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42.1 Description of the problem in the sim-
plest case

Given I" € C™*™ with ' + T* > 0, define the phase ®(T") of T by

B

®(T) = cot™* <sup {b : T4+T* - I(r —-T*) > 0V3 € {-b, b}}) .
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For 6 € [0,7/2], let
Ty={T e C™":T+T* >0, &T) < 6},
and
BRA;={A e RHZY": ||[Alleo €1, A(jw) €Ty VYw € R},

where RH,, denotes the set of real-rational functions in H,. Following [1,
2], define the phase-sensitive structured singular value of M € C™ ™ for
phase 6 by

po(M) = (inf{z(T) : T € Ty,det(I + TM) =0})""

if det(I + TM) = 0 for some I" € Ty, and pg(M) = 0 otherwise. (a(T)
stands for the maximum singular value of T'.) Also define

fig (M)

i {7 (MM = 1) = (1 4+ 38)M + (1 +38)M)) <0,
¥>0, r>0, 8€[-coth, cotf] when 6 >0
(42.1)
For each of the following two statements, we are interested in determin-
ing conditions under which the statement holds.

1. For P e RHZ", 6 € [0,7/2]:

sup pe(P(jw)) <1 (42.2)

wERUo
if, and only if, (I + AP)~! € Hy, for all A € BRAy and

sup  ||(I+ AP) o < 0.
AEBRA,

2. For M € C™*", 0 € [0,7/2]:

42.2 Motivations

The phase-sensitive structured singular value was introduced in [1, 2] as a
tool for the analysis of robust stability when, in addition to a magnitude
bound, certain phase information is available concerning the uncertainty;
see also [3]. Indeed, it can be checked that a matrix I" belongs to Ty if,
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and only if, its numerical range (field of values) is contained in a sector of
aperture 26 about the positive real axis. For example, § = 7/2 corresponds
to the case when the uncertainty is known to be passive. For given M and
0, fig(M) can be evaluated by solving a linear matrix inequality GEVP
(generalized eigenvalue minimization problem, [2, 4]). It is easily shown
that fig(M) is always an upper bound to pg(M). The first of the statements
above, when it holds, is a “small-y theorem.” The second statement, when
it holds, implies that exact computation of ug(M) is tractable.

42.3 More general formulation

The case of block-diagonal structures, with different (possibly frequency-
dependent) phase bounds on each block, is of interest as well. Assume £
blocks of size ki,..., ke, let © = (0y,...,6,) with 6; € [0,7/2] and define
T'e and pe(M) in the obvious way. Then

) .  M*RM — 2R — S(I +jB)M — M*(I — jB)S < 0,
MG(M)_mf{”' v>0,R S€S, BeB ’

where A
S = {diag(s1 ey, - --,8eIx,) = 8> 0},

and
B2 {diag(B11x,,---,Belx,) : Bi € [- cotB;, cot ;] when 6; > 0},

and Iy is a k x k identity matrix. (Note that the unstructured case (42.1)
corresponds to £ = 1.)

42.4 Available results

Concerning Statement 1, the following is shown in [2]:

e Sufficiency of (42.2) always holds. Furthermore, the following weaker
“small-p theorem” always holds: (42.2) holds if, and only if, (I +
AP)~! € Hy, for all A € BAy and

sup ||(I + AP)™ | < 00,
AcBA,

where
BA;={AeHY": |[Allo <1, A(jw) €Ty Vw € R}.

Note that BAy is much larger than BRAy, as it includes, among
other transfer functions, all complex matrices in T'y.
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e In the scalar case (as well as in the diagonal uncertainty case), ne-
cessity also holds. The key is the following lemma, proved in [2]: Let
0 € (0,7/2],let @ € R\ {0}, and let v € C be such that |y| < 1 and
|¢(7)| < 6. There exists 6 € RHy, such that §(jw) = v and such that
sup,er [6(jw)| <1 and sup g [¢(6(jw))| < 6.

Tt is easily verified that Statement 2 holds in the scalar case. Specifically,
for m € C and any 6 € [0,7/2], pg(m) and fig(m) are both equal to |m|
when |¢p(m)| > 7 — 6, and 0 otherwise, where ¢(-) is the phase taken in
(—m,w] and ¢(0) = 0.
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