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Abstract— The sparsification of the reluctance matrix L−1 (where L de-
notes the usual inductance matrix L) has been widely used in several recent
investigations to make the problem of simulation of interconnects tractable.
Although these sparsification techniques work well in practice, the stability
of these approximations has not been established, i.e., the sparsified reluc-
tance and inductance matrices are not guaranteed to be positive-definite.
In this work, we propose a band matching method that enjoys two advan-
tages: First, we exploit the elegant structure of the inverse of banded ma-
trices so as to construct an approximate inductance matrix L̃ whose band
entries match the band entries of original L, and whose inverse is a banded
matrix. This approach yields a compact representation of both inductance
and reluctance matrices. Second, we establish that the compact approxi-
mant L̃ is guaranteed to be positive-definite. Simulation results show that our
approach enjoys an approximation accuracy that is comparable to that of
existing methods.

I. INTRODUCTION

With the aggressive scaling of VLSI technology, the prob-
lem of accurate modeling of interconnects has become in-
creasingly important. The Partial Element Equivalent Circuit
(PEEC) model has been widely used to analyze on-chip inter-
connects [13]. However the (partial) inductance matrix L [12]
obtained from the PEEC model is large and dense. Using L di-
rectly in the simulation of interconnects typically places unreal-
istic demands on both simulation time and memory. A standard
approach to address this issue is that of sparsification of L. An-
other, more recent, approach involves the sparsification of the
(partial) reluctance matrix L−1 (rather than directly sparsifying
L) [9], [6], [5], [7], [2], [3], [4], [16].

The direct truncation of L, i.e., setting to zero off-diagonal
terms that are smaller in magnitude than a threshold, may result
in an approximate inductance matrix that is not positive-definite,
with the consequence that the simulation is unstable. An alter-
native to simple truncation, the shift-truncate method method
proposed in [9], [6], can guarantee that the approximate induc-
tance matrix is positive definite; however, this comes at a cost of
loss of accuracy [5], [7]. Devgan et al. [5], noting that the off-
diagonal entries of L−1 diminish much faster than those in L,
proposed the sparsification of L−1 , the reluctance matrix. The
resulting truncated L−1 (denoted as L̄−1) can reduce the num-
ber of coupling terms and speed up the simulation. However,
L−1 needs to computed first, which is prohibitively expensive.
Several window-based techniques have been used to approxi-
mate L̄−1 [7], [3], [4]. In such techniques, a small inductance
sub-matrix of wires strongly coupled to the wire of interest is
inverted, and the corresponding row (or column) of the wire of
interest in the inverse forms the significant entries in the approx-
imate matrix (denoted as L̂−1). While sparsification of the re-
luctance matrix offers better simulation accuracy than the direct

sparsification of L, we note that stability of the approximation is
not guaranteed with this approach either.

In [7], [4], special-purpose simulation tools that can handle
reluctance elements directly have been developed. To avoid the
reluctance element in simulation, the approximate reluctance
matrix (L̄−1 or L̂−1) can be inverted to obtain a new dense in-
ductance matrix, which is again not suitable for efficient simu-
lation. The approach used in [2] is to further sparsify the matrix
L̄: By using exponential potentials, the sparsified L̄ matrix can
be calculated directly [3]. A second approach is the wire du-
plication method proposed in [16] that constructs, in the induc-
tance domain, a circuit that is equivalent to a sparse reluctance
matrix for the efficient simulation of reluctance elements. It has
also been shown in [10], [15], [8] that representing a reluctance
matrix with an equivalent circuit that consists of only resistors
and controlled voltage and current sources can also speed up its
simulation tremendously.

In summary, it is fair to say that most recent efforts in the
modeling, analysis, and simulation of on-chip interconnects
have largely been driven by the sparsification of L−1 , owing to
the better simulation accuracy obtained as compared with the
direct sparsification of L. However, the stability of these spar-
sification techniques has not been established; the sparsified L
and L−1 matrices may not be positive definite.

In this work we present a band matching method for the ap-
proximation of the inductance matrix for n aligned parallel wires
in a single layer. The band entries of the approximate inductance
matrix, denoted as L̃, match those of L. Our model has several
advantages: (i) L̃−1 is sparse. (ii) L̃ preserves stability, i.e., it
is guaranteed to be positive definite. (iii) Not only can L̃−1 be
modeled compactly, it takes only O(n) parameters to model L̃,
and O(n) operations to compute it. (iv) Perhaps less significant,
the physical interpretation of the entries of the inductance ma-
trix within the remains intact. Simulation results show that the
proposed model is highly accurate.

II. COMPACT MODELING: A SIMPLE EXAMPLE

In [16] it has been observed that a dense matrix whose inverse
is banded contains redundant information. If A is a n×n banded
matrix with bandwidth 2b + 1 and B = A−1 , the significant en-
tries of A can be computed by using only a subset of the matrix
B. We take the intersection of rows i− b to i + b and columns
i− b to i + b of B to form a sub-matrix. Then, the center row
and center column of the inverse of the sub-matrix are identical



to the ith row and ith column of the A matrix:

A(i, i−b : i+b) = (B(i−b : i+b, i−b : i+b))−1(b+1, :),

A(i−b : i+b, i) = (B(i−b : i+b, i−b : i+b))−1(:,b+1).
(1)

Here, A(i : j,m : n) refers to the sub-matrix at the intersection
of rows i to j and columns m to n of A, A(:,m) refers to column
m and A(i, :) refers to row i.

We shall reveal in this section that not only does B contain
redundant information, it has an elegant structure that leads to a
compact model.

Consider for example a dense symmetric matrix B, whose in-
verse is tridiagonal. We can obtain B−1 by using only the band
entries of B. Using such an approach, only 3n− 2 entries of B
are required to compute B−1 . However, all the n(n+1)/2 entries
would be required if we were to invert the B directly. Therefore,
we can conclude that at most 3n−2 entries of B are independent.
The remaining entries of B can be derived from these indepen-
dent entries. Moreover, B−1 has only 2n−1 significant entries.
It would appear that even the 3n− 2 band entries of B contain
redundancy.

Indeed, we shall now show that only 2n− 1 parameters are
required to describe B. First, we introduce the following lemma,
which is from [11]:

Lemma II.1: ([11]) Let A ∈ Rn,n be a symmetric, irreducible,
and nonsingular matrix. A is tridiagonal if and only if B =
[bi, j] = A−1 is given by two sequences of numbers such that

B =








u1v1 u1v2 · · · u1vn

u1v2 u2v2 · · · u2vn
...

...
. . .

...
u1vn u2vn · · · unvn








, or bi, j =

{

uiv j i ≤ j;

u jvi i ≥ j.

(2)

A more elegant way to describe B is to represent it as the
Hadamard product of two matrices, which is defined as follows:

Definition 1: The Hadamard product of X = [xi, j] and Y =
[yi, j] is defined by X ◦Y = [xi, j× yi, j].

Hence, matrices of the form in (2) can be written as

B =








u1 u1 · · · u1

u1 u2 · · · u2
...

...
. . .

...
u1 u2 · · · un








︸ ︷︷ ︸

U

◦








v1 v2 · · · vn

v2 v2 · · · vn
...

...
. . .

...
vn vn · · · vn








︸ ︷︷ ︸

V

, (3)

where the matrices U and V form so-called “type D” and
“flipped type D” matrices respectively.

Given B, whose inverse is tridiagonal, we can compute a se-
ries of parameters {ui}

n
i=1 and {vi}

n
i=1 as follows:

u1 = 1, ui =
bi,i

bi−1,i
ui−1, v1 = b1,1, vi =

bi−1,i
ui−1

. (4)

Only the tridiagonal entries of B are required for the calculation
of {ui}

n
i=1 and {vi}

n
i=1. In other words, B can be compactly

described by 2n− 1 parameters, and the parameterization of B
can be performed with O(n) complexity.

The above mathematics underlies our proposed band match-
ing method for a compact modeling of inductance and reluc-
tance matrices. The key idea of our method is that we construct
an approximate inductance matrix, denoted as L̃, whose band
entries match those of the original L matrix, and whose inverse
is banded.

A few observations of our band matching method can be
made: (i) The physical meaning of inductance within the tridi-
agonal band of L̃ is preserved. (ii) L̃ is a Toeplitz matrix, which
accurately reflects the uniform structure of the layout. (iii) It
requires only O(n) computation to construct L̃ and L̃−1.

We prove in the next section that L̃ is guaranteed to be
positive-definite whenever L is positive-definite.

III. BAND MATCHING METHOD

In the preceding section, we used the example of tridiagonal
reluctance matrices to illustrate the idea underlying our method.
In practice, banded matrices with a bandwidth 2b + 1 are used
(with tridiagonal matrices corresponding to the case b = 1) [5],
[7], [3], [4], [16]. In the context of our band-matching method,
this translates into constructing an approximate inductance ma-
trix L̃, whose entries in the band of width 2b + 1 match those
of L. In the following, we shall show that the techniques that
we presented in Section II readily extend to the compact model-
ing of L̃ (and hence, L̃−1). We will also formally prove that the
resulting approximate L̃ is stable.

First, we generalize the definition of Hadamard product.

Definition 2: The Hadamard product of X = [xT
i, j] and Y =

[yi, j] is defined by X ◦Y = [xT
i, j× yi, j], where xi, j,yi, j ∈ Rb .

For example, if the vectors u1,u2, v1 , and v2 are of the same
dimension b,

[

uT
1 uT

1

uT
1 uT

2

]

◦

[

v1 v2

v2 v2

]

=

[

uT
1 v1 uT

1 v2

uT
1 v2 uT

2 v2

]

.

Next, we present the generalization of Lemma II.1:

Lemma III.1: ([11]) : Let A ∈ Rn,n be symmetric, irreducible,
and nonsingular. A has a bandwidth of 2b + 1 if and only if
B = [bi, j] = A−1 is given by two sequences of vectors {u}n

i=1,
{v}n

i=1, ui,vi ∈ Rb such that

B =








uT
1 uT

1 · · · uT
1

uT
1 uT

2 · · · uT
2

...
...

. . .
...

uT
1 uT

2 · · · uT
n







◦








v1 v2 · · · vn

v2 v2 · · · vn
...

...
. . .

...
vn vn · · · vn








.

Given B whose inverse has a bandwidth of 2b + 1, a set of
corresponding parameterization vectors {u}n

i=1, {v}n
i=1, ui,vi ∈

Rb , can be computed as follows.

For i ≤ b:

ui = ei, vi = B(1 : b, i).



For b < i ≤ n:

ui =







vT
i

vT
i−1
· · ·

vT
i−b+1







−1 





B(i, i)
uT

i−1vi

· · ·
uT

i−b+1vi







vi =







uT
i−2

uT
i−1
· · ·

uT
i−b−1







−1 





B(i−2, i)
B(i−1, i)

· · ·
B(i−b−1, i)







.

The parameterization of L̃ from L requires O(nb3) computation,
where the O(b3) complexity is due to the b×b matrix inversions
required. The construction of L̃−1 from L̃ also required O(nb3)
computation. Moreover, both L̃ and L̃−1 can be compactly mod-
eled with O(nb) parameters. As n >> b, our proposed band
matching method has linear time and space complexity.

In the remainder of this section, we prove the stability of our
method. First, we introduce the notation and definitions used in
the proof. We denote the minor formed from the rows i1, · · · , ik

and columns j1, · · · , jk of A by A

(
i1, · · · , ik
j1, · · · , jk

)

, where, 1 ≤

i1 < · · ·< ik ≤ n, 1 ≤ j1 < · · ·< jk ≤ n.
Definition 3: A matrix A is upper (lower) p-banded if Ai j = 0

for j− i ≥ p (i− j ≥ p).
Definition 4: A matrix B has vanishing super-p-minors (sub-

p-minors) if B

(
i1, · · · , ip

j1, · · · , jp

)

= 0 for all indices that satisfy

the condition j1 > ip − p+1 (i1 > jp − p+1).
The following two lemmas from [1] play an important role in

proving the stability of our approximation.
Lemma III.2: ([1]) A nonsingular matrix A is upper (lower)

p-banded if and only if A−1 has vanishing super-p-minors (sub-
p-minors).

Lemma III.3: ([1]) If B is an n × n matrix with vanishing
super-p-minors (sub-p-minors),

(d1d2 · · ·dn−p)det B = D1D2 · · ·Dn−p+1

where

dk = B

(
k+1, · · · , k+ p−1
k+1, · · · , k+ p−1

)

, k = 1, · · · ,n− p,

Dk = B

(
k, · · · , k+ p−1
k, · · · , k+ p−1

)

, k = 1, · · · ,n− p+1.

We are now ready to prove the stability of our proposed
method:

Theorem III.1: Suppose that L is positive definite. Then the
matrix L̃ whose entries match those of L in the band of width
2b+1, and whose inverse is 2b+1-banded, is also positive def-
inite.

Proof:
For any n×n matrix A, let Am denote the m×m matrix in the

top left-hand corner of A for m = 1, . . .n. Then, a necessary and
sufficient condition for L̃ to be positive definite is that det L̃m > 0
for m = 1, . . .n; see for example, [14].

First consider the case when m ≤ b+1. Then,

det L̃m = det Lm > 0.

(The equality follows from the fact that the entries of L̃ match
those of L in the band of width 2b + 1. The inequality follows
from the positive definiteness of L.)

Now, consider the case when m > b+1. It is readily verified
that as a consequence of the inverse L̃ being banded, the matrices
L̃m are also parametrized by two sequences of vectors {u}m

i=1,
{v}m

i=1, ui,vi ∈ Rb such that

L̃m =








uT
1 uT

1 · · · uT
1

uT
1 uT

2 · · · uT
2

...
...

. . .
...

uT
1 uT

2 · · · uT
m







◦








v1 v2 · · · vm

v2 v2 · · · vm
...

...
. . .

...
vm vm · · · vm








.

From Lemma III.1, it follows that the matrix L̃−1 is a banded
matrix with bandwidth 2b + 1. From Lemma III.2, we obtain
that L̃m has vanishing super- and sub-(b+1)-minors. Hence, by
Lemma III.3

det L̃m =
Dm,1Dm,2 · · ·Dm,m−b

dm,1dm,2 · · ·dm,m−b−1
,

where

dm,k = L̃m

(
k+1, · · · , k+b
k+1, · · · , k+b

)

, k = 1, · · · ,m−b−1,

Dm,k = L̃m

(
k, · · · , k+b
k, · · · , k+b

)

, k = 1, · · · ,m−b.

Note that dm,k and Dm,k depend only on the band entries of L̃m.
As all the entries within the 2b+1 band of L̃ are the same as the
entries within the 2b+1 band of L,

dm,k = Lm

(
k+1, · · · , k+b
k+1, · · · , k+b

)

, k = 1, · · · ,m−b−1,

Dm,k = Lm

(
k, · · · , k+b
k, · · · , k+b

)

, k = 1, · · · ,m−b.

As L is positive definite, we have that all the dm,k and Dm,k are
positive [14]. Therefore det L̃m > 0, for the case m > b + 1 as
well, concluding the proof. 2

IV. EXPERIMENTAL RESULTS

We consider a bus with 64 signals, with each wire of length
1mm and cross-section of 1µm×1µm, and with a wire separa-
tion of 1µm. The wires were divided lengthwise into five seg-
ments. The driver resistance was assumed to be 30Ω and the
load capacitance 40fF. HSPICE was used to obtain the simula-
tion results.

A 1 V ramp input was applied to the first signal with the rest
of the signals being quiet. We simulated the output from the
first and second signals, using the L̄ method [5], the window-
based method [7], [3], [4], the wire duplication method [16],
and finally the band-matching method described in this paper.
The bandwidth that was used with all the method was seven.
Simulation with the true L matrix (without any approximation)
was used as the standard for comparison. All the approximate
simulation methods took roughly the same time, as they enjoy
the same sparsity in the reluctance matrix.

Figure 2 shows a plot of the errors in the voltages of the first
signal using different method. Figure 4 shows the errors for the
second signal. It is evident that all of the approximate methods
yield comparable simulation accuracy.



V. CONCLUSION

We have presented an approach towards obtaining compactly-
parametrized approximations to inductance matrices. Apart
from acceptable approximation accuracy, the compact models
also are provably stable. The work presented in this paper fo-
cuses on modeling wires in a single layer; the extension to multi-
layer systems is currently under investigation.

0.00E+000
 2.00E-010
 4.00E-010
 6.00E-010
 8.00E-010
 1.00E-009
 1.20E-009


0.0


0.2


0.4


0.6


0.8


1.0


1.2


1.4


 


 


V
ol

ta
ge

 (
v)




Time (s)


Full matrix
L̄−1 method [5]

L̂−1 method [3]
Band matching (using L̃)

Wire duplication [16]

L̂−1 method from [4,7]

Fig. 1. Voltage on the first signal, simulated via the different methods.

0.00E+000
 2.00E-010
 4.00E-010
 6.00E-010
 8.00E-010
 1.00E-009
 1.20E-009


-0.03


-0.02


-0.01


0.00


0.01


0.02


0.03


 


 


V
ol

ta
ge

 (
V

)


Time (s)


L̄−1 method [5]

L̂−1 method [3]
Band matching (using L̃)

Wire duplication [16]

L̂−1 method from [4,7]

Fig. 2. Simulation error for the first signal voltage.
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