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Abstract

A wide variety of problems in system theory can be
formulated (or reformulated) as convex optimization
problems involving linear matrix inequalities (LMTs),
that is, constraints requiring an affine combination of
symmetric matrices to be positive semidefinite. Impor-
tant examples are the analysis of and design for uncer-
tain systems, and optimal digital filter design and re-
alization. For a few very special cases, there are “ana-
lytical solutions” to LMI optimization problems, but in
general they can be solved numerically very efficiently.
Thus, the reduction of a problem from system theory
to an optimization problem based on LMIs constitutes,
in a sense, a “solution” to the original problem. Our
objective in this paper 1s to focus on the application of
LMTI optimization to problems from signal processing.

1 Introduction

A wide variety of problems in system theory can be
reduced to a handful of standard convex and quasicon-
vex optimization problems that involve linear matrix
inequalities or LMIs, that is constraints of the form

m
F(z)2 Fo+ Y #:F; >0, (1)
i=1
where z € R™ is the variable, and F; = FZ»T €
R™ "™ i=0,...,m, are given. Though the form of the
LMI (1) appears very specialized, it turns out that it
is widely encountered in system and control theory. A
comprehensive list of examples can be found in [1, 2, 3].
For a few very special cases there are “analytical solu-
tions” to LMI optimization problems, but in general
they can be solved numerically very efficiently. Indeed,
the recent popularity of LMI optimization for control
can be directly traced to the recent breakthroughs in
interior point methods for LMI optimization (see for
example, [4, 5, 6, 7]). The growing popularity of LMI
methods for control is also evidenced by the large num-
ber of publications in recent control conferences.
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While much of the research effort in the application of
LMI optimization has been directed towards problems
from control theory, many of the underlying techniques
extend to problems from other areas of engineering as
well, for instance, truss topology design [8] and VLSI
design [9, 10]). Our objective, in this paper, is to de-
scribe the application of LMI optimization towards the
solution of problems from signal processing.

2 Optimization based on Linear Matrix
Inequalities

Recall the definition of a linear matrix inequality:

m
F(z) 2 Fy —}—Emiﬂ' > 0,
i=1
where z € R™ is the variable, and F; = FZ»T €
R™ "™ i=0,...,mare given. The set {z | F(z)> 0}
is convex, and need not have smooth boundary. (We
have used strict inequality mostly for convenience; in-

equalities of the form F(z) > 0 are also readily han-
dled.)

Multiple LMIs Fy(z) > 0,..., Fy(z) > 0 can be ex-
pressed as the single LMI

diag (Fi(z),..., Fu(z)) > 0.

When the matrices F; are diagonal, the LMI F(z) > 0
is just a set of linear inequalities. Nonlinear (convex)
inequalities are converted to LMI form using Schur
complements. The basic idea is as follows: the LMI

| S5 oD > @

where Q(z) = Q(z)T, R(z) = R(z)?, and S(z) depend

affinely on z, is equivalent to
R(z) >0, Q(z) — S(x)R(z)7'S(x)T >0. (3)

In other words, the set of nonlinear inequalities (3) can
be represented as the LMI (2).



The constraint
Tr S(z)" P(z)7'S(z) < 1, P(z) >0, (4)

where P(z) = P(z)T € R**” and S(z) € R"*? de-
pend affinely on z, is handled by introducing a new
(slack) matrix variable X = X7 € R?*? and the LMI
(in z and X):

TrX < 1, [SE;) ‘iﬁfg]>o. (5)

We often encounter problems in which the variables are
matrices, e.g.,

ATPp+PA<O,

where A € R"*" is given and P = PT is the variable.
In this case we will not write out the LMI explicitly
in the form F(z) > 0, but instead make clear which
matrices are the variables.

Two standard LMI optimization problems are of inter-
est:

e LMI feasibility problem. Given an LMI F(z) > 0,
the corresponding LMI feasibility problem is to find
z2 such that F(2™2%) > 0 or determine that the LMI
is infeasible. (By duality, this means: find a nonzero
G > 0 such that TrGF; = 0 for ¢ = 1,...,m and
Tr GFy < 0.) This is a convex feasibility problem.

o Semidefinite Programming problem (SDP). An SDP
requires the minimization of a linear objective subject
to LMI constraints:

Minimize Tz

subject to  F(z) >0

where ¢ is a real vector, and F' is a symmetric matrix
that depends affinely on the optimization variable x.
This is a convex optimization problem.

Both these problems can be numerically solved very
efficiently, using currently available software [11, 12].
Thus, the reduction of a problem from signal processing
to an LMI problem can be thought of as providing a
“solution” to the original problem.

3 Filter design constraints as LMI
constraints

The problem we consider is that of designing a digi-
tal filter as a linear combination of given stable basis
transfer functions:

H(z,0) = Z&Hi(z),

where H; are fixed transfer functions and 6; are the
parameters to be determined. We now describe how

a number of commonly encountered design constraints
on H can be reformulated as LMI constraints on #; also

see [13].

3.1 Pointwise frequency-domain equality con-
straints
Consider the constraint:

H(Zi,g):fi, i:l,...M,

where z; and f; are some specified complex numbers.
This constraint immediately yields M linear equality
constraints on 6.

3.2 Pointwise norm upper bounds on the trans-
fer function
Consider the constraint:

O'max(H(ZZag))Sgla 1=1,... M, (6)

where z; € C and g; > 0 are specified. This constraint
yields M LMI constraints on 6 as follows. For every i,
the constraint omax(H (2i,0)) < g; is equivalent to

H(z,0)" H(z;,0) < g1,
which, from (2) and (3), is equivalent to the LMI

gif H(ZZ', 9)*

Note that when H(z,#) is a scalar transfer function,
(6) represents magnitude constraints on the transfer
function, and therefore results in quadratic constraints
on 6. In addition, when the z;s lie on the unit circle,
(6) represents upper bounds on the frequency response
magnitude.

3.3 Pointwise time-domain constraints
Consider the constraint:

The response y of the filter H(z,8) to a ref-
erence input uper satisfies

ylb(k) < y(k) < yub(k)a k=1,...N,
where y, and y,, are specified functions.

This constraint is immediately shown to yield 2N linear
constraints on # as follows: With § denoting the z—
transform of y, we have

g = H(Z, e)ﬂrefa
so that y(k) is a linear function of # for every k.
3.4 Upper bounds on the H; norm

The Hy norm of the transfer function G(z) of a linear
system is defined as

|Gl = \/%/0 WTI‘ (G(ejw)G(ejw)*) dw

> T (g(k)g(k)T), (7)



where g is the inverse z transform of G. (Note that
the Hs norm of FIR filters is simply the square-root of
the sum of the squares of the filter coefficients.) The
H; norm measures the RMS value of the output of
the system when it is driven by white noise with unit
power spectral density. Given a state-space realization
(A, B,C, D) of G, the quantity ||G||2 can be calculated
as follows. Starting with (7), note that

G113

Tr DDT + > Tr (CA*BBT(AT)FCT)
k=0
= TrDD' + TrCW.C7T,

where W, is the controllability Gramian of the realiza-
tion (A, B, C, D), given as the solution to the Lyapunov
equation

AW.AT —W. + BBT =0. (8)

Consider an upper bound on the Hy norm of H(z,#):
1Hl2 < p. (9)

We now show how this constraint yields an LMI
constraint on . First, note that since H depends
affinely on @, there exists a state-space realization
(A, B,C(6),D(#)) for H, where A and B are constant
matrices and C' and D depend affinely on 6. Then, the
constraint (9) is equivalent to

Tr D(0)D(0)" + Tr C(OW.C(0)T < 12,

where W, is given by (8). From (4) and (5), this con-
straint 1s equivalent to the LMI constraint

X C) DO
TeX <p? | COT W7t 0 > 0.

DHT 0 I

3.5 Upper bounds on the H,, norm
The Ho, norm of a transfer function G(z) is defined as

1Gllec = sup Tmax (G(2)).
|z|>1

The H, norm equals the “energy-gain” of the system:
It 1s the largest value, over all possible inputs of unit
energy, of the energy of the output of the system, i.e.,

s o ST y(h)
Gl = o s w T u(d)

where y is the output of the system corresponding to
the input u. The H, norm also equals the “RMS-gain”
of system.

Given some 5 > 0, the Bounded Real Lemma
(also known as a Kalman-Yakubovich-Popov (KYP)
Lemma; see for example, [1] and the references therein)

enables us to write down a LMI condition for the con-
straint ||H||cc < 7: Given a state-space realization
(A, B,C, D) of G, the condition ||G||sc < 7 holds if and
only if there exists a symmetric matrix P such that the

following LMI holds:

ATPA-P ATPB cT
BTpA  BTPB-~I DT | <.
C D —~T

The Bounded Real lemma immediately enables the re-
formulation of an upper bound on the H,, norm of
H(z,9),

[[Hlloo <, (10)

as an LMI constraint on 6. Let (A, B,C(#), D(#)) be
a state-space realization for H, where A and B are
constant matrices and C' and D depend affinely on 6.
Then, the constraint (10) is equivalent to the LMI con-
straint

ATpA—-P  ATPB cor
BTPA  BTPB—~I D@T | <0. (11)
C(0) D(6) —I

Note that the LMI (11) is equivalent to the con-
straint (10), without any frequency sampling.

3.6 Passivity constraints
A system with input u and output y is said to be passive
(strictly passive) if for some real # and € > 0 (resp.

€>0),
N T : N T
2 p=o (k) y(k) > 2€) 5o u(k) u(k) — 8
for all N > 0 and all u.

When the input and output are power-conjugate quan-
tities (i.e., their product has the interpretation of
power), a strictly passive system is “dissipative”, i.e.,
dissipates energy. It turns out that a stable linear sys-
tem with transfer function H is passive (resp. strictly
passive) if and only if for some ¢ > 0 (resp. € > 0),

H(z)+ H(2)" > 2eI for all z € C with |z] = 1. (12)

This latter condition is equivalent, via the Positive-real
Lemma (also known as a KYP Lemma,; see for exam-
ple, [1] and the references therein), to the existence of
P = PT such that the LMI

ATPA—P ATpB - CT <0
BTPA—-C BTPB+2d—-(D+DT) | =
holds. Thus the condition that the linear system with
transfer function H(z,#) is passive is equivalent to the
LMIin P, ¢ > 0 and 6,

ATPA—P  ATPB—C(0)T

BTPB + 2 <0, (13)

BIPA=CO) (D) + poy)
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Figure 1: Schematic diagram of a two-path communica-
tion channel.

where (A, B,C(0), D(#)) is a state-space realization of
H with A and B constant, and C' and D being affine in
. Once again, note that the LMI (13) is equivalent to
the constraint (12), without any frequency sampling.

4 An application: Optimal Equalizer
Design for Multi-Path Communication
Channels

We describe an application of LMI optimization to-
wards the design of zero-forcing equalizers for multi-
path communication channels. For simplicity, we con-
sider below a simplified version of the equalizer design
problem. For more detail, we refer the reader to [14].

Consider a two-path communication channel shown in
Fig. 1. Here H; and Hs are estimates of the trans-
fer functions of the two paths, realized for example
through two separate antenna elements at the receiver.
Sensor noises are assumed to be uncorrelated and white
for simplicity.

The general design objective is to design FIR filters G
and G5 so that

e (G1 and G5 equalize, that is H1G1 + HoGy = 1;
and

e the RMS value of the output due to sensor noise
is minimized.

In practice, delays inherent in the system mean that
rather than having H1G1 + HyGs = 1, it is more real-
istic to require that Hy(2)G1(2) + Ha(2)Ga(z) = 279,
where d is the equalizing “delay”. Moreover, in prac-
tice, the channel transfer functions H; and H, are
known only approximately. Therefore, rather than
equalize ezactly, it may be advantageous to deliberately
allow equalizing error, with the hope that the freedom
afforded thus can be used to mitigate the effect of sen-
sor noise. We therefore require that

Hi(2)G1(2) + Ha(2)Ga(2) = 277,

with the approximation error quantified by
Hz_d — Hi(2)G1(z) — H2(z)G2(z)Hoo .

(Roughly speaking, the approximation error is allowed
“uniformly” across frequency.) From the discussion
in §3.4, the RMS value of the output due to noise is
[|G1]|3+||G2l|3, and therefore the underlying optimiza-
tion problem is to design FIR G1, G2 of some prespec-
ified order M, subject to
Hz_d — H1(2)G1(2) — Hz(z)Gz(z)Hoo e (14)
IG5+ 1IG=ll3 < 0 (15)

Questions that arise are: What is the tradeoff between
€, 1, d and M? What are the optimal filter coefficients?

VANVAN

These questions are readily answered using the results
in §3. Let # be the vector consisting of the impulse
response coefficients of Gy and G4 (i.e., the design pa-
rameters). Then, it is easy to write down a state-space
realization (A, B,C(6), D(0)) of z=% — Hi(2)G1(z) —
H3(2z)G2(z), where A and B are constant matrices and
C and D depend affinely on §. Then, from the dis-
cussion in §3.5, constraint (14) can be reformulated as
an LMI with # and ¢ as some of the optimization vari-
ables. Constraint (15) can be similarly reformulated as
an LMI in variables that include # and 5, from the dis-
cussion in §3.4. Therefore, for fixed d and M, the study
of the tradeoff between € and 71 can be efficiently per-
formed via LMI optimization. In addition, for varying
d and M, one may obtain a family of tradeoff curves,
yielding valuable information.

We now present a simple numerical example that illus-
trates these ideas. The Bode magnitude plots of the
channel transfer functions are shown in Fig. 2.

We now consider the case when: (i) There is no equal-
ization delay, i.e., d = 0. (ii) Each equalizer has three
taps, i.e., M = 3. (iii) The equalization error ¢ = 0.001.
The design objective is to obtain G1, G2 so as to min-
imize 7.

Fig. 3 shows the Bode magnitude plots of the opti-
mal equalizers designed using LMI optimization. Fig. 4
shows the Bode magnitude plot of the resulting equal-
izer error transfer function. It can be seen that as ex-
pected, the peak value of the error magnitude is 0.001.

We next explore the tradeoff between € and 5. Fig. 5
shows the plot of the lowest achievable RMS value of
the output for various values of equalization error. As
expected, 1t can be seen that the effect of noise de-
creases monotonically with the allowed equalization er-
ror. While small values of permissible equalization er-
ror are sensible, allowing for very large equalization
error defeats the very purpose of equalization. Indeed,
it can be argued that large equalization errors corre-
spond to allowing large intersymbol interference, which
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Figure 2: Bode magnitude plots of the two channel trans-
fer functions (H1 shown solid and H> shown
dotted). The channels each have a notch, at
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Figure 4: Bode magnitude plots of the equalizer error
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will eventually lead to poor system performance. For
further discussion of this point, as well as a plot of bit
error rate curves, see [14].

5 Extensions

We now present two extensions of the development

in §3.

5.1 FIR filter design with upper and lower mag-
nitude constraints

Often, it 1s desirable to design filters that satisfy lower
bound constraints on the frequency response magni-
tude. However, the development in §3 cannot directly
handle such constraints, as they turn out to be non-
convex constraints on the parameters 6. As a specific
example, consider the problem of designing an FIR fil-
ter with only magnitude constraints of the form

ILB(z)| < [H(2)| < [UB(z)], 2] =1,

where H(z) = Z?;Bl h;z=%*, and LB and UB are
proper rational functions of z.

Defining G(z) = H(z)H(1/z), we observe that G must
satisfy

LB(z)LB(1/z) < G(z) < UB(2)UB(1/2), |z|=1.

These constraints on G can be reformulated as LMI
constraints, without frequency sampling, using the
Positive-Real Lemma (see §3.6); thus, G can be de-
signed efficiently using LMI optimization. H can be
recovered from G via spectral factorization [15, 16].

5.2 Minimum-phase filter design

Consider the problem of designing a stable, stably in-
vertible filter H subject to a number of magnitude and
phase constraints. Equivalently, one may design G such
that H(z) = %) with the following advantages:



e Constraints on the frequency response magnitude
become constraints on (G(z) + G(2)")] |2, -

e Constraints on the frequency response magnitude
roll-off become constraints on

d *
—(G) + G

|z|=1

e Constraints on the frequency response phase be-
*
come constraints on (ﬂ]il + (ﬂ]ﬂ) ) et
z|=1

e Constraints on the group delay become con-
straints on

(e ()

All these constraints can be exactly reformulated
as LMI constraints using the Positive-Real Lemma

(see §3.6); once G is designed, H can be recovered as
G2,

|z|=1

We note that while the problem of implementing e (*)
remains, this approach can be used to verify the feasi-
bility of the design constraints, as well as to determine

the limits of achievable designs.

6 Conclusion

Optimization based on Linear Matrix Inequalities has
come to be recognized as an important tool in control.
However, the very same techniques used to reformulate
problems from control theory to LMI problems can be
immediately applied to problems from signal process-
ing, as we have shown in this article. Considerable
research effort is currently being devoted by optimiza-
tion theorists towards the numerical solution of LMI
problems. This, coupled with the ever-increasing gains
in computing power, means that a number of problems
from signal processing can be very efficiently “solved”
using LMI optimization. Issues such as the design of
special-purpose hardware for solving large-scale LMI
problems that arise in signal processing remain to be
explored.
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