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Summary. We discuss fast implementations of primal-dual interior-point methods
for semidefinite programs derived from the Kalman-Yakubovich-Popov lemma, a
class of problems that are widely encountered in control and signal processing appli-
cations. By exploiting problem structure we achieve a reduction of the complexity by
several orders of magnitude compared to general-purpose semidefinite programming
solvers.

1 Introduction

We discuss efficient implementations of interior-point methods for semidefinite
programming problems (SDPs) of the form

minimize ¢Tz + Zﬁ:l Tr(QrPr)

Agpk + P, A P.B:
ngk 0

(1)

P
subject to ] +inMki = Ni, k=1,...,L.
i=1

The optimization variables are x € RP and L matrices P, € S™*, where S"
denotes the space of symmetric matrices of dimension n x n. The problem
data are ¢ € R?, Q) € 8™, A, € R™*™ B, € R™* ™ M, € S" T
and Nj, € 8" 1T™k If n, = 0, the kth constraint is interpreted as the linear
matrix inequality (LMI) >°*_| @;M},; = Nj. The SDPs we study can therefore
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include arbitrary LMI constraints. At the end of this section we will list several
assumptions made about the problem data. The most important of these
assumptions is that (Ay, By) is controllable for k =1,..., L.

We refer to SDPs of the form (1) as KYP-SDPs, and to the constraints in
the problem as KYP-LMIs, for the following reason. The Kalman-Yakubovich-
Popov (KYP) lemma states that the semi-infinite frequency domain inequality

{(jwf —IA)_lB} Y, {Uw[ _IA)_lB] -0, wER, (2)

where A € R™*" does not have imaginary eigenvalues, holds if and only if the

strict LMI
[ATP + PA PB

BTP 0

with variable P € S™ is feasible. Moreover, if (A, B) is controllable, then the
nonstrict frequency domain inequality

(Ut = O8] [ 078 o wer,

[ +2r-0

1 I
holds if and only if the nonstrict LMI

T
{A I;T_FPPAPOB}‘FMEO (@)
is feasible (for a discussion of these results from a semidefinite programming
duality perspective, see [BV03]). The KYP lemma forms the basis of some
of the most important applications of SDPs in control; see, for example,
[BEFB94, Ran96, HB99, OB99, MR97, J6n96, BW99, HV01].

The constraints in the KYP-SDP (1) have the same general form as (4),
with M replaced with an affine function of the optimization variable x. If
Qr = 0, the KYP-SDP is therefore equivalent to the semi-infinite SDP

min. ¢7x
. o -1 * . o —1
st [V ATB N (@) - i [URT AT B g (9)
k=1,...,L,
with variable z, where My(z) = Y% | x;Mj,;. More details and examples,

including some applications in which @y # 0, are given in §2.

KYP-SDPs are difficult to solve using general-purpose SDP software
packages [Stu01, TTT02, AHNT97, FKN98, Bor02, BY02, GN95, WB96].
The difficulty stems from the very high number of optimization variables
(p+ > ni(nk + 1)/2). Even moderate values of ny (say, a few hundred) re-
sult in very large scale SDPs, with several 10,000 or 100,000 variables. This
is unfortunate, because in many applications the variables Py are of little
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intrinsic interest. They are introduced as auxiliary variables, in order to con-
vert the semi-infinite frequency-domain constraint (3) into a finite-dimensional
LMI (4).

For this reason, several researchers have proposed alternatives to standard
interior-point methods for solving KYP-SDPs. These methods include cutting-
plane methods (such as the analytic center cutting-plane method) [Par00,
KMO01, KMJ01, KMJ03, Hac03], interior-point methods based on alternative
barrier functions for the frequency-domain constraint [KMO1], and interior-
point methods combined with conjugate gradients [HV00, HV01, WHVO03,
GHO03|.

In this paper we examine the possibility of exploiting KYP-SDP prob-
lem structure to speed up standard primal-dual interior-point methods of the
type used in state-of-the-art solvers like SeDuMi [Stu01, Stu02] and SDPT3
[TTTO02]. Straightforward linear algebra techniques will allow us to imple-
ment the same interior-point methods at a cost that is orders of magnitude
less than the cost of general-purpose implementations. More specifically, if
ng=mn,mp=1for k=1,...,L, and p = O(n), then the cost per iteration
of a general-purpose solver grows at least as n% as a function of n. Exploiting
structure will allow us to reduce the complexity per iteration to n3. Similar
results have previously been obtained for dual barrier methods applied to spe-
cial classes of KYP-SDPs, for example, KYP-SDPs derived for discrete-time
FIR systems [AV02, GHNV03, Hac03]. The results in this paper can be viewed
as an extension of these techniques to general KYP-SDPs, and to primal-dual
interior-point methods.

Outline of the paper

The paper is organized as follows. In §2 we give an overview of applications, il-
lustrating that KYP-SDPs are widely encountered in control. In §3 we present
some basic facts about SDPs, SDP duality, and primal-dual interior-point
methods for solving them. In §4 we explain in more detail the computations
involved in solving KYP-SDPs using general-purpose software, and justify our
estimate of an order n% complexity per iteration. We also describe a dual refor-
mulation of the KYP-SDP which can be solved at a cost of roughly O(n*) per
iteration, using general-purpose software. In §5 we describe techniques that
exploit additional problem structure and result in a complexity of roughly
O(n?) per iteration, for either the primal or dual formulation. The relation
between the methods discussed in §4 and §5 is illustrated in Table 1. The
results of some numerical experiments are described in §6. In §7 we discuss
extensions of the techniques in §4 and §5, to problems with multiple con-
straints (L > 1), KYP-LMIs for multi-input systems (mj > 1). Conclusions
and some suggestions for future research are presented in §8.

The paper also includes several appendices. Appendix A provides addi-
tional background on semidefinite programming, and a detailed summary
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|Primal formulation Dual formulation
General-purpose|  O(n®) (84.1) O(n?) (§4.2)
Special-purpose O(n?) (85) O(n?) (85)
Table 1. Relation between the methods in §4 and §5, and estimates of their com-
plexity per iteration (for KYP-SDPs with L =1, n1 =n, m1 = 1, p = O(n)).

of the primal-dual interior-point of [TTT98]. The other appendices contain
proofs of results in the paper, and discussion of relaxed assumptions.

Assumptions

We will assume that the pairs (Ag, Bi), k = 1,..., L, are controllable. Con-
trollability implies that the linear mappings K : 8™ — S™ 1™ defined
by

ATP + PA, PB
Ki(P) = kBTP g Ok )

have full rank (see §4.2). In addition, we assume that the matrices My, are
such that the mapping

(Pl,P27...,PL7I') — diag(ICl(Pl)Jer(x),...,ICL(PL)JrML(z)) (6)

has full rank, where My (z) = >°%_| 2; My;. In other words, the lefthand sides
of the constraints in (1) are zero if and only if P, = 0, k = 1,...,L, and
xz=0.

In fact these two assumptions can be relaxed. Controllability of (A, By)
can be replaced with stabilizability, provided the range of Qj is in the control-
lable subspace of (A, By); see Appendix D. Moreover, a problem for which (6)
does not have full rank, can always be converted to an equivalent reduced or-
der problem for which the full rank assumption holds; see Appendix E.

Throughout the paper we assume that the problem data and parameters
are real. The generalization to complex data should be straightforward.

Notation

The space of symmetric | x [ matrices is denoted S'. For X € S, svec(X)
denotes the (I + 1)/2 vector containing the lower triangular elements of X:

svec(X) = (T11, %21, -, L1, T22, -+ - L12, -+ oy Tl—1,1—1, T1,1—1, L11)-

The space of symmetric block-diagonal matrices with block dimensions Iy,
..., 1y is denoted S" x 8’2 x ... x 8. If X; € S, ..., X, € S, then
diag(Xy,...,X ) denotes the block-diagonal matrix with X1, ..., X, as its
diagonal blocks.
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The space of Hermitian [ x [ matrices is denoted H'. For A € S' (4 € H'),
A > 0 means A is positive semidefinite, and the set of positive semidefinite
symmetric (Hermitian) matrices of dimension [ is denoted Sl_‘_ (Hﬂ_) Similarly,
A = 0 means A is positive definite; Sl+ 4 and Hl+ 4 are the sets of positive
definite symmetric, resp. Hermitian, matrices.

The Hadamard (componentwise) product A o B of two matrices A, B of
equal dimensions is defined by (A o B);; = a;;b;;. The ith unit vector is
denoted e;.

2 Applications of KYP-SDPs

While the form of the KYP-SDP (1) and the KYP-LMIs (2) and (3) may ap-
pear very special, they are widely encountered in control and signal processing.
We give a representative list of applications along with a brief description.

2.1 Optimization problems with frequency-domain inequalities

As we already noted, a KYP-SDP (1) with an objective that does not depend
on the variables Py (i.e., Qi = 0), is equivalent to an optimization problem of
the form (5), in which we minimize a linear cost function subject to frequency-
domain inequalities (FDIs) of the form

Hy(w,x) =0 weR. (7)
Here Hj, : R x R? — H™ is defined as

(jowl — Ag) ' By ]”
1

(jwl — Ap) ™' By

Hy(w,z) = I

(Mp(z) — Ni)
Below we list a number of applications of problems with FDI constraints. It is
important to note that in these applications, = is usually the design variable
that we are interested in; the matrix P in the SDP formulation is an auxiliary
variable, introduced to represent an infinite family of inequalities (7) as a
single matrix inequality.

Linear system analysis and design

A well-known convex reformulation of the problem of linear time-invariant
(LTI) controller design for LTI systems is via the Youla parametrization; see
for example [BB91]. The underlying optimization problem here is to find x
such that

T(s,x) = T1(s) + Ta(s) (Z xin’@’)) T3(s),

satisfies a number of affine inequalities for s = jR, where T; and @; are
given stable rational transfer function matrices [BB91, HB99, OB99]. These
inequalities are readily expressed as FDIs of the form (7).
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Digital filter design

This application involves the discrete-time version of the FDI (7). The stan-
dard digital filter design problem consists of designing

p

T(z,z) = Z x;T;(2),

i=1

where T; : C — C are given transfer functions, and z is to be determined so
that G(z,z) satisfies certain constraints. When T;(z) = 2~%, we have a finite-
impulse response (FIR) design problem. The constraints can be magnitude
constraints of the form

|T(e??,2)| < U(e??), 6 € [0, 2m), (8)
or phase constraints
/T ) < R(e??), 6 € [0,2m), 9)

Extensions where T; are more general filter banks, and when T; are matrix-
valued transfer functions are immediate [BV98]. Other variations include op-
timal array pattern synthesis [WBZ103].

When U(e’?) and tan(R(e’?)) are given (or can be approximated) as ra-
tional functions of e/%, it is straightforward to express constraints (8) as the
unit-circle counterparts of inequalities (7).

Other types of filter design problems include two-sided magnitude con-

straints , 4 4
L) < |T(, )| <U’),  0€0,2m),

and no phase constraints. These constraints can be expressed as linear FDIs
via a change of variables; see [WBV98, AV01, AV02, DLS02, GHNV00].

Robust control analysis using integral quadratic constraints

Robust control [ZDG96, GL95] deals with the analysis of and design for control
system models that incorporate uncertainties explicitly in them. A sufficient
condition for robust stability (i.e., stability of the model irrespective of the
uncertainties) can be unified in the framework of integral quadratic constraints
(IQCs). The numerical problem underlying the IQC-based robust stability
conditions is the following [MR97, J6n96, BW99]: Find z € R™ such that for
e >0 and for all w € R,

{T(gw)r (i) {T g’w)] < o, (10)

where T : C — C™*™ is a given real-rational function, and I : C x R? —
C?m*2m g 4 linear function of z for fixed w, and is a real-rational function of
w for fixed z. Clearly, (10) corresponds to a special instance of (3).
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Multiple FDIs of the form (10) result with more sophisticated (and bet-
ter) sufficient conditions for robust stability with the IQC framework; see for
example [FB97, TH98].

2.2 Linear-quadratic regulators
Consider the continuous-time dynamical system model

&= Ax + Bu (11)
with initial value z(0) = z9, A € R™*", B € R™™, z(t) € R", and u(t) €
R™. Assume that (A, B) is controllable.

Riccati equations

Define the cost index
arak T
o= [[] [z w
0 U U

_ Q S n+m
M = { T p| € S
with R > 0. It is well-known (see, e.g, [Wil71]), that the infimal value of J with
respect to u(-) subject to (11) and such that lim; ,o, z(¢) = 0 is, whenever it
exists, given by xd Pxg, where P € S™ solves the KYP-SDP

where

maximize xOTP:CO
ATP+ PA PB
BTp 0

(13)

subject to [ } + M = 0.

The optimal u(-) is given as a state feedback u(t) = —R™1(PB + S)Tz(¢).
Here we see an application where the variable P is of intrinsic interest and
appears in the objective. For this special case, of course, the optimal P can
be found by solving an algebraic Riccati equation

ATP+PA+Q— (PB+S)'RY(PB+S)=0,

and very efficient methods based on the real ordered Schur form of an associ-
ated matrix pencil are available. The computational complexity of these meth-
ods is in the order of n3. However, numerical experience have shown that for
certain ill-conditioned algebraic Riccati equations the KYP-SDP-formulation
is not ill-conditioned. In some cases it can therefore be beneficial to solve
algebraic Riccati equations via the SDP formulation. Moreover, slight gen-
eralizations of the above problem formulation require the solution of general
KYP-SDPs. An example is given next.
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Quadratic constraints

Define the cost indices

0o T
Ji:/ {ﬂ M, {ﬂdt, i=0,...,p (14)
0

where M; € S"T™. Consider the constrained optimization problem

minimize Jy
subject to J; <¢;, i=1,...,p (15)
(11) and lim; o0 2(t) =0

with respect to u(-). The optimal value to this problem, whenever it exists, is
given by zf Pxg, where P solves the KYP-SDP

maximize Pz —clz
T
subject to [A I;T_FPPA POB} + Mo+ >0 xiM; =0 (16)

z; >0, +1=1,...,p

(see [BEFB94, page 151]). The optimal u(-) is given as a state feedback u(t) =
—RI(PB + 8)Tx(t), where

S P

i=1

Here we see an application where both the variables P and x are of intrinsic
interest. Moreover, we have multiple constraints, some of which only involve
x.

2.3 Quadratic Lyapunov function search
Consider the continuous-time dynamical system model
T = f(x,u,w,t), z = g(x,u,w,t), y = h(z,u,w,t) (17)

where z : Ry - R", v : Ry - R™, w: Ry - R"™, 2 : Ry — R",
and y : Ry — R"™. z is referred to as the state, u is the control input,
w is the exogenous input, z is the output of interest and y is the measured
output. Models such as (17) are ubiquitous in engineering. (We have presented
a continuous-time model only for convenience; the statements we make are
equally applicable to discrete-time models.)

A powerful tool for the analysis of and design for model (17) proceeds via

the use of quadratic Lyapunov functions. Suppose that for some P € S,

the function V(1)) 2 T P satisfies
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d . .
%V(%t) < 0 along the trajectories of (17), (18)

then all trajectories of model (17) go to zero. For a number of special in-
stances of system (17), the numerical search for Lyapunov functions results in
feasibility problems with KYP-LMI constraints; see, for example, [BEFB94].
As an example, consider the system

T = Az + Bpp> q= qu + qup7 p= A(t)Q7 ||A(t)|| <1 (19)

where A : Ry — R™*™. The existence of a quadratic Lyapunov function
such that dV(z,t)/dt < 0 holds along the trajectories of (19) is equivalent to
the following KYP-LMI:

ATP+PA+CICy PB,+CID
P =0, Lo T 200 (20)
(PBP + Cq qu) _(I - ququ)

If (A,C,) is observable, the inequality P > 0 is implied by the second LMI,
which is a (strict) KYP-LMI.

Variations of this basic idea underlie a very long list of recent results in
systems and control theory that lead to KYP LMIs; the following list is by no
means comprehensive:

e Robust stability of norm-bound systems with structured perturbations
[Doy82, Saf82, BEFB94].
Robust stability of parameter-dependent systems [FTD91, BEFB94].
H., controller synthesis [AG95].
Gain-scheduled controller synthesis [Pac94, AA98, WB02].

3 Interior-point algorithms for semidefinite
programming

3.1 Semidefinite programming
Let V be a finite-dimensional real vector space, with inner product (u,v). Let
A:V—Shxskx...xs"  B: VR

be linear mappings, and suppose ¢ € V, D = diag(D1,Ds,...,Dp) € St x
. x S and d € R" are given. The optimization problem

minimize (c,y)
subject to A(y)+ D =<0 (21)
B(y)+d=0

with variable y € V is called a semidefinite programming problem (SDP). The
dual SDP associated with (21) is defined as
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maximize Tr(DZ)+d'z
subject to A (Z) + B*Y(2) +¢c=0 (22)
Z =0,

where

Ad.gh . oxslt 5y, BALIRT S Y

denote the adjoints of A and B. The variables in the dual problem are Z €
S x ... x 8" and z € R". We refer to Z as the dual variable (or multiplier)
associated with the LMI constraint A(y) + D =< 0, and to z as the multiplier
associated with the equality constraint B(y) +d = 0.

3.2 Interior-point algorithms

Primal-dual interior-point methods solve the pair of SDPs (21) and (22) si-
multaneously. At each iteration they solve a set of linear equations of the
form

—WAZW + A(Ay) = (23)
AN(AZ) + BV (Az) = rqu (24)
B(Ay) = rpi, (25)

to compute primal and dual search directions Ay € V, AZ € Shx ... xSl
Az € R". The scaling matrix W and the righthand side R in these equations
are block-diagonal and symmetric (W, R € 8" x ... x 8'%) and W is positive
definite. The value of W, as well as the values of the righthand sides R, rqy,
and rpri, change at each iteration, and also depend on the particular algorithm
used. We will call these equations Newton equations because they can be
interpreted as a linearization of modified optimality conditions. We refer to
appendix A, which gives a complete description of one particular primal-dual
method, for more details. Primal or dual interior-point methods give rise to
equations that have the same form as (23)-(25), with different definitions of
W and the righthand sides. In this paper we make no assumptions about
W, other than positive definiteness, so our results apply to primal and dual
methods as well..

Since in practice the number of iterations is roughly independent of prob-
lem size (and of the order of 10-50), the overall cost of solving the SDP is
roughly proportional to the cost of solving a given set of equations of the
form (23)—(25).

3.3 General-purpose solvers

In a general-purpose implementation of an interior-point method it is assumed
that V is the Euclidean vector space R® of dimension s = dim V, and that A
and B are given in the canonical form
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S
Aly) = Z%’Fi, B(y) = By.
i=1

The matrices F; € S x S x ... x 82 and B € R"*® are stored in a sparse
matrix format.

The equations (23)—(25) are solved by eliminating AZ from the first equa-
tion, and substituting AZ = W~1(A(Ay) — R)W ™! in the second equation.
This yields a symmetric indefinite set of linear equations in Ay, Az:

AW LA QYWY + B2 (Az2) = rgy + AAYWTLRW T (26)

B(Ay) = Tpri- (27)
Using the canonical representation of A and B, these equations can be written
as
HB"] [Ay] _ [raut+g
B 0 Az |~ Tpri ’
where

Hij = Te(FEW'F,W™1), ij=1,...,s
gi=Te(FEW'RW™Y, i=1,...,s.

If the SDP has no equality constraints, the equations reduce to
AW AAYW ) = 1y + AW TR ). (28)

1.€.,
HAy =rqu+g.

The matrix H in this system is positive definite and almost always dense, so
the cost of solving the equations is (1/3)s3. This is only a lower bound on
the actual cost per iteration, which also includes the cost of forming H. Even
though sparsity in the matrices F; helps, the cost of constructing H is often
substantially higher than the cost of solving the equations.

4 General-purpose SDP solvers and KYP-SDPs

In this section we use the observations made in §3 to estimate the cost of solv-
ing KYP-SDPs with general-purpose interior-point software. For simplicity we
assume that L = 1, n; = n, m; = 1, and consider the problem

minimize ¢’z + Tr(QP)

. ATP 1+ PAPB ) (29)
subject to [ BTP 0 } ie1 TiM; = N,

where A € R"™", B € R", with (A, B) controllable. The extension to prob-
lems with multiple inputs (m > 1) and multiple constraints (L > 1) is dis-
cussed in §7.
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In §4.1 we first make precise our earlier claim that the cost of a general-
purpose solver applied to (1) grows at least as n®, if p = O(n). In §4.2 we
then describe a straightforward technique, based on semidefinite programming
duality, that reduces the cost to order n?.

4.1 Primal formulation

We can express the KYP-SDP (29) as

minimize ¢z + Tr(QP) (30)
subject to IC(P) + M(z) = N
where ,
ATP + PA PB
k)= [ R M- Sed @

This is in the general form (21), with V = S" x R”, and
y = (P, x), c=(Q,q), D =N, A(P,z) = —K(P) — M(z).
The adjoint of A is A4 (Z) = — (K*4(Z), M*4(Z)), where

r Tr(M, Z)
adj I adj .
ICdJ(Z):[AB]Z[0}+[IO]Z{BT], MM(Z) = :
Tr(M,Z)

The dual problem of (32) is therefore

maximize Tr(NZ) (32)

subject to K2 (2) =Q, M2*Y(Z)=q

Z >0,

with variable Z € S"*'.
A general-purpose primal-dual method applied to (30) generates iterates x,

P, Z. At each iteration it solves a set of linear equations of the form (23)—(25)
with variables Ax, AP, AZ:

WAZW + K(AP) + M(Az) = Ry (33)
K*(AZ) = Ry (34)
MY(AZ) =7, (35)

for some positive definite W and righthand sides R;, R, r. These equations
are solved by eliminating AZ, reducing them to a smaller positive definite
system (28). The reduced equations can be written in matrix-vector form as

[gi ZZ] [SVQCA(Q;AP)} - Lﬂ : (36)
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The blocks of the coefficient matrix are defined by the identities

Hyi svec(AP) = svec (K™ (W HK(AP)W 1))
HysAz = svec (K* (W M(Az)W 1))
HoyppAx = MY (W M(Az)W ).

The exact expressions for the righthand sides ry, 72, and the positive definite
scaling matrix W are not important for our present purposes and are omitted;
see Appendix A for details.

The coefficient matrix in (36) is dense, so the cost of solving these equations
is (1/3)(n(n + 1)/2 + p)3 = O(n®) operations if we assume that p = O(n).
This gives a lower bound for the cost of one iteration of a general-purpose
interior-point solver applied to (29). The actual cost is higher since it includes
the cost of assembling the matrices Hy1, Hyo, and Has.

4.2 Dual formulation

A reformulation based on SDP duality allows us to solve KYP-SDPs more
efficiently, at a cost of roughly O(n?) per iteration. The technique is well
known for discrete-time KYP-SDPs with FIR matrices [GHNV03, DTS01,
AV00, AV02], and was applied to general KYP-SDPs in [WHV03].

The reformulated dual

The assumption that (A, B) is controllable implies that that the mapping K
defined in (31) has full rank, i.e., K(P) = 0 only if P = 0. To see this, we can
take any stabilizing state feedback matrix K, and note that K(P) = 0 implies

11" [ATP+ PAPB] [ I
K BTP 0 ||K

} =(A+ BK)"P+ P(A+ BK) =0,

and hence P = 0. It follows that the nullspace of XY (a linear mapping from
S"*1 to 8™) has dimension n + 1. Hence there exists a mapping £ : R"T1 —
S™*! that spans the nullspace of K24:

K2(Z) =0 <= Z = L(u) for some u € R™
S = K(P) for some P € 8™ <= £*¥(S) = 0.

Some practical choices for £ will be discussed later, but first we use this
observation to derive an equivalent pair of primal and dual SDPs, with a
smaller number of primal and dual variables.

The first equality in the dual SDP (32) is equivalent to saying that Z =
L(u) — Z for some u, where Z is any symmetric matrix that satisfies

K*(Z)+Q =0,
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Substituting in the dual SDP (32), and dropping the constant term Tr(N Z)
from the objective, we obtain an equivalent problem

maximize L£23(N)Tu

subject to L(u) = Z (37)
M (L)) = g+ M(2)

with variable « € R™*!. This SDP has the form (21) with V = R" ™!, y = u,
A(u) = —L(u),  Blu) = M*I(L(w)),

and ¢ = —L*U(N), D= Z,d = —q — M*i(2).
The dual of problem (37) is

minimize (g + M?3(2))Tv — Tr(Z5S)
subject to £341(S) — L2 (M(v)) + L2(N) =0 (38)
S >0,

with variables v € R? and S € S"*'. Not surprisingly, the SDP (38) can be
interpreted as a reformulation of the original primal problem (30). The first
constraint in (38) is equivalent to

S — M(v) + N = K(P) (39)

for some P. Combined with S > 0, this is equivalent to I(P) + M(v) = N
Using (39) we can also express the objective function as

(q+M*(2))"0 = Te(Z5) = ¢"v + Tr(M(v) - 5)2)
=q"v+Te(NZ) - Te(PK*Y(2))
= ¢Tv+Tr(NZ) 4+ Tr(PQ).

Comparing this with (30), we see that the optimal v in (38) is equal the
optimal z in (30). The relation (39) also allows us to recover the optimal P
for (30) from the optimal solution (v, S) of (38).

In summary, the pair of primal and dual SDPs (37) and (38) is equivalent
to the original SDPs (30) and (32); the optimal solutions for one pair of SDPs
are easily obtained from the solutions of the other pair.

Newton equations for reformulated dual

A primal-dual method applied to (37) generates iterates u, v, S. At each
iteration a set of linear equations of the form (26)—(27) is solved, which in
this case reduce to

L2UWLL(Aw)W Y + £L2U(M(Av))

R (40)
MU(L(Av)) =7

(41)
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with variables Au € R"™', Av € R?. (Again, we omit the expressions for W,
R, r. In particular, note that W is not the same matrix as in §4.1.) In matrix

][] [7]

where H and G are defined by the identities
HAu = LYW LAWY, GAv = L2V (M(Av)).

The number of variables in (42) is p 4+ n + 1.

Computational cost

We now estimate the cost of assembling the coefficient matrix in (42), for a
specific choice of £. To simplify the notation, we assume that the Lyapunov
operator AX + X AT is invertible. This assumption can be made without
loss of generality: Since (A, B) is controllable by assumption, there exists
a state feedback matrix K such that A + BK is stable (or, more generally,
XNi(A+BEK)+ )\ (A+BK)* #0,fori,j =1,...,n). By applying a congruence
to both sides of the LMI constraint in (29) and noting that

IKT|[ATP+PAPB|[10] [(A+BK)TP+P(A+BK)PB
01 BTP 0 ||KI|~ BTP 0|

we can transform the SDP (29) to an equivalent KYP-SDP

minimize ¢z + Tr(QP)

(A+ BK)TP+ P(A+ BK)A PB

subject to [ } +37  aiM; = N,

BTP 0
where " -
~ I K I0 ~ I K 10
e T L P A S P

We will therefore assume that the matrix A in (29) is stable.
It is then easily verified that K% (Z) = 0 if and only if Z = £(u) for some

u, with £ defined as
n+1

L(u) = u;F,
i=1

where
X, e; . 00
Fi:|:6;‘1% OZ:|, z:l,...,n, Fn+1:|:02:| (43)
and X;, i =1,...,n, are the solutions of the Lyapunov equations

AX; + X; AT + Be! +¢,BT =0. (44)
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With this choice of L, the coefficient matrices H and G in (42) can be ex-
pressed as

Hjj =Te(EW'E,WY), d5=1,...,n+1, (45)
Gij:T‘I‘(FZ‘Mj), 1=1,....n+1, j5=1,...,p. (46)

To estimate the cost of this approach we assume that p = O(n). The
method requires a significant amount of preprocessing. In particular we have
to compute the solutions X; of n + 1 Lyapunov equations, which has a total
cost of O(n*). The matrix G does not change during the algorithm so it can
be pre-computed, at a cost of order pn? if the matrices M; and X are dense
(i.e., O(n*) if we assume p = O(n)). In practice, as we have seen in §2, the
matrices M; are often sparse or low-rank, so the cost of computing G is usually
much lower than O(n?).

At each iteration, we have to construct H and solve the equations (42).
The cost of constructing H is O(n?). The cost of solving the equations is O(n?)
if we assume p = O(n). The total cost is therefore O(n?), and is dominated
by the cost of pre-computing the basis matrices X;, and the cost of forming
H at each iteration.

5 Special-purpose implementation

We now turn to the question of exploiting additional problem structure in a
special-purpose implementation. As should be clear from the previous section,
the key to a fast implementation is to solve the linear equations that arise
in each iteration fast. This can be done for either the primal or the dual
formulation described in §4. We will see that these two approaches lead to
methods that are almost identical, and have the same complexity.

5.1 Reduced Newton equations

In §4 we noted a large difference in complexity between solving the original
KYP-SDP (29) and solving the reformulated dual problem (37). The differ-
ence is due to the different dimension and structure of the Newton equations
in each iteration, and the way in which special-purpose codes handle those
equations. In a custom implementation, the distinction between the two for-
mulations disappears: the equations (33)—(35) that arise when solving the
primal formulation can be solved as efficiently as the equations (40)—(41) that
arise when solving the dual formulation.

Solving Newton equations via dual elimination

To show this, we describe an alternative method for solving (33)—(35). As
in §4.2, let £ : R"™ — 8" be a linear mapping that spans the nullspace of
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K24, Let Zy be any symmetric matrix that satisfies K% (Zy) + Ry = 0. The
equation (34) is equivalent to saying that

AZ = E(Au) - Zo
for some Au € R" ™!, Substituting this expression in (33) and (35), we obtain

WL(Au)W + K(AP) + M(Az) = Ry + W ZyW
M (L(Aw)) = r + M2 (Zy).

Next we eliminate the variable AP, by applying £2Y to both sides of the first
equation, and using the fact that L2 ((AP)) = 0 for all AP:

LYW LAWW) + L2V(M(Azx)) = L2V(Ry + WZ,W) (47)
MM (L(Au)) = r+ M2 (Zy). (48)

This is a set of n + p + 1 linear equations in n + p + 1 variables Au, Azx. In

matrix form,
H G| [Au]|  [£(Ry + WZ,W) (49)
GT o||Ax| r+ M2(Zp) ’

where H and G are defined by the identities
HAuw = L2(WL(Au)W), GAz = L2V (M(Ax)).

Since £ has full rank, the matrix H is nonsingular, so the equations (49) can
be solved by first solving

GTH'GAx = GTH ' L*Y(Ry + WZoW) — r — MY (Zy)
to obtain Az, and then computing Au from
HAu = L2Y(Ry + WZyW) — GAuz.

After solving (49), we can compute AZ as AZ = L(Au). Given AZ and Az,
we find AP by solving

K(AP) =R, — WAZW — M(Ax),
which is an overdetermined, but solvable set of linear equations.
We will refer to (49) as the reduced Newton equations.
Computational cost

We now estimate the complexity of solving the reduced Newton equations.
Note that (47)—(48) have exactly the same form as (40)—(41), with different
values of W and the righthand sides. In particular, our discussion of the
complexity of solving (40)—(41) also applies here.
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We work out the details assuming the Lyapunov operator AX + X AT is
invertible. If this is not the case, the equations (33)—(35) can be transformed
into an equivalent set

TWTH (T TAZT " HTWTT + TK(AP)TT + TM(A2)TT = TR, TT
KA(TTT-TAZT'T) = Ry
MYTTTTAZTT) =7,
where " .
_[IK 4 [I-K
el el

and K is a stabilizing state feedback matrix. Replacing AZ with a new variable

AS=T"TAzT™,

gives
L A+ BEK)TAP + AP(A+ BK) APB £ _
WASW—i—{( tBEy AL Pl BEG Af ]—l—ZAxiMi:Rl
=1
A+BE1" 11, 11" . o.[A+BK] _
] aso] o] [t

Tr(M;AS) =7, i=1,...,p,

where W = TWTT, ]\;[Z- = TM;TT, Rl = TRT". These equations have
the same structure as the original equations (33)-(35), with A replaced by
A+ BK.

If we assume that AX + X AT is invertible, we can choose £ as in §4.2:
L(u) = Z?:ll u; F; with the matrices F; defined as in (43). If the matrices X;
are pre-computed (at a total cost of O(n?)), then the cost of constructing the
coefficient matrix H in (49) is O(n*). The cost of computing G is O(pn?) if
we assume the matrices X; are known, and we do not exploit any particular
structure in M;. The cost of solving the equations (49), given H and G, is
O(n3) if we assume p = O(n).

Comparison with dual method

The above analysis demonstrates that a custom implementation of a primal-
dual method for solving the original KYP-SDP (29) can be as efficient as a
primal-dual method applied to the reformulated dual (37). Both methods are
based on eliminating dual variables, either in the original dual SDP, or in the
Newton equations. In fact, if we use the same mapping £ in both methods,
the reduced linear equations are identical. However, a custom implementation
offers three important advantages over a general-purpose primal-dual method
applied to the reformulated dual.
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e In a custom implementation we can avoid the need to compute and store
the basis matrices F; (or X;), which are required in the dual formulation
(see §5.2 for details). These matrices X; are the solution of n Lyapunov
equations of order n. For large n, they are expensive to compute and store.

e Additional problem structure can be exploited in a custom implementa-
tion. Two methods that achieve an O(n3) complexity per iteration are
described in §5.2.

e In a custom implementation, we can make a different choice for the map-

ping £, which is used to eliminate dual variables, in each iteration.
For example, in §4.2 we pointed out that state feedback transformations
preserve the KYP structure in the SDP, while in §5.1 we made a similar
observation about the Newton equations. Of course, these two viewpoints
are just different interpretations of the same property. We can first use
state feedback to transform the SDP and then derive the Newton equa-
tions, or we can write down Newton equations for the original SDP and
then apply a state feedback transformation. Both transformations result
in the same equations. However the second viewpoint opens the possibility
of selecting a different state-feedback matrix K in each iteration, in order
to improve the numerical stability of the elimination step.

5.2 Fast construction of reduced Newton equations

We now examine two methods that allow us to construct the matrices H and
G in (49) fast, in roughly O(n?) operations.

Diagonalizable A

Suppose A is stable (or equivalently, a state feedback transformation has been
applied as described in §5.1, to obtain equivalent equations with a stable A).
We make the same choice of £ as in §5.1, i.e., L(u) = Z?:Jrll u; F;, with F;
defined in (43).

In appendix B we derive the following expression for the matrix H in (49):

=[] eelwh Jm o2 [ Om

00 Waq 0
+ 2Woo W + 2 W [Wzl WQQ] (50)
22

where
(Hy)ij = Tr(X;Wi X;Wh), Hy = [ X1Wia XoWio - X, Wiz | (51)
and

Wi Wiz
W =
{Wzl sz}
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with Wy; € S™*™. Similarly,

G1 My 19 Mo -+ Mp 1o
G=2 9| 112 Ve P12
[ 0 ] + {M1,22 Ms 99 -+ My, 29

where

G\ =[YiBY:B---Y,B],

Y; is the solution of
AY; + VAT + My =0,

and M; 11 € 8", M, 12 € R™ are the 1, 1- and 1, 2-blocks of M;. Formulas (50)
and (52) show that the key to constructing H and G fast (i.e., faster than in
O(n*) and O(pn?®) operations, respectively), is to compute the matrices Hj,
H,, and GG; fast.

A simple approach is based on the eigenvalue decomposition of A. Our
assumption that (A, B) is controllable implies that is possible to find a linear
state feedback matrix K so that A4+ BK is stable and diagonalizable [KND85].
As mentioned in §5.1, we can transform the Newton equations into an equiv-
alent set of equations in which the matrix A is replaced by A + BK. We can
therefore assume without loss of generality that A is diagonalizable.

Let A = V diag(\)V ! be the eigenvalue decomposition of A, with V' €
C™"™™ and X\ € C™. It can be shown that the matrices H; and Hy defined
in (51) can be expressed as

Hy =28 (VT (EWa) o (EWi)T) + V7 (Wi o (W0 29T ) v

(
H, = =V (X* diag(W12))V ! — V diag(ZW1o)V ! (54)
where o denotes Hadamard product, X € C™*" is defined as

1 .
27,]:)\2+>\*? Z7,]:1a"'an7

J

Y= Y diag(V~1B)*, WH =V*WV, ng = V*Wia, and V is the complex
conjugate of V. The above formulas for H; and Hs can be evaluated in O(n?)
operations, and do not require pre-computing the basis matrices X;. We refer
to appendix C for a proof of the expressions (53) and (54).

There is a similar expression for Gy:

Gi=V [(M o X)W*B (Myo X)V*B - (M,o E)V*B} :

where ]\A/[/J = V=M, 11V ~*. The cost of computing Z\Ajj can be reduced by

exploiting low-rank structure in Mj ;. Given the matrices M;, G can be
computed in O(n?p) operations.
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A in companion form

In this section we present an O(n3) method for solving the Newton equations
when A is an n X n ‘shift matrix’ and B = e,,:

010---0 0
001---0 0

A=\ 0, B=11l. (55)
000---1 0
000---0 1

KYP-SDPs of this form arise in a wide variety of LMI problems in robust con-
trol [Hen03]. The method is also useful for handling matrices A in companion
form: in order to solve the Newton equations for a KYP-SDP with

0 1 0 0 0

0 0 1 0 0
A= : : S B=1:1,

0o 0 0 --- 1 0

—a; —a —as -+ —ay 1

we can first apply a state feedback transformation with
K= [al as "'an}’

as explained in §5.1, and then solve an equivalent set of equations in which A
is replaced with the shift matrix A + BK.
With A and B defined as in (55), the equations (33)—(35) reduce to

WAZW + [Aopg} + {8 AOP} +iAxiMi—R1 (56)
[01] Az m L [10]Az m R (57)

We can follow the method of §5.1, with £ : R™™" — 8" defined as

(751 0 us 0 us - 0 Uk+1 ]
0 —U2 0 —us o --- —Uk+1 0
U9 0 us 0 Ug - 0 Uk+2
0 —Uus 0 —U4 0o --- —Uk+2 0
L(u) = . ) , n =2k

Ug, 0 upg1 0 wugg2--- O Uk
0 —Uk+1 0 —Uk+2 o --- — U2k 0

Luk+1 0 w2 0 wpgr o 0wz
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[ (5% 0 u 0 us - Ukg41 0
0 —U2 0 —us o --- 0 —Uk+2
U 0 us 0 Ug - Uk42 0
0 —Uus 0 Uy 0o --- 0 —Uk+3
L(u) = . ) ) . . . . , n=2k+1.
0 —ugyr 0 —upg2 O -+ 0 —uUzpqs
ugrr 0 upy2 0 Upgz - uskpr 0O
0 —ugy2 0 —upyz O -+ 0 —uUzpqo |

In other words, the even anti-diagonals of L(u) are zero. The elements on
the odd anti-diagonals have equal absolute values and alternating signs. The
nonzero elements in the first row and column are given by w.

To obtain efficient formulas for the matrix H in (49), we represent L as
L(u) = S i Fy, where

N (=) k=20
(Fi)jk = {O otherwise.

We also factor W as W = Zz;l vgvl (for example, using the Cholesky fac-
torization or the eigenvalue decomposition). The i, j-element of H is

n+1n+1
Hyj = Te(EWF,W) =YY (o] Foog) (v Fyu).
k=1 1l=1

Next we note that for v, w € R" ™,

v Fw = Z (=1 vy
k=23
min{n+1,2i—1}
= Z (_1)k+1wkv2i—k
k=max{1,2i—n—1}
= (’U * (Dw))gi_l,

where D = diag(1,—1,1,...), and v * (Dw) denotes the convolution of the
vectors v and Dw. Therefore,

(vlTFlvk, vlTngl€7 . ,vlTFnHvk) = E(v; * (Dvg))
where
1000---00
0010---00
E = o ) c R(7L+1)><(2n+1)'

0000---01

Using this notation we can express H as
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nt+1nt1
H=F <Z Z(U; * (D)) (vg, * (DUZ))T> ET.

k=1 1=1

This expression can be evaluated in O(n?®) operations using the discrete
Fourier transform (DFT). Let Wppr € Cc@ntx(+1) b the first n + 1
columns of the DFT matrix of length 2n + 1, i.e., Wpprwv is the zero padded
(2n 4 1)-point DFT of a vector v € R™*!. Let

Vi, = WprTus, Vi. = Wppr Dug, k=1,....,n+1,

be the DFTs of the vectors v, and Dwvy. Then

n+1n+l1

1

T 2n+1)2 Woer (ZZ Vio Vi) (Vi o Vi) >WDFTET
k=1 l=1

1 n+1 ~ n+1 ~
- WEWSFT ((Z vlvl*> o (Z ViV | | Worr E”.
=1 k=1

The matrix in the middle is the Hadamard product of the (2n+1) x (2n+1)
matrix Y, ka/k* with its conjugate transpose, so the cost of evaluating this
expression is O(n?).

The matrix G in (49) has elements

G”:Ti'(FZMJ), i:l,...,n—l—L j:L...,p,

and is easily computed in O(n?p) operations, since only O(n) elements of F;
are nonzero. For sparse or low-rank M; the cost is even lower.

6 Numerical examples

In Table 2 we compare four algorithms, applied to randomly generated KYP-
SDPs of the form (29), with dimensions n = 25, 50, 100, 200, and p = n. Each
problem was constructed so it is strictly primal and dual feasible. (However
the algorithms were started at infeasible starting points.) The execution times
listed are the CPU times in seconds on a 2GHz Pentium IV PC with 1GB of
memory. All times are averages over five randomly generated instances.

The first method, SeDuMi (primal), solves the SDP (29) using the general-
purpose solver SeDuMi (version 1.05R5) [Stu01]. The second method, SDPT3
(primal), solves the same problem using the general-purpose solver SDPT3
(version 3.02) [TTTO02]. Both solvers were called via the YALMIP inter-
face [L6f02]. We skip the last problem (n = 200), due to excessive compu-
tation time and memory requirements. The numbers Ty are the CPU times
needed to solve each problem, divided by the number of iterations.

The other methods, SeDuMi (dual) and SDPT3 (dual), solve the reformu-
lated dual problem (37), for the choice of basis matrices described in §5.1. In
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SeDuMi (primal)|SDPT3 (primal)| SeDuMi (dual) | SDPT3 (dual)
n |#itrs Ty Fitrs Ty T, |#itrs| Ty | Ty |#itrs| Ts
251 10 0.3 8 0.8 0.1 | 12 |0.04] 0.1 9 (0.06
50| 11 8.1 9 4.9 1.1 ] 11 (03| 1.1 9 10.26
100| 11 307.1 8 107.2 214 14 |3.3|21.4] 10 |1.4
200 390.7| 12 (30.9|390.7| 10 |15.3

Table 2. Computational results for the general-purpose SDP solvers SeDuMi and
SDPT3 applied to KYP-SDPs with dimensions n = p = 25,...,200, applied to
the original problem (‘Primal’), and to the reformulated dual SDP (‘Dual’). T} is
the time in seconds required for preprocessing, and consists mainly of the cost of
computing an explicit basis for the solution set of the dual equality constraints. T
is the solution time per iteration, excluding preprocessing time.

addition to the number of iterations and the time per iteration Ty, we also
give T}, the preprocessing time required to compute the parameters in the
reformulated dual problem (37). This preprocessing step is dominated by the
cost of of solving the n 4+ 1 Lyapunov equations (44).

The results confirm that the cost per iteration of a general-purpose method
applied to the primal SDP (29) grows much more rapidly than the same
method applied to the reformulated dual problem (37).

Table 3 shows the results for a second experiment with randomly generated
KYP-SDPs of dimensions n = 100, ..., 500, and p = 50. Again, all values are
averages over five problem instances. The data in the column KYP-IPM are for

KYP-IPM SeDuMi (dual) | SDPT3 (dual)
n | Tp |#itrs| Ty | Tp |#itrs| Ts Tp |#itrs| T,
100( 1.0 9 |06]05]| 12 1.5 | 36| 12 |1.3
200| 8.3 9 |4.7(35]| 13 | 24.4 [44.4| 13 |13.8
300/ 28.1 | 10 |16.7|11.7| 12 |155.3 |194.2| 14 |77.7
400/ 62.3 | 10 [36.2(26.7| 12 |403.7
500/122.0f 10 |70.3|51.9| 12 |1068.4

Table 3. Results for KYP-SDPs of dimension n = 100,..., n = 500, and p = 50.
The first method is a customized Matlab implementation of a primal-dual method
as described in §5, using the formulas (53) and (54). The second method is Se-
DuMi applied to the reformulated dual SDP (37), after first diagonalizing A. The
third method solves the same reformulated dual SDP using SDPT3, without the
diagonalization of A (except in the preprocessing).

a customized Matlab implementation of the primal-dual interior-point method
of Titiinci, Toh, and Todd [TTT98, TTT02], applied to the dual problem,
and using the expressions (53) and (54) to compute the coefficient matrix
of the reduced Newton equations. The preprocessing time for this method
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includes the eigenvalue decomposition of A and the computation of the matrix
G in the reduced system (42). The table shows that the preprocessing time
and execution time per iteration grow almost exactly as n>.

For the same set of problems, we also show the results for SeDuMi applied
to the reformulated dual problem. To speed up the calculation in SeDuMi, we
first transform the dual problem (37), by diagonalizing A. This corresponds
to a simple change of variables, replacing Z with V~1ZV ~* and 2 with V~1Z.
We then eliminate the (1,1)-block in the dual variable as in the SeDuMi (dual)
method of Table 2, which gives a problem of form (37), with complex data
and variables. Since A is diagonal, the basis matrices X; are quite sparse and
easier to compute (at a cost of O(n?) total). Despite the resulting savings, it
is clear from the table that the execution time per iteration grows roughly as

nt

The third column (SDTP3 (dual)) gives the results for SDPT3 applied to
the reformulated dual problem. Since the version of SDPT3 we used does not
accept complex data, we only used diagonalization of A in the preprocessing
step, to accelerate the solution of the Lyapunov equations (44). Results are
reported for the first three problems only, due to insufficient memory. As for
SeDuMi, the results show an O(n*)-growth for the solution time per iteration.

7 Extensions

In this section we discuss some extensions of the techniques of §4 and §5 to
the general problem (1).

7.1 Multiple constraints
Consider a KYP-SDP with multiple constraints,

minimize ¢z + Zézl(QkPk)
subject to Kp(Px) + Mg(z) = Nk, k=1,...,L,

where K, : 8™ — 8™ and My, : RP — 8™t are defined as

AT P, + P, A, P.B P
Ki(Py) = | " Engk b ko M, My (z) = szMkz
=1

We assume (Ay, By) is controllable for kK = 1,..., L. The Newton equations
that need to be solved at each iteration take the form

Wi AZ Wy + Kk (AP;) + My (Az) = Rpvig, k=1,...,L
KiY(AZy) = Rawg, k=1,...,L

L
S M (AZ) =,
k=1
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with variables AP, € 8™, Az € RP, AZ;, € S™ 1. The values of the positive
definite matrix W}, and the righthand sides change at each iteration. As in the
single-constraint case, we solve the Newton equations by eliminating some of
the dual variables, and expressing AZ;, as

AZk = Lk(Auk) — Zk,

where £ : R™ ! — §™*+! parametrizes the nullspace of K%, and Z, satis-
fies
KZdJ(Zk) + Rdu,k =0.

We then apply Eidj to both sides of the first group of equations and obtain
LyYW L (Au)W) + L2 My (Az)) = L2Y (Rpri o + Wi Zu W),
fork=1,...,L, and

L L
STMI (L (Au)) =7+ > M (Zy).
k=1

k=1

In matrix form,

H 0 -0 G, Auy ﬁi“dj:(Rprm + W1Z:1W1)
0 Hy--- 0 Gy Aug E;d'](Rpri’z + WaZoWs)
SRR | = 3 - (59)
0 0 ---H; G Aug, Eidj(RprLL +WLZLWL)
GTGY -Gt o Az S M2
To solve these equations we first solve
L L ) .
S GTH Gude = —r 3 (M Ze) — GLH 25 (R + WiZeWi))
k=1 k=1
(60)

for Az, and then solve
HiAug = L2Y(Rpip + Wi ZiWy) — Gz, k=1,...,L,

to determine Awuyg. As in the single-constraint case, the cost of this method
is dominated by the cost of forming the coefficient matrices Hy and Gy, the
coefficient matrix of (60), and the cost of solving this system. The matrices
Gy, can be pre-computed. Assuming ny = O(n) for k = 1,..., L, the cost of
forming Hj, is O(n*), or O(n?) if we use one of the methods of §5. Assuming
p = O(n), the cost of forming and solving the equations (60) is O(Ln3).
Overall, the cost increases linearly with L.
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7.2 Multivariable systems

The extension to systems with multiple inputs (my > 1) is also quite straight-
forward, although the formulas get more involved. The Newton equations in-
clude constraints

o A" I " A
/ck‘J(AZk)z[Bﬂ AZ,CMJFM AZk{B}:Rpmk’ k=1,...,L.

By representing AZy, as
AZk = Ek(A’LLk) - Zk

where £ : R™Mmetme(met)/2_ gmetne e can obtain reduced Newton
equations of the form (59). If my < ny this offers a practical and efficient
alternative to standard general-purpose methods.

8 Conclusion

We have described techniques for exploiting problem structure in interior-
point methods for KYP-SDPs, a class of large-scale SDPs that are common
in control applications. The method is very effective if the SDP includes one or
more inequalities with large state space dimension, and a relatively small num-
ber of inputs. Preliminary numerical results illustrate that a special-purpose
interior-point implementation based on these techniques can achieve a dra-
matic gain in efficiency compared with the best general-purpose solvers.
Several open questions remain.

e There is considerable freedom in choosing the mapping £, used to eliminate
a subset of the dual variables. The representation used in §5.1, for example,
is parametrized by a state feedback matrix K. It is not clear how this choice
affects the numerical stability of the method.

e The main idea in our approach is to use direct linear algebra techniques to
solve the Newton equations in an interior-point method fast. This allows
us to speed up the computation, without compromising the reliability and
speed of convergence of a primal-dual interior-point method. It seems likely
that other common classes of SDPs in control can benefit from similar
techniques.
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A Primal-dual interior-point method for semidefinite
programming

In this appendix we review the definition and key properties of the semidefinite
programming problem (SDP). We also describe a primal-dual method for
solving SDPs.

A.1 Optimality conditions

We first state a few basic properties of the pair of primal and dual SDPs (21)
and (22). We will express the (primal) SDP (21) as

minimize (¢, y)

subject to A(y)+S+D =0
B(y)+d=0
S =0,

(61)

where S € 8" x ... x S'F is an additional variable.
The duality gap associated with primal feasible points y,.S and a dual
feasible Z is defined as
Tr(SZ2).

It is easily verified that
Tr(SZ) = (c,y) — Tr(DZ) — d* 2

if y,S,Z,z are primal and dual feasible. In other words the duality gap is
equal to the difference between the objective values.

If strong duality holds, then y,.S, Z, z are optimal if and only if they are
feasible, i.e.,

S =0, Aly)+S+D =0, B(y)+d=0, (62)
and ' '
Zx0,  ANZ)+BY(z)+c=0, (63)
and the duality gap is zero:
SZ =0. (64)

The last condition is referred to as complementary slackness.

A.2 Algorithm

We briefly describe an infeasible primal-dual interior-point method for solving
the pair of SDPs (61) and (22). Except for a few details, the method is the
algorithm of [TTT98, TTT02], which has been implemented in the state-of-
the-art SDP solver SDPT3.

We assume that the mapping (A, B) has full rank, i.e., A(y) = 0 and
B(y) =0 imply y = 0. We define m =11 + 1o+ ---+ 1.
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Outline

The algorithm starts at initial y, z, S, Z satisfying S = 0, Z > 0 (for example,
y=0,2=0,5=1,7Z=1). We repeat the following five steps.

1. Evaluate stopping criteria. Terminate if the following three conditions are
satisfied:

| A(y) + 5 + D|| < €feas max{1, || B}

1B(y) + d|| < €feas max{1, ||d||}

[A*(Z) + B*V(2) + ¢|| < €reas max{L, [Ic|[}
Tr(SZ) < max{eaps, —€re1 (¢, y), €re(Tr(DZ) + d* 2)},

where €geas, €abs, €rel are given positive tolerances, or if a specified maxi-

mum allowable number of iterations is reached. Otherwise go to step 2.
2. Compute the scaling matriz R. The scaling matrix is a block-diagonal

matrix, and defines a congruence that jointly diagonalizes S~! and Z:

RTS™'R = diag(\) %, RTZR = diag()\) (65)

where A € R,
3. Compute the affine scaling directions Ay®*, AS*, AZ?* Az?, by solving
the set of linear equations

H(AZ?S + ZAS?*) = — diag(\)? (66)
AS* + A(Ay*) = —(A(y) + S+ D) (67)

AN (AZY) + B (AzY) = —(A*Y(Z) + BMI(2) + d) (68)
B(Ay*) = —=(B(y) + d), (69)

where H is defined as
1
H(X) = 5(RTXR—T +R'XTR).

4. Compute the centering-corrector steps Ay°, AZ°, AS€ by solving the set
of linear equations

H(AZCS + ZAS®) = ul — H(AZ*AS?) (70)
ASC+ A(Ay°) =0 (71)
AM(AZ9) + B (A) =0 (72)
B(Ay®) =0 (73)

The coefficient u is given by

,LL:
m

Te(SZ) [ Tr((S + aAS*)(Z + BAZ*))\°
(e )
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where

a = min{1,sup{a | S + aAS* = 0}}
B =min{l,sup{8 | Z + BAZ* = 0}}

and ¢ is an algorithm parameter. Typical values of § are § = 1,2, 3.
5. Update the primal and dual variables as

y = y+ady, S = S+aAS, 7 = Z+[BAZ, z:= z+[(Az,

where Ay = Ay® + Ay®, AS = AS* + AS®, AZ = AZ> + AZ°, Az =
Az* + Az°, and

a = min{1,0.99sup{«e | S + aAS = 0}}
0 =min{1,0.99sup{S | Z + BAZ > 0}}.

Go to step 1.

Discussion
Starting point

The method is called infeasible because it does not require feasible starting
points. The initial values of y, z, S, Z must satisfy S >= 0 and Z > 0, but
do not have to satisfy the linear equations A(y) + S+ D =0, B(y) +d =0,
A(Z) + B2di(z) + ¢ = 0.

The update rule in Step 5 ensures that S = 0, Z > 0 throughout the
algorithm. If started at a feasible starting point, the iterates in the algorithm
will remain feasible. This is easily verified from the definition of the search
directions in Steps 3 and 4.

Termination

If we start at feasible points, the iterates satisfy A(y) + D+ S = 0, B(y) +
d =0, A24(Z) + B*d(z) + ¢ = 0 throughout the algorithm, so the first
three conditions are automatically satisfied. If we start at infeasible points,
these conditions ensure that at termination the primal and dual residuals
A(y)+ D+ S, B(y) +d, A2 (Z) + B2 (2) + ¢ are sufficiently small. A typical
value for €geas is 1078,

At each iteration, we have S = 0, Z = 0, and hence Tr(SZ) > 0. The
third condition is therefore satisfied if one of the following conditions holds:

. TI‘(SZ) < €abs

e (c,y) <0and Tr(SZ) < eall{c,y)]
o Tr(DZ)+d"z>0and Tr(SZ) < €, (Tr(DZ) + dT 2).
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Assuming y, S, z, Z are feasible, the first of these conditions implies that the
duality gap is less than €,ps, and therefore

<C, > _p* < €abs; d* — TI‘(DZ) —d"z < €abs,
Yy

i.e., the absolute errors between the primal and dual objective values and
their optimal values p* and d* are less than €,p.
If either the second or the third condition holds, then

—p* d* —Tr(DZ)—d¥
w < €rel, ( . ) : < €rel,
[p*| |d*|

i.e., we have determined the optimal values with a relative accuracy of at least
€abs. Typical values of €aps, €rel ATE €ahs = €rel = 1078,

Scaling matrix

The scaling matrix R is efficiently computed as follows. We first compute the
Cholesky factorization of S and Z:

S=rI,LT, Z = Ly LY,

where Ly and Lo are block-diagonal with lower-triangular diagonal blocks of
dimensions my, ..., mr. Next, we compute the SVD of LI L;:

LTL, = Udiag(\)V7,

where U and V are block-diagonal with block dimensions Iy, ..., I, UTU = I,
VTV = I, and diag()) is a positive diagonal matrix of size m x m. Finally,
we form

R = L,V diag(\)~ /2.
It is easily verified that RTS™!R = diag(\)~! and RTZR = diag()).

Search directions

The definition of ‘H and the definition of the affine scaling and centering-
corrector directions may be justified as follows. The central path for the
pair of primal and dual SDPs (61) and (22) is defined as the set of points
(y(w), S(k), Z(p)) that satisty S(u) = 0, Z(u) > 0, and

A(y(p)) +S(p)+D =0,  Bly(p)+d=0
AN(Z(p)) + BV (2(n) + =0 (74)
Z(w)S(p) = pl,

for some p > 0. In the limit for p — 0, these equations reduce to the op-
timality conditions (62)—(64). Central points with parameter p have duality
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gap Tr(S(u)Z(p)) = mu. Most interior-point methods can be interpreted as
damped Newton methods for solving a symmetrized version of the central-
path equations (74), for a decreasing sequence of values of f.

A unified description of different symmetric formulations of the central
path was developed by Zhang [Zha98], who notes that positive definite ma-
trices S, Z satisfy SZ = pl if and only if there exists a nonsingular matrix P

such that )
§(PTZSP’T + P 1SZP) = ul.

The algorithm outlined above uses P = R defined in Step 2 (known as the
Nesterov-Todd scaling matrix), but many other choices are possible.

Using Zhang’s parametrization, the central path equations can be ex-
pressed as

H(Z (1) S () = pul
S(p) + Aly(p) + D =0
AN Z () + Bz + ¢ =0
B(y(n)) +d = 0.

The Newton directions at some y, Z > 0, S > 0 are obtained by linearizing
these equations and solving the linearized equations

H(AZS + ZAS) = ul — H(ZS) (75)
AS + A(Ay) = —(Aly) + S+ D) (76)
AN(AZ) + B (Az) = —(A*Y(Z) 4+ B*(2) + ). (77)
B(Ay) = —(B(y) +d) (78)

We can now interpret and justify the search directions defined in Steps 3,
4, and 5 as Newton directions. We first note that, if we choose R as in Step 2,

1
H(ZS) = §(RTZSR’T + R7'SZR) = diag()\)?,

so the Newton equations (75)—(78) reduce to

H(AZS + ZAS) = ul — diag(\)? (79)
AS + A(Ay) = —(A(y) + S+ D) (80)
AV(AZ) + B*V(Az) = (Aadj( ) + B (2) +c). (81)
B(Ay) = =(B(y) +d) (82)

Comparing this system with the sets of equations (66)—(69) and (70)—(73),
we see that, except for the term H(AZ*AS?), these equations are identical
to the Newton equations. More precisely, if we delete the term H(AZ*AS?),
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the solution (79)—(82) is given by Ay = Ay* + Ay¢, AS = AS> + ASC,
AZ = AZ> + AZC, Az = Az? + AzC,

A distinguishing feature of the predictor-corrector method is that the New-
ton equations are solved in two steps, by solving the two sets of linear equa-
tions (66)—(69) and (70)—(73) separately, instead of solving a single set of
equations (79)—(82). This strategy has proven to be very successful in primal-
dual methods for linear programming [Meh91], and offers two advantages. The
first, and most important, advantage is that it allows us to select the value
of p adaptively. In the algorithm described above, this idea is implemented
as follows. In Step 3 we compute the affine scaling direction, i.e., the limit of
the Newton direction for u — 0. In Step 4, we first assess the ‘quality’ of the
affine direction as a search direction, by computing the ratio

_ Te((S + aAS?)(Z + BAZY)
= Tr(SZ) ’

where we take o = 1, 8 = 1 if possible, and otherwise take the maximum «
and 3 that satisfy S + aAS? = 0, resp. Z + BAZ? = 0. The ratio n gives the
reduction in Tr(SZ) that we can achieve by using the affine scaling direction.
If the ratio is small, we assume the affine scaling direction is a good search
direction and we choose a small value of p; if the ratio 7 is large, we choose
a larger value of u. Choosing p = n° Tr(SZ)/m means that we select the
Newton step for central points y(u), S(u), Z(p), with

Tr(S()Z (1) = n° Te(SZ).

The second advantage of solving two linear systems is that we can add a
higher-order correction term when linearizing the equation H(Z(u)S(u)) =
ul. In Newton’s method we linearize this equation by expanding

H((Z+ AZ)(S + AS)) =H(ZS) + H(AZS + ZAS) + H(AZAS)
and omitting the second-order term, which yields a linear equation
H(ZS) +H(ZAS + AZS) = pl.

The combined directions, AZ = AZ? + AZ°¢, AS = AS* + AS®, used in the
predictor-corrector method, on the other hand, satisfies

H(ZS) + H((AZ* + AZ®)S + Z(AS* + AS)S) + H(AZ*AS*) = ul,

which includes part of the second-order term, and can therefore be expected
to be more accurate.

We conclude by pointing out that the two sets of linear equations (66)—
(69) and (70)—(73) only differ in the righthand side, so the cost of solving both
systems is about the same as the cost of solving one system.



34 L. Vandenberghe, V. Balakrishnan, R. Wallin, A. Hansson, T. Roh

Step size

After computing the search directions, we update the variables in step 5. We
use different step sizes o and 8 for the primal and dual variables. If possible,
we make a full step (o« = 1, 8 = 1). If this is unacceptable because it results
in values of S and Z that are not positive definite, we decrease « and/or 3,
and make a step equal to a fraction 0.99 of the maximum steps that satisfy
S+ aAS >0and Z+ AZ = 0.

A.3 Solving the Newton equations

When applied to an SDP that is primal and dual feasible, the predictor-
corrector method usually converges in 10-50 iterations. As a rule of thumb,
the overall cost of solving the SDP and its dual is therefore equal to the cost
of solving 10-50 linear equations of the form

H(AZS + ZAS) = D, (83)

AS + A(Ay) = Dy (84)
AMN(AZ) + B (Az) = Ds (85)
B(Ay) = D,. (86)

It can be shown that these equations have a unique solution if (4, B) has full
rank [TTT98, p.777].

The Newton equations can be simplified by eliminating AS. Using the
definition of R in (65), we first note that equation (83) can be written as

(RTAZR+ R'ASR™T)diag(\) +diag(\)(R"'ASR™T + RTAZR) = 2D;.

The general solution of the homogeneous equation (D; = 0) is AS =
—RRTAZRRT. A particular solution is AZ =0,

AS =2R(D; 0 G)RT
where G;; = 1/(\; + A;). All solutions of (83) can therefore be written as
AS = —RRTAZRRT + 2R(D; o G)R”.

Substituting in (84) gives an equivalent set of linear equations

~WAZW + A(Ay) = D (87)
AN(AZ) + B (Az) = D3 (88)
B(Ay) = Dy (89)

where W = RRT, D = Dy — 2R(D; o G)RT.
A general-purpose SDP solver like SDPT3 solves (87)—(89) by eliminating
AZ from the first equation, which yields
AW LA AYW Y + B2 (Az) = Dy + AW DWW L) (90)

and solving for Ay and Az.
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B Derivation of (50) and (52)
B.1 Expression for H
Let H € 8" be defined as
H;; = Te(F;WE;W), h,j=1...,n+1,

where

%

Xi e . oo
F’L'_|:6T O:|7 2—17...,71, F’n+1_|:02:|7

and X; € S". To simplify the expressions for H we first note that if we
partition W as

Wi Was
with Wy, € Sn7 Wio € Rn, and Wss € R, then

W= [Wll W12} 7

Wi X, + W126;*F Wiie;

Wk = WEHX; + Wagel Wihe;

}, i=1,...,n, WEy = {02W12].

0 2Wos
The leading n x n block of H is given by
H;j = Te(Wi X; + Wigel ) (W1 X + W12€JT)) + ] Wi1(X;Wha + e;Was)
+ (W£X7 + WQQ@Z)Wll@j + 6?W12W1€€j
= ’I‘I‘(WHXiWHXj) =+ 2€?W11XjW12 + 2W17;XiW116j =+ QWQQB;‘TWllej
+ 26?W12W17;6j
for i,5 = 1,...,n. The last column is given by
H; i1 = 2WhX; + Wasel YWig + 2e] WiaWoy
= 2W17;X2W12 + 4(6;-TW12)W22
fori=1,...,n, and
Hn+1,n+1 = 4W222
In summary,
H.0 Wi HT
H[O 0:|+2|:W1r1;:| [H20]+2|:02 [Wnng]

Wll W12:| +2 |:W12

2W-
2t [Wsz Wao Wao

| (W ]

where

(Hl)ij :’I‘I‘(XiWHXjWn% i7j:1,...,n
Hy = [XiWiy XoWig -+ X, Wi |

This proves (50).
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B.2 Expression for G
Let G € R"HD*P he defined by
Gij = Tr(F;M;), i=1,....,n, j=1,...,p.
We will partition M; as

M; 11 Mjq2
M = 7, 7
/ [MjT,lz Mj,22

with M; 11 € S". We have
Gij :’I‘I'(XiMle) +2€ZTMJ"12, 1=1,...,n, Gij = 2Mj’22.

From this it is easy to see that

G=2

YiBY:B ---Y,B 19 My 12 Mg -+ My 12
0O 0 --- 0 Mi,22 M2 -+ Mp 22

with Yj is the solution of AY; + YjAT +M;11=0.

C Derivation of (53) and (54)

Let X (v) be the solution of the Lyapunov equation
AX (v) + X (v)AT + BT + BvT =0,
i.e., X(v) = Z?=1 v;X;. The matrices H; and H, satisfy
v Hiv = Tr(X (v)W11 X (v) Wy, Hov = X (v)Wiy

for all v.

C.1 Expression for H,
First suppose A is diagonal, A = diag(\), with A\ € C". Define &’ € H"*" as

1

Yii=———, 4,j=1,...,n.
U )\7;—|-/\j J

The solution of diag(A\)Y + Y diag(\)* + Gw* + wG* = 0, where G € C", is
given by
Y(w) = —(Gw* + wG") o X. (92)

Therefore, for general § € H™ D x(n+1)
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Tr(Y(w)SY (w)S) = Tr(((Gw* + wG*) o X)S((Gw* + wG*) o X)5)
= Tr(Dg X D% SDeED.S) + Tr(Da X D2 S Dy S DES)
+ Tr(Dy S D5SDe X DLS) + Tr(Dy X D5S D X DES)

where D, = diag(z). Now we use the property that for A, B € C™*",

Tr(D,ADyB) = > Y w;Ayy;Bji = 2" (Ao B")y.
i=1 j=1

This gives

Tr(Y (w)SY (w)S)
= w*((SDgX) o (SDg X)) + w* (S o (YDESDeX) w
+w? (ZDESDeX) o ST)w 4+ wh (YDES) o (YDES) w
= 2R(w? ((XDES) o (2DES) )w) 4 2R(w*(S o (X DESDe ) )w).(93)

Now suppose A is not diagonal, but diagonalizable, with AV =V diag(\).
The solution of AX + XAT + BvT +vBT = 0 is given by

X(v) =VY (Vi) v+
where Y (w) is the solution of
diag(\)Y + Y diag(\)* + V" 'Bw* + wBTV ™ = 0.
Therefore, for Wy, € S,
Tr(X ()W X (v)W11) = Te(Y (V) VWL VY (V) VAL V),
so we can apply (93) with w = V~1v, S = V*W;V, G = V!B, and

’I‘I‘(X(U)WHX(U)WH)
= 2R(T VT (X diag(V ™ B)*V*W1, V) o (¥ diag(V ' B)*V* W, V)1V~ 1o)
+ 2RWTVTH (VWL V) o (X diag(V ! B)*V*W, V diag(V ' B) X))V 1),

In conclusion,

Hy =2R(V~T (2 diag(V'B)*V*Wi1 V) o (£ diag(V~'B)*V* W V)T) V)
+ 2RV (VWi V) o (£ diag(V ' B)*V*Wy, V diag(V'B)X)T) V).

C.2 Expression for H,

With Y (w) defined as in (92), and s € C",
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Y(w)s = —((Gw* + wG*) o X)s
= —DgYDYs — DS Dhs
= —DgEDyio — Dy D
= —DgXD,w — diag(X D¢ s)w.

To determine H, we apply this expression with s = V*Wis, G = V1B, and
w=V"lu

X ()W = VY (V1) VW,
= —V diag(V~!B)Y diag(V*Wy2)V "l
— V diag(X diag(V ' B)*V* W)V 1w,

Therefore,

Hy, = —V diag(V ™' B) X diag(V*W1,)V ' -V diag(¥ diag(V ' B)*V* W)V 1.

D Non-controllable (A, B)

In this appendix we discuss how the assumption that (Ag, Bg) is control-
lable can be relaxed to (A, By) stabilizable, provided the range of Qy is in
the controllable subspace of (A, By). For simplicity we explain the idea for
problems with one constraint, and omit the subscripts k, as in (29). We define
M(z) =3P | x;M; — N;, and assume the problem is strictly (primal) feasible.

Let T be a unitary state transformation such that
By
0

A |:Al 121}2

= =TT AT B=
0 AJ ’ {

| -5

where (/L, Bl) is controllable and A, is Hurwitz. Note that

TT 0l [ATP+PAPB|[TO
01 BTP 0 01

_[ATP+ PAPB
o BTp 0

where P = TTPT. Let

Do {51]5}2 ~:-Q1Ql2 _ T
P_[P12P2]7 < _1T2Q2} et

and let - - -
My Miz M3 T
M= |, ity e | = [ v [19]
M{s M2T3 M B

Then it holds that (29) with strict inequality is equivalent to
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minimize qT,I —+ Tr(@lp) + 2 'I‘I‘(ngplg) —+ T‘I‘(QQPQ)
P A, +A1T151 Py Ay 4 PppAy +/~11T1512 P B,

subject to * PL A, + P Ay + AL Py, + AT P, PL B,
* * 0 (94)
My M M13
+ M12 M2 M23 = 0.
L M3 Ms

By the Schur complement formula the above constraint is equivalent to
p1A1~+:4?p1 pl.él + ./?ll -/\2113 “ 0
Bl Py 0 Miy Ms
and
]51,1;1412 + 152142 + AF{QPH + ATP2 + MQ
P1A12+P12A2+A1 P+ M ] [PiA, + AT P1 + M, PB; +./\/l13
BT Py + M3, BT P + M7, M;
o PrAyy + PraAy + AT Py + My, <0
Bl Py + M3; .
Now by our assumption that the range of @) is in the controllable subspace
of (A, B), we have Qg 0 and Q12 = 0. Then Pj5 and P, only appear
in the latter matrix inequality. This shows that it is possible to partition
the optimization problem into one problem of the original form for which
(A1, By) is controllable involving the variables z and P, and a feasibility
problem involving P;5 and P». Notice ~that feasible Pj5 and P can be found
by solving a Lyapunov equation for P,. Hence all results presented in this

article extend to the case when (A, B) is stabilizable. Notice however that
there does not exist strictly dual feasible Z if (A, B) is not controllable.

E Linear independence
In this appendix, we relax the assumption that the mapping (6) has full rank.

E.1 Change of variables

Consider the constraint in (29) which can be written as

PA+ ATP PB M, M12i:| [N1 N12:|
_A(P,z) = n Az .
(Pz) = [ BTP } sz {M@i Mo, NL N,

Let P; solve
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ATPi—i-PiA:MLi, izl,...,p
and let My, = Mya; — P;B,i=1,...,p. Then with

P
P:P—ina
i=1

it holds that the above LMI is satisfied for P = PT and some z if and only if
P and z satisfy

o z Th P P
A(Pox) = [PA+A PPB] P = N
=1

BTpP 0
where ~
~ 0 My z}
M,; = ~ N
[Mlg,i M,

Hence it is no loss in generality to assume that the LMI constraint is of a
form where the M ;-entries are zero. The objective function is transformed
to ¢Tx+Tr QP, where §; = ¢; +Tr QP;. We remark that this structure of the
constraint is inherent in certain applications such as IQCs as they are defined
in the Matlab IQC-toolbox. Moreover, notice that we could have defined the
change of variables slightly differently using an affine change of variables such
that N would also have had a zero 1,1-block. However, the notation would
have been more messy, and it would also complicate the presentation in what
follows.

E.2 Linear independence

The full rank property of A(P, ) is needed for uniqueness of the solution of
the Newton equations. In this subsection we show that a sufficient and more
easily verified condition is that A is Hurwitz and M;,i=1,..., p, are linearly
independent. We make use of the specific structure developed above to show
that A(P,z) = 0 implies (P, x) = 0. By the change of variables in the previous
subsection, A(P,z) = 0 is equivalent to A(P,z) = 0. In the 1,1-position this
equation reads
PA+ATP =0
and since A is Hurwitz it follows that P = 0. This implies that

i=1

and since M;, i = 1,...,p, are linearly independent it follows that = = 0. By
the definition of the change of variables it is now true that (P,z) = 0. We
remark that the above proof easily extends to the general problem formulation
in the introduction.
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E.3 Linear dependence

In case J\;[Z-, i = 1,...,p, are linearly dependent, then either the objective
function is not bounded from below, or the problem can be reduced to an
equivalent problem with fewer variables for which M;, i =1,...,p, are linearly
independent. To this end define

M = [svec(M,) svec(My) --- svec(M,) ] .

Apply a singular value decomposition to M:

5 T
M=U/[X 0] [“;ﬂ

where X has full column rank. Define a change of variables for x via
T = T _ VlT x
ol e e
Now clearly Ma = Mz, where M = UX;. Therefore we can rewrite the
constraint in the variables Z; and with a set of linearly independent matrices,

M;, given by the inverse symmetric vectorization of the columns of M. The
part of the primal objective function involving = can be written as as

VT
CT.T = CT [‘/1 ‘/2] |:‘/;T:| xr = Ele +E§f2
where ¢; = Vch, Co = VQTC. Since T is not present in the constraint the
objective function is bounded below only if

G =VSle=0

Hence, this is a necessary condition for the optimization problem to have a
solution. Therefore either the problem is not bounded below or there is an
equivalent problem involving fewer variables for which M;, i = 1,...,p are
linearly independent.

The cost of the above operation is O(n?), where we assume that p is of

O(n).
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