesingulariy of thematrixC arisesfrom
its entirecolumnsandrows beingzero[5]. Thus,with-

co
0 0] ’
whereC is anr x r matrixthatis symmetric block diag-
onalandnonsinglar. Partitioningthematricesfrom (1),
we thereforehave

out loss of generality, we assumethatC =

Cx1 = —Guxg— G+ By,
0 = —Goxg—Gox2+Bau, 2
y = Lixa+Loxo+Du,

wherex(t) € R". We makethe importantobsenation
thatsince(2) modelsan RLC circuit, the matrix Gz is
nonsinglar. Then,eliminatirg the variablex,, we have

é)'(l = —éxl + Bu, y= Cxg + I5u, 3)
where

(} = G11— G12G,5 Go1, @ = B1—G12G;;By,
L =L1— LGy Go, D =D+L:G,;By.

Note thatthe state-spaceimensionwith the model (3)
isr < N. Thispossiblereductionin the numberof state-
variablesrequiredto describethe RLC circuit comesat
the cost of the manipulatbns requiredto arrive at (3)
from (1); the major cost with thesemanipulatbns is
computingG,,, theinverseof an(N—r) x (N—r) ma-
trix. Whenr & N, this costis negligible. Whenr < N,
the costis significant,but is easilyoffsetby the savings
thataccruefrom the fact thatthe numberof statevari-
ablesrequiredto describethe modelis substantiall re-
ducedwithout sacrificingary modelfidelity. We also

2|f C is notalreadyof the form noted,a simplepermutatiorof the
compmentsof the statevedor will renderit so.



notethatthis stepof reducingthe statedimensionto r
canbe performedasa precursoto any modelreduction
scheme.

3 Approximate balancedtruncation
3.1 Balancedtrun cation

Balancedruncationis onewell-knovn modelreduc-
tion schemg®6]. In theliteratue, it is typically derived
for systemswith state-spaceealizationsof the form
(1,—C~1G,C'B,L,D). However, invertingC may not
be desirabldrom thepointsof view of computatia and
numericalconditioning. We thereforeusethe notion of
“generalized” controllablity and obsenability Grami-
ans,describedn [13].

For astate-spacenodel(C, —G, B, L, D), thegeneral-
ized controlability Gramian,denotedby W, is defined
astheuniquesolutian to thelinearequation

—GWLT —CWGT + BB = 0. (4)

The generalizedbsenrability Gramian,denotedoy W,
is definedasW, = CTW,C, whereW, is theuniquesolu-
tion to thelinearequation
~G"W,C-C"W,G+LTL=0. (5)
With theeigervaluessortedin decreamg order thecor
respondingeigervectorsof W yield directionsin state-
spacethatareincreasinglyhardto reachfrom theinput

u, andthe eigervectorsof W, yield directionsthat are
increasinglyhardto obsene from the outputy.

Let Wy = XXT, and W, = YYT, andlet XTY =
U3VT be a singular value decomposition. Then, it
can be showvn that with the coordina¢ transformatio
T = XUS~Y2 = (3-2yTyT)=1 x, £ T-Ix boththe
generalizedcontrollablity and obsenability Gramians
of the balancedrealizationare diagonaland equalto
eachother In otherwords,

Wep =T WeT T =3 =Wop =T WoT,

whereX = diag 01,02, ...,0;), withcy > 02> ... > oy
The o;s arecalledthe Hankelsingubr valuesof the sys-
tem. Thusin the balancedealization,the statecompo-
nentsareasreachabldrom theinpu asthey areobserv-
ableattheoutput,with thecorrespondingdankelsingu-
lar valuequantif/ing theirreachabilityandobsenability.
This motivatesthe next step,thatof “truncating of the
state-ector i.e., simply “throwing away” statecompo-
nentsfor which the correspondingliagonalentry g; of
> issmall.

Solving the two large-size linear equations (4)
and (5), and the large-size SVD, has a high compu-
tational cost. We addressthis issuewith an approx-
imate balance-and-truncatechniquethat requiresfar

lesscomputation Theideais to directly computelow-

rank squareroots of the generalizedGramians;these
square-root€an be combinedto yield “approximate”
balancingtransformationsthat automaticallytruncate
thestatespace

3.2 Approximate balanced truncation via
Krylov subspacemethods

For every realscalarp < 0, thelinearequation(4) is
equialentto

AWCA] — W+ BpBf, =0,

where A, £ (p& — &)"4(p + &), and B, £

v/ (=2p)(pC — G)~1B. Thereforewe have
We & ZX0ALBBY (Ap)! = XX, (6)
where
X 2 K(Ap,Bp, k) =

akth orderKrylov matrix, is a squareroot of the gener
alizedcontrollablity GramianW,.

[Bo ApBp AS1Bp],

Similar manipulatri)ns yield, with A, £ (pC +
&)(pE—G)~tandL, 2 \/(—2p)L(pC—E)1,
Wo ~ ZCH(Ap) L LpAL = %Y, @)

where

5 X A ~ AT ke
Ye= K(Ap Ly K =LY ALY (AL

is anotherkth orderKrylov matrix. Then, Yy £ C™is
a squareroot of the generalizebsenrability Gramian
Ws. Krylov methods,such a§ArnoIdi method,can be
employedo calculateXy andYy, for computatioal effi-

ciengy andnumericalwell-condtioning.

The discussionof choosingan optimal shift p for
good approximationof Xy and Yy, the square-rootof
the systemGramiansandtheimplementatiordetailsof
thealgorithm andstoppng criterionfor theiterationsare
similarto whatwe presentedn anearlierpaper[14].

After the approximatek-th order low-rank square
rootsX, andYy = C"Y, of thegeneralizedsramiansare
computedwe performak x k SVD

X ET =03V
Thediagonalentriess; of £ approximatehefirst k Han-
kel singubr valuesof the system.Supposehatthefirst
n of thek Hankelsingularvaluesaresignificant.Define

Ti=[ln Onqon |5 2VTY € R,
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then,we have anapproximatelbalancedandtruncated
reduced-ordemodel:

C=TCh =In,_G=TGT, ®)
Br: -|-|B, Lr: LTr, Dr = D

For thisreducedordermodel, it canbe verified thatthe
controllbility andobsenrability Gramiansare

WC,I’ ~ d'ag(a-l7 ey 6‘[1) %WO,I'-

3.3 Flop count

The flop count of the major stepsinvolved in the
implementation®f the balance-and-truncataethodis
(30+ £)N3+ O(N?). For VADI method theflop count
is ZN3+ O(N?). Our method fastapproximatebalac-
ing and truncationwith Arnoldi (FABT-Arnoldi), uses
about3N3+ O(N?) flops. Here, the numberof states
in the full-order modelis N, and we assumethat the
reduced-ordemodelhasn states.We assumehatk it-
erationsare performedwith VADI method,and FABT-
Arnoldi method.

It is clear from the above datathat the dominant
costwith the Arnoldi methodis §N3, which arisesfrom
the two LU factorizationsof N x N matricesrequired
with our procedurgo performmatrix-vectorsolves. In
the VADI methodpropesedin [11, 12], k matrix-vector
solves of the form Ajx; = b are neededwith different
N x N matricesA;, whichresultsin k LU factorizations.
Thereforethe dominantcostwith the VADI methodss
%"N3. Consequentlyfor large N, the computationre-
quiredby VADI methodss roughy k/2 timesthe com-
putation requiredwith our methods.As mentionede-
fore k is nosmallerthann, thedimensiorof thereduced
system;thus, significantcomputationakavings can be
expectedto acaue with our procedure. It will be evi-
dentfrom the flop countsin Table1 in Section4.1 that
thisis indeedthe case.

4 Numerical Results

We presenta few numericalexamplesthat are rep-
resentatie of the performanceof the modelreduction
techniquepresentedh this paper

4.1 Exampleswith C=1

We considertwo examplescited in [11, 12]. The
first is an on-chip planar squarespiral inducto sus-
pendedover a copperplane. The original systemhas
500 states.We appliedthe approximatebalancedrun-
cationmethod(FABT) proposedn this paperonit. 33

Table 1. Spiral inductor flop counts .

TBR | MMVA | VADI FABT-
Arnoldi
Flops | 10.2e9 | 0.60e9 | 0.67e9 | 0.25¢9

Arnoldi iteratiors wereemployedor computingtheap-
proximatesquare-rootef the systemGramians.We re-
fer to this methodas FABT-Arnoldi. Figure 1 shaws
the relative inductanceerrorsof the resultirg reduced-
ordermodelsgeneratedby our method(FABT-Arnoldi),
and the standardbalance-and-truncatmethod(TBR).
Both modelsare of order7. Comparingthis resultto
the oneshawn in [12] section6, figures1-2, it is evi-
dentthat our methodbringsthe sameaccurateapproxi-
mationasthe othermodelreductionmethods:the stan-
dard balance-and-truncat@ethod(TBR), the moment
matchingvia Arnoldi method(MMVA), andthe vector
ADI method(VADI). Furthermore,the computational
costof our methodis muchlower. Seetablel for com-
parisonof the flop countsrequiredby variousmodelre-
ductionmethods(Theflop countsfor TBR, MMVA and
VADI in thetablearereproducedrom [11].)

Relative inductance error

T

TBR-7
FABT-Arnoldi-7-33

Relative inductance error

.
10" 10° 10° 107 10° 10° 10%
Frequency

Figure 1. Relativ e indu ctance error of the reduce d-
order models with TBR and FABT-Arnol di methods .

The secondexamplethatwe considerhasa number
of significantoscillatory modes. The example datais
from thediscretizatiorof a transmissiotine. The origi-
nal systemhas256 states Figures2 and3 shaw thefre-
gueng responsesf theoriginal systemandthereduced
systemgyeneratedy TBR method,and FABT-Arnoldi
with 64 Anoldi iterations. Both the reducedmodelsin
figure 2 areof order10, which is the sameasthatused
in [12]. Boththereducedmodelsin figure 3 areof order
24, whichis thenumberof the significantHankelsingu-
lar valuesof the original systemsapproximatedy sin-
gularvaluesof X Y. It is evidentthatourreduced-order
modelcaptureghe globalfrequeng responséehaior
aswell asthe TBR method.Table2 liststheflop counts



requiredby variousmodelreductionmethods.

Model reduction of a 256 state system
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Figure 2. Frequ ency respon ses of the original syste m
and reduc ed systems of order 10.

Model reduction of a 256 state system
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Figure 3. Frequ ency respon ses of the original syste m

and reduc ed systems of order 24.

For purpose®f comparisonye alsoranthe PRIMA
model-reductioralgoritim [5] on this exampleto ob-
tain reduced-ordemodelsof sizes10 and24. Figure4
shavs thefrequeny responsef the original systemas
well asthoseof the two PRIMA-basedreduced-order
models. It is clearthatthe frequeng responsesf the
reduced-ordemodelsdeviate significantlyfrom that of
the original systemat high frequencies. We point out
thatPRIMA takedfive to six timeslesscomputatio than
thatrequiredby FABT-Arnoldi (seeTable 2); thus,the
computationagffort with FABT-Arnoldi is equivalentto
that of usingPRIMA with five to six expansionpoints.
However, we notethatwith ourmethod we have bounds
on the frequeny responseapproximatia error (inher
ited from the balance-and-truncatineory); moreoer,
thereare no issuessuch as the selectionof expansion
point with our method.

Table 2. Flop counts, reduc ed models of order 10and

24
Orderof the TBR | FABT-Arnoldi | PRIMA
reducedmodels
10 3.189 7.95e7 1.41e7
24 3.21e9 8.26e7 1.84e7

Frequency responses of the original system and the reduced systems

Magnitude

10° ot 0%
Frequency

Phase
o

——  Original
b - - PRIMA-10|
PRIMA-24]

10" 1(‘)” 10"
Frequency

Figure 4. Freque ncy respon ses of the original syste m

and reduce d systems generated by PRIMA.

4.2 Example with singular C

With the modelin (1), the matrix C canbe singuar,
with severd columnsand rows of zeros. To illustrate
the performanceof our techniquedor suchcase, we
considertheexample from [5, § V.A]. Thiscorresponds
to a lossytransmissiorline that was modeledwith 40
lumpedRLC sections.After extractingthe MNA equa-
tionsfor theRLC circuits,thereareN = 120states.The
rankof C is 80. Thus,the sizeof the state-spacenodel
(C,—G,B,L,D) with nonsinglar C (see Section2) is
r = 80. Weran 29 Arnoldi iteratiors to obtainapproxi-
mationsof thesquarerootsof thegeneralizedsramians,
andthenperformedanapproximatéalancedruncation.
The size of the reducedsystem(C;, —Gy, By, L, Dy) is
n= 12. Figures5 and6 shaw the frequeny response
andtime domainresponsgto a rampinput with a rise
time of 0.1 ns) of the reducedsystemand the original
system.Fromtheseplots, it is evidentthatthe reduced
systemgeneratedby FABT-Arnoldi performsvery well.

5 Conclusion

We have presentedan efficient implementationof
the approximatebalancedtruncation model reduction
techniquefor generallarge-scaleRLC systems,using
Arnoldi iterations. The distiguishingfeaturesof our
algorithm are: (i) We provide an efficient way to per
form anapproxmatebalancedruncationto the general



Frequency response of the original system and the reduced systems
T T T T T

Original system
— — - FABT-Amoldi
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Figure 5. Frequ ency respon ses of the original syste m
and reduc ed system (origina | size: 120).

Linear Simulation Results
Output of the orginal and reduced systems in time domain
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o
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——  Original system
T FABT-Arnoldi
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Time (sec.) x107°
Figure 6. Time domain respons es of the origina | sys-
tem and reduc ed syste m (origin al size: 120).

state-spacenodel as shavn in equationg1), whereC
may be singubr. (i) We directly computestatecoor
dinatetransformatioa thatapproximately balance-and-
truncatehestatevector (iii) Thecoordinatéransforma-
tionsarecomputedlirectlyfrom Krylov subspaceneth-
odsanda small-sizeSVD, withoutthe needfor solvirg
ary Lyapunw equations.Numericalsimulatiors shav
that our approachholds much promisein the balance-
and-truncatenodelreductionof large-scalesystems.
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