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Abstract

In this paper, we present an efficient algorithm to pre-
dict the probability distribution of the circuit delay while
accounting for spatial correlations. We exploit the struc-
ture of the covariance matrix to decouple the correlated
variables to independent ones in linear-time, as opposed to
conventional techniques which have a cubic-time complex-
ity. Furthermore, we present a closed-form expression for
the probability distribution of the max operation, based on
which we propose a fast and accurate approximation tech-
nique. Experiments show that the proposed method is both
accurate and efficient.

1 Introduction

With the increasing impact of process and environmental
variations on deep-submicron designs, prediction of circuit
performance is becoming a challenging task. Many statis-
tical timing analysis (STA) techniques have been proposed.
These techniques model delays as statistically distributed
random variables, and timing analysis is performed using
these distribution functions. Most of the earlier work has
ignored spatial correlations by assuming zero correlations
among different gate delays. However, as shown in [4, 7],
considering correlation information is essential for an accu-
rate timing analysis. Recently, several STA methods have
been proposed to consider spatial correlations. The method
in [9] computes path correlations from pair-wise gate delay
covariances, and derives lower and upper bounds for circuit
delays. The approach in [2] computes the delay distribution
of a specific critical path considering spatial correlations. In
both of the above path-based methods, the number of criti-
cal paths can be exponential. The approach proposed in [4]
decomposes the correlated process parameters into a pos-
sibly smaller set of uncorrelated principal components by

using eigen-decomposition and circuit delay is calculated
by a PERT-like traversal based on these fixed bases. This
method avoids the exponential number of paths. A large
sized covariance matrix is needed to achieve a high accu-
racy. Eigen-decomposition of such a covariance matrix re-
quires a high computation complexity (cubic time complex-
ity). Moreover, the reduction in the number of variables de-
pends on the problem in consideration.

In this paper, we develop a linear-time complexity tech-
nique to decompose the correlated random variables and de-
rive a closed-form expression for the distribution of the max
function. Numerical experiments show that the proposed
technique is both accurate and efficient. The remainder of
this paper is organized as follows. Section 2 describes the
fast decomposition algorithm. Section 3 derives a closed-
form expression for the probability distribution of the max
operation. Experimental results are presented in Section 4.

2 Decomposition of Correlated Variables

As a consequence of process variations, the process pa-
rameters are modeled as random variables. Therefore, the
delays, which are functions of the parameters, become ran-
dom variables. While in general, delays can have arbi-
trary distributions, practical considerations necessitate sim-
pler approximations. The studies in [2, 4, ?] demonstrated
that circuit delays can be accurately approximated by nor-
mal distributions. Moreover, the authors in [7] have shown
in a detailed study that approximating the gate delays and
circuit delays by normal distributions can greatly simplify
the computation with negligible loss of accuracy, especially
when compared with the error incurred by the loss of cor-
relation information. Therefore, modeling delay as spatial
correlated variables is essential for achieving an accurate
analysis. In this section, we propose a linear-time technique
to decompose the correlated random variables by using the
structure of inverse of the covariance matrix, with the im-
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plication that statistical timing analysis considering spatial
correlations can be implemented very efficiently.

2.1 Inverse of covariance matrix

The fundamental property of spatial correlation is that
the correlation is a function of distance. In particular, it is
typical that gates in close proximity exhibit stronger corre-
lations [11].

To model the spatial correlations, the chip of the circuit
is covered by a grid [11] so that the parameter variations
within a cell are identical and the parameter variations in
different grid cells exhibit spatial correlations. Thus, the
finer the grid, the higher the accuracy. If all the grid cells are
ordered in such a way that cells close in space are also close
in the ordering, strong correlations are close to the diagonal
entries in the covariance matrix. When the correlations de-
crease rapidly as the distance increases, the corresponding
covariance matrix has a “band” structure [11].

Here, we shall reveal that in timing analysis problems,
the inverse of the covariance matrix is actually much sparser
than the covariance matrix. The reason is that while covari-
ance matrix gives the information about joint distribution,
the inverse of covariance matrix provides the information
about conditional distribution [3], i.e., the correlations be-
tween well-separated random variables when nearby ran-
dom variables are given. As gates are more correlated with
gates nearby, given the information about the gates nearby,
the dependence between this gate and the other gates will
be reduced significantly. Hence, off diagonal entries in the
inverse of covariance matrix, which correspond to the con-
ditional correlations, decrease much faster than those in the
covariance matrix, resulting in a sparser inverse.

To illustrate the sparsity of inverses of covariance ma-
trices, we take for example the covariance model proposed
in [11],

cov(Gi,G j) = σ2
Gexp(− ri j

rc
), (1)

where ri j is the distance between cell i and cell j, and rc is
called spatial correlations distance. rc depends on the user
defined resolution. As shown in Fig. 1(a) where rc

ri,i+1
= 1

and in Fig. 2(a) where rc
ri,i+1

= 1.5, the corresponding ma-
trices are denser than their inverses, which are shown in
Fig. 1(b) and Fig. 2(b) respectively.

Consider another example of the covariance model,

cov(Gi,G j) =
1

α · ri j
,

where α is a constant scaler and ri j is the same as above.
The bigger the α is, the faster the correlation decreases with
the distance. As shown in Fig 3, even though the covariance
matrix is dense, its inverse is sparse with a band structure.

Figure 1. Covariance matrix with relative cor-
relation distance being 1. (a) Sparsity pattern
for covariance matrix. (b) Sparsity pattern
for inverse of covariance matrix.

Figure 2. Covariance matrix with relative cor-
relation distance being 1.5. (a) Sparsity pat-
tern for covariance matrix. (b) Sparsity pat-
tern for inverse of covariance matrix.

In the following subsection, we will illustrate a novel
method that uses the sparsity of the inverse of the covari-
ance matrix to decouple the correlated variables. To reduce
computation further, the inverse of covariance matrix can be
approximated with a smaller bandwidth.

2.2 Cholesky factorization

The Cholesky factorization of a symmetric positive defi-
nite matrix A computes the upper tridiagonal matrix U such
that A = UTU . Denote U = chol(A).

Consider mutually independent random variables xi, i =
1 . . .n with zero means and unit variances. Denote X as a
vector whose ith entry is xi. Then the covariance matrix for
Y = UT X is

cov(Y )= E(YY T )= E(UT XXTU)=UT E(XXT )U =UTU,

where E(·) denotes expectation and cov(X) = E(XXT ) is
an identity matrix due to the independence of xi.

Therefore, given a set of random variables yi with a co-
variance matrix A, Cholesky factorization of A transforms yi
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Figure 3. (a) Sparsity pattern for covariance
matrix. (b) Sparsity pattern for inverse of co-
variance matrix.

into a set of mutually independent random variables xi with
zero means and variances 1. Cholesky factorization is al-
ways feasible here, because covariance matrix is symmetric
positive definite [10].

We will now present a fast algorithm to parameterize the
Cholesky factorization of matrices with banded inverses. As
a banded matrix can be treated as a block-tridiagonal ma-
trix, we focus on the Cholesky factorization of the latter
matrix here. Due to limited space,we skip the proof here.
Refer to author’s web [1] for the detailed proof for the fol-
lowing theroem.

Theorem 2.1 Let [Ai j] , i, j = 1, . . . ,n be a symmetric pos-
itive definite block matrix with a block tridiagonal inverse,
then

chol(A) =




D1 D1R1 D1R1R2 · · · D1R1 · · ·Rn−1

D2 D2R2 · · · D2R2 · · ·Rn−1
. . . · · · · · ·

Dn




(2)

and

D1 = chol(A1),

Ri = A−1
ii Ai,i+1, i = 1, . . . ,n−1,

Di = chol(Aii −RT
i−1Ai−1,i−1Ri−1), i = 2, . . . ,n.

Hence, the Cholesky factorization can be used to decom-
pose the correlated delay variables yi, i = 1, · · · ,n into a
combination of a set of independent random variables, de-
noted as x j, such that

yi = meanxi +
n

∑
j=1

ai jx j. (3)

Let m be the block size of Aii. From Theorem 2.1, se-
quences {Di}n

i=1 and {Ri}n−1
i=1 can represent the Cholesky

factorization for matrix A. The total number of parameters
in Di and Ri is (2n− 1)m2, which is the same as the num-
ber of nonzero entries in A−1. By Theorem 2.1, calculat-
ing each Di or Ri takes O(m3) operations. Therefore, the
total number of opertations required for Cholesky factor-
ization is O((2n− 1)m3). When compared to the standard
eigen-decomposition technique for PCA [4] which takes
O((nm)3), it is evident that the exploitation of the sparsity
of the inverse of the covariance matrix offers compuational
saving of two order of magnitude when n >> m (i.e., when
the band width is small).

3 Statistical Timing Analysis

After the application of the fast decomposition technique
in Section 2, all the nodes and edges of a statistical tim-
ing graph are represented by a set of mutually independent
normal random variables. This graph is then traversed in
a breadth-first manner to find the statistically longest path.
Propagating the arrival times through the gates involves
sum and max operations. As multi-variable cases are eas-
ily broken down in to multiple two-variable operations, we
consider only two variable operations in the sequel.

Computing the mean and variance for two normal ran-
dom variables is straightforward. If X and Y are nor-
mally distributed, then Z = X +Y is also normal with mean
mean(Z) = mean(X) + mean(Y ) and var(Z) = var(X) +
var(Y )+2cov(X ,Y ).

3.1 Max of two normal random variables

The maximum of two normally distributed random vari-
ables is no longer normal. In the following, we de-
rive a closed-form expression for the distribution of Z =
max(X ,Y ).

Let X and Y be normally distributed with means µx, µy,
variances σ2

x and σ2
y , and correlation coefficient ρ. We will

use the notation ϕ(x) = (2π)−1/2exp(−x2/2) to denote the
probability density function (PDF) of the zero-mean unit-
variance normal random variable and φ(x) =

R x
−∞ ϕ(t)dt to

denote its cumulative distribution function (CDF). The joint
PDF of X and Y is

fXY (x,y) =
1

2πσxσy(1−ρ2)1/2
×

exp

(
−1

2(1−ρ2)

[
(

x−µx

σx
)2 −2ρ

(x−µx)(y−µy)
σxσy

+
(y−µy)

σy

2
])

.

(4)
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With Z = max(X ,Y ), the probability that Z ≤ z is

P(Z ≤ z) = P(X ≤ z,Y ≤ z) =
Z z

−∞

Z z

−∞
fXY (x,y)dxdy.

Hence, the PDF of Z is given by

fZ(z) =
dP(Z ≤ z)

dz
=

Z z

−∞
f (z,y)dy+

Z z

−∞
f (x,z)dx. (5)

Using straightforward manipulations, it can be shown
that

Z z

−∞
f (z,y)dy = fX (z)φ

(
z− (µy − σy

σx
ρ(z−µx))√

(1−ρ2)σy)

)
,

where fX (z) = ϕ
(

z−µx
σx

)
, i.e, the PDF of X .

Similarly,

Z z

−∞
f (x,z)dx = fY (z)φ

(
z− (µx − σx

σy
ρ(z−µy))√

(1−ρ2)σx)

)
,

where fY (z) = ϕ
(

z−µy
σy

)
, i.e, the PDF of Y .

Upon further simplication,

fZ(z) =λ1(z) fX (z)+λ2(z) fY (z), (6)

where

λ1(z) = φ
(

Z(1+ σ2
σ1

ρ)−(µy+
σ2
σ1

ρµx)√
(1−ρ2)σ2)

)
,

λ2(z) = φ
(

Z(1+ σ1
σ2

ρ)−(µx+
σ1
σ2

ρµy)√
(1−ρ2)σ1)

)
.

(7)

When ρ �= 0,

λ1(z) = φ

(
z−µy+

σy/σx
1/ρ+σy/σx

(µy−µx)
σy

(1/ρ+σy/σx)
√

1/ρ2−1

)
,

λ2(z) = φ

(
z−µx+

σx/σy
1/ρ+σx/σy

(µx−µy)
σx

(1/ρ+σx/σy)

√
1/ρ2−1

)
.

(8)

Thus, fZ , the PDF is a linear combination of two PDFs
fX and fY , with weights λ1 and λ2. With this observation,
we can analyze Z = max(X ,Y ), considering a few special
cases:

• ρ = 0. In this case, X and Y are independent, and we
have

λ1(z) = φ
(

z−µy

σy

)
, and λ2(z) = φ

(
z−µx

σx

)
.

Suppose µy � µx. As φ is a CDF, it is monotonically
increasing, and it follows that 1 > λ2(z) � λ1(z) > 0,
and thus fZ ≈ fY .Similarly, when µx � µy, fZ ≈ fX .
This conclusion makes intuitive sense: as X and Y are
uncorrelated with well-separated means, the PDF of
the one with the larger mean serves as a good approxi-
mation to the PDF of the maximum of the two.

• ρ �= 0, σy � σx, µy < µx. Then, σy/σx
1/ρ+σy/σx

≈ 0, and
therefore

λ1(z) = φ


 z−µy

σy

(1/ρ+σy/σx)
√

1/ρ2 −1


 .

Recalling that φ is the CDF of the standard normal ran-
dom variable, we note that as σy is small, λ1(z) be-
haves like a unit-step function, with the zero-to-one
transition occuring around µy. Then, as µy < µx, we
have, for z > µy, λ1(z)≈ 1, or fZ(z)≈ fX (z).Intuitively,
the Y has a smaller mean with its PDF sharply peaked
around the mean µy, and therefore, max(X ,Y ) has a
PDF that follows fX (z) for z > µy.

f
X
f
Y

λ
1

f
Z

max(τ,τ
y
) µ

x
 µ

x
−3σ

x
 

3σ
x
 

µ
x
−max(τ,τ

y
) 

Figure 4. Plot of z = max(x,y) and the weight
function.

We shall now propose a criterion for approximating
max function. Suppose µx > µy. Denote the 99th per-
centile, i.e., µ+3σ, for the distribution with CDF func-
tion λ1 as τ. Hence, from (8),

τ = µy − σy/σx

1/ρ+σy/σx
(µy −µx)+

3
σx

(1/ρ+σx/σy)

√
1/ρ2 −1.

For z > τ, λ1 > 0.99, the weight function for fX is very
close to 1. Denote the 99th percentile for y as τy,

τy = µy +3σy.

Hence,
R ∞

τy
fY (z) < 0.1. As fY (z) is a PDF func-

tion that is always positive, it follows that fY (z) is
very small when z > τy. Therefore fZ ≈ fX for z >
max(τ,τy). We can also observe from Fig. 4 that when
max(τ,τy) < µx, fz matches fx very well in the in-
terval [µx −max(τ,τy),∞]. Therefore, we use the ra-

tio µx−max(τ,τy)
3σx

as a measure to quantify how well fZ

matches fX . When the ratio is larger than a thresh-
old value, we approximate fZ by fX in our proposed
method.
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• For the remaining cases, max function is approximated
by a combination of the indenpendent bases obtained
from fast Cholesky factorization.

For example, xi = ∑n
i=1 aikvk where xi is the delay for

gate i and v j, j = 1, · · · ,n are independent bases. Due
to the independence among the bases, cov(xi,vk) = aik,
var(xi) = ∑n

k=1 a2
ik. Similarly, x j = ∑n

j=1 a jkvk and
cov(x j,vk) = a jk, var(x j) = ∑n

k=1 a2
jk. Coefficients

aik,a jk are obtained from the Cholesky factorization
of the covariance matrix for delays. The covariance
between xi and x j can be calculated by Cov(xi,x j) =
∑n

k=1 aika jk since E(vk1vk2) = 0 when k1 �= k2. Given
means, variances, and the covariance for two nor-
mal random variables, the exact mean and variance
of z = max(xi,x j) can be calculated using the for-
mula in [5]. Moreover, knowing cov(xi,vk) = aik and
cov(x j,vk) = a jk, Coefficients ak in z = ∑n

k=1 akvk can
also be calculated from the formula provided in [5] as
ak = cov(z,vk).

Based on all above analysis for the distribution of max,
our procedure to approximate max(xi,x j) is as follows:

Calculating z = Max(xi,x j)
if |µx −µy| > ε1(i.e,3) && ρ == 0

max(xi,x j)= the one with larger mean ;

elseif µx−max(τ,τy)
3σx

> ε2(i.e.,0.5)
max(xi,x j)= the one with larger mean

else
calculate meanz and varz using [5];
calculate the coefficients ak = cov(z,vk)
from cov(xi,vk) = aik, cov(x j,vk) = a jk

4 Experimental results

The proposed algorithm was implemented in Matlab,
and tested on ISCAS89 benchmark. All experiments were
run on a PC with 1.5GHz CPU and 256MB memory. We use
250nm technology. For illustration purpose, L and W are
random variables with the deviation 25% and 20% [8]. We
take the finest grid so that every gate is contained in a differ-
ent grid cell. The comparisons are made against 10,000-run
Monte Carlo simulation.

In this experiment, we use the covariance matrix ob-
tained from [11], which fits well with the measurement data
on manufactured chips. Table 1 shows the means and vari-
ances from both methods. More precisely, we use two mea-
sures to illustrate the simulation results. First, we use nor-
malized L1 norm [6], Epd f , to measure the distance between
PDF function fMC(x) obtained from Monte Carlo simula-
tion, and fFC(x) obtained from our proposed methods. Sec-
ondly, we use the relative error in 99% quantile estimation
Eτ. In (9), τMC and τFC are denoted as 99% quantiles for

the distributions obtaining from Monte Carlo method and
our proposed method.

Epd f =
R | fMC(x)− fFC(x)|dxR

fMC(x)dx
%, Eτ =

|τMC − τFC|
τMC

%. (9)

The results of the proposed method can be seen to be very
close to the Monte Carlo results: the average distance of two
PDF functions is 4%, and the average error in 99% quan-
tile estimation is 0.3%. Table 1 shows run time compari-
son. We can see the proposed method is very fast. To show
the importance of fine grid, we consider the difference be-
tween performing statistical timing analysis using fine grid
and coarse grid. The error of coarse grid are also shown in
Table 1. The average distance for PDF functions and the av-
erage error in 99% quantiles are 32% and 5% respectively.
Both of them are about 10 times worse than those obtain-
ing by fine grid. Fig 4 plots the CDF and PDF comparisons
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T
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Figure 5. Run time comparison between
Cholesky and Eigen-decomposition.

between using fine grids, coarse grids and Monte Carlo sim-
ulations for benchmark s1196 and s641. It can be observed
that the distributions obtained using our method with fine
grids match the distributions obtained from Monte Carlo
simulations almost perfectly. For Coarse grid, although the
mean value are close, the variance deviate significantly from
those of Monte Carlo. This underlines the importance of de-
veloping fast and accurate STA tools that can handle large
covariance matrix. Fig. 5 shows the improvement in run
time to decompose the correlated random variables by us-
ing cholesky based decomposition method comparing with
eigen-decomposition based method. For covariance matrix
of size 3000×3000, the existing method takes 228 seconds
to find the orthogonal basis whereas the proposed Cholesky
decomposition only takes 5 seconds.
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