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15.1 Introduction

Over the past few decades, rapid strides have been made in control theory, resulting
in the solution of several important controller design problems: LQR, LQG, H,, to
name a few [17, 10, 13]. Many of these controllers have been successfully implemented
in industrial applications. However, a disadvantage with most of these methods is that
they are optimal in only a narrow sense, and actual engineering specifications (which are
usually stated as competing constraints) must be translated or reinterpreted so as to fit
into the narrow framework of these methods.

In parallel with the theoretical developments in systems and control, there have
been significant advances in optimization theory and algorithms, as well as an almost
exponential growth in computing power, so that numerical controller design methods,
especially those based on convex optimization, have become increasingly relevant [3, 7,
5,4, 15, 16, 2]. Such numerical methods enjoy the advantage that several commonly
encountered design requirements can be specified directly in a natural manner and
that the design interaction between various competing performance specifications can
be readily studied. In this chapter, we describe the application of one such computer-
aided design method for controlling the NEC Laser Bonder. This method combines
the Youla parametrization of the set of achievable stable closed-loop maps with convex
optimization based on linear matrix inequalities (LMIs) to numerically design optimal
linear time-invariant (L'TT) controllers under multiple design specifications.

The significance of Youla parametrization for computer-aided control system design
has long been recognized; see, for example, [3, 4]. In these references, the Youla
parametrization i1s used to reformulate the problem of LTI controller design for LTI
systems as a quadratic programming problem, which is then solved numerically. The
approach that we present in this chapter is very close in spirit to the one in [3, 4]. The
main difference is that here the LTT controller design problem is reformulated instead as
an LMI optimization problem; we describe this reformulation in section 15.2. We apply
this technique, in section 15.3, to design an LTI controller for the NEC Laser Bonder.
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2 OI1SHI AND BALAKRISHNAN

15.2 Controller design using the Youla parametrization and
LMIs

A standard framework for controller design is shown in Figure 15.1. The time index is
discrete. P is the model of the plant, i.e., the system to be controlled. K is the controller
that implements the control strategy for improving the performance of the system. y is
the signal that the controller has access to, and u is the output of the controller that
drives the plant. w and z represent inputs and outputs of interest. Note that z can
include components of the control input u, so that specifications on the control input
such as bounds on the control effort can be handled. In other words, the map H,,, from
w to z contains all the input—output maps of interest. The controller design problem is
the design of an LTI controller K such that the closed-loop map H,,, with the controller
K in place, satisfies some design specifications. Often an “optimal” controller is sought,
one that yields an optimal performance measure subject to the design specifications.
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Fig. 15.1. A standard controller design framework.

The Youla parameterization (see [18] for details) yields a convezr (in particular
affine) parameterization, in terms of the Youla parameter @, of the set of achievable
stable closed-loop maps H,, from w to z for the system in Figure 15.1. This fact is
of great significance, as the numerical search for the “optimal” Youla parameter Q—
one that minimizes an objective that is a convex function of H,, subject to convex
constraints on H,,,—is a convexr optimization problem. In this section, we show how by
restricting @ to lie in a finite-dimensional subspace, we can reformulate several important
practical controller design specifications as LMI constraints on ). Some of the design
specifications that we will consider are constraints on the response z for some reference
input w, asymptotic tracking constraints, bounds on the Hs and Ho, norms of H,,,, etc.
Thus several important LTT controller design problems can be solved numerically using
optimization over LMIs.

15.2.1 Youla parametrization
We begin with a brief review of the Youla parametrization of the set of achievable stable
closed-loop maps for LTI plants with LTI controllers.

Let the state equations describing the plant P be

z(k+1) = Az(k)+ Byw(k)+ Byu(k),
z(k) = Cyz(k)+ Dyyw(k)+ Doyu(k),
y(k) = Cya(k)+ Dyww(k) + Dyyu(k).

Let the open-loop plant transfer matrix in Figure 15.1, denoted P, be partitioned as

Pzw qu
o=l )

Then, with K (A) denoting the transfer function of the LTI controller, the transfer
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function from w to z is

(15.1) H.y(A) = Poy(X) 4+ Poy(MK(X) (T — Pyu()\)K(A))_l Pyuw(X).
The set of achievable, stable closed-loop maps from w to z is given by
(15.2) H = {H.y : H.y is stable, and satisfies (15.1) for some K} .

The set of the controllers K that stabilize the system is in general not a convex set. Thus
optimizing over H using the description (15.2), with K as the (infinite-dimensional)
optimization variable, is a difficult numerical problem. However, the theory of Youla
parameterization enables us to give a convex parameterization of H.

Tt turns out (see [4] and the references therein for details) that the set H can be also
written as

H={H.y: Huy(A) =T1(A) + To(M)Q(N)T3(X), Q is stable},

where T7, T5, and T3 are fixed, stable transfer matrices that can be computed as follows.

Let Knom and Lnom be real matrices of appropriate sizes such that A — By Kpom and
A — LyomCy are stable (i.e., have all their eigenvalues in the open unit disk). Then T3,
Ty, and T3 are given by

[ Ty(A) Ta(X) ] = Cp(M — A7) By + Drp,

Ts(A) 0
where
— Ap _Bul{nom _ Bw Bu
AT o [ Lnomcy Ap - Bu[{nom - LnomCy :| ' BT - [ LnomDyw Bu :| '
Cz _Dzu[\/nom _ Dzw Dzu
o= ] o=l ]

The most important observation about this reparametrization of H is that 1t is affine
in the infinite-dimensional parameter ); it is therefore a convex parameterization of the
set of achievable stable closed-loop maps from w to z. (The parameter @ is also referred
to as the Youla parameter.) This fact has an important ramification—it is possible now
to use convex optimization techniques to find an optimal parameter (Jopr and therefore
an optimal controller Kqps.

The general procedure for designing controllers using the Youla parameterization
proceeds as follows. Let ¢g, ¢1, ..., ¢m be (not necessarily differentiable) convex
functionals on the closed-loop map that represent performance measures. These
performance measures may be norms (typically Ha- or Heo-norms), certain time-domain
quantities (step response overshoot, steady-state errors), etc.

Then the problem

minimize over @Q: ¢o(Th + T2QT3)
subject to é1(T1 + TLQT3) < 0,
(15.3) .

om (T + TQQTS) <0

is a convex optimization problem (with an infinite-dimensional optimization variable @).
This problem corresponds to minimizing a measure of performance of the closed-loop
system subject to other performance constraints.

In practice, problem (15.3) is solved by searching for @ over a finite-dimensional
subspace. Typically, ) is restricted to lie in the set

(154) Qﬁn:{QQ:61Q1++9NQN, Hl:agNER}a
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where @1,...,Qn are fixed, stable transfer matrices. For convenience, we let © =
[01--0n], and Q(O) = 61Q1 + - -+ Oy Qn. This enables us to solve problem (15.3)
“approximately” by solving the following problem with a finite number of scalar
optimization variables:

minimize w.r.t. ©:  ¢o(T1 + T2Q(O)T5)
subject to é1(T1 + THQ(O)T5) < 0,
(15.5) .

¢m(T1 + TZQ(@)T;J,) S 0

The transfer matrices @); and their number, N, should be so chosen that the optimal
parameter () can be approximated with sufficient accuracy.

With O denoting the optimizer of problem (15.5), we can compute optimal
controller Kp; as follows:

Kopt(A) = Cr(AT — A)™' By, + Dy,

where
Ap — BuKnem — LnomCy — BuDgCy  ByCg Lnom + BuDg
Ak = 3 Bk = )
Cy = [ =Knom — DoCy Cq |, Dk = Daq,

and (Ag, Bq, Cq, Dg) is a realization of Q(Ogpt ).

The book [4] describes perhaps the best-known work—the computer-aided control
system package QDES—that combines Youla parametrization and convex optimization
for LTT controller design (see also [3]). QDES consists of a front-end compiler that
translates a control design problem into problem (15.5); this optimization problem is
solved numerically by further reducing it to a quadratic program. In order to reformulate
problem (15.5) into a quadratic program, some approximation and sampling of frequency
domain constraints is necessary. However, the positive and bounded real lemmas and
their variations (see, for example, [1, 19, 14]) can be used to ezactly formulate a number
of frequency domain constraints into LMI constraints. This motivates the use of LMI
techniques to solve problem (15.5), which we develop in the rest of the chapter.

15.2.2 Controller design specifications as LMI constraints

We now show how some typical constraints on H,, can be reformulated as LMI
constraints.  Of course, since quadratic programs can be directly translated into
LMI optimization problems [6], every controller design constraint listed in [3] can be
reformulated as an LMI constraint. In addition, we will show how certain frequency
domain constraints can be naturally reformulated as LMI constraints. We will restrict
the Youla parameter @ to lie in the finite-dimensional subspace Qgn, given in (15.4).
The corresponding set of achievable closed-loop maps is

Hﬁn - {Tl + TZQTS | Q S Qﬁn} .

Constraints on the response to specific inputs

Suppose that a certain exogenous output (i.e., a component of z) is required to lie within
specified upper and lower bounds for a given reference input signal (i.e., a component of
w). Let H,y rer be the corresponding transfer function. Then the response constraint is
simply an affine constraint on the H,, rer and therefore on © (see [3, 4]).

LMIs for asymptotic tracking constraints

Suppose that a certain exogenous output is required to asymptotically track a specific
input signal. Let H.y track be the corresponding transfer function. Then the tracking
constraint is simply an equality constraint on H,y track(1) and therefore on © (see [3, 4]).



15.2. CONTROLLER DESIGN USING THE YOULA PARAMETRIZATION AND LMIS

LMIs for H, norms objectives
The Hy norm of a transfer function H of a stable linear system is defined as

1 27 . 9
Hlls =1/ — H(ei? df.
A1l ﬁﬁ/o [ (ei?)

From Parseval’s theorem, the Hy norm can also be calculated as the square root of
the sum of the squares of the impulse response coefficients. As the Hy norm measures
the root-mean-square (RMS) value of the output of the system when it is driven by
white noise with unit power spectral density, constraints on ||H.y||2 provide a way of
incorporating noise sensitivity constraints on the design.

Suppose the transfer function H has a state-space realization (A, B,C, D). Then
[|[H||2 can be calculated as follows. Define the controllability Gramian W as the solution
to the Lyapunov equation

AWAT —w + BBT = 0.
Then the Hy norm is

1H]}2 = |/ Trace(CWCT + DDT).

Now consider the constraint that the Hs norm of the transfer function from some
(or all) of the components of w to some (or all) of the components of z be less than some
7. Let this transfer function be denoted lffzw. Since H,, € Hgn, the transfer function
H.,, has a state-space realization (Azw, Baw, Ci(0), D3y (0)), where A,y and B, are
real matrices, and C,, and D,,, are affine functions of ©.

Then, the constraint ||I;T2w |2 < 7 is equivalent to
AW WAL, — W + B.wBY, =0, Trace(C.u(©)WC.y(0)" 4 D,y (0)D,,, (0)T) < 42

This is easily rewritten as the LMI constraint

AwWAT, — W+ B., BT, =0, X D.w(©) C.u(0)W=
X = XT D (@)T I 0 >0
10T
TraceX < 72, W=Chu 0 I

LMIs for H., norms objectives
The Ho, norm of a transfer function H of a stable linear system is defined as

Hl||oo = max (A i6
1l = max. omas (7)),

27]

where omax(M) denotes the maximum singular value (spectral norm) of a matrix M.

The Hy, norm measures the Ls- or energy-gain of the system; therefore, constraints on

[|H:w|leo provide a way of incorporating noise amplification constraints on the design. In

addition, Hy, constraints provide a way of incorporating robustness requirements into
the design; see, for example, [8, 9, 13].

Suppose the transfer function H has a state-space realization (A, B, C', D). Then the

bounded real lemma (see [6] and the references therein) enables the reformulation of the
constraint ||H||eo < 7 as the following LMI constraint on P:

ATPA-—P+CTC ATPB+CTD

PIPTv T T T T 2
BTPA+DTC  BTPB+DTD—~%]

<0.

Now, consider the constraint that the H,, norm of the transfer function f[w from
some (or all) of the components of w to some (or all) of the components of z be less than
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some y. Using a state-space realization (Ay, Bow, Cou(©), D2y (0)) for H.y, where A,y
an~d B,,, are real matrices, and C,,, and D,,, are affine functions of ©, the constraint
||H.w||co <7 is equivalent to the existence of P = PT such that

Azw PAzw - P + Czw (G)Tczw (@) Azw PBzw + Czw (G)TDzw (6) < 0
BT PA,,+ D,y (@)TCW (©) BT PB,, + Dzw(G)TDzw(G) R I

holds. This is easily rewritten as the LMI constraint

AT PA,,—P AT PB., C.w(0)7
(15.6)  P=PT, BT PA., BT PB.,—-~*I D.,(0)T | <o.
C.w(©) D..(©) —1

The implication of section 15.2.2 is that the problem of LTI controller design with
several common design specifications can be posed as an optimization problem (15.5)
with LMI constraints (and objective) and solved numerically using standard software
tools such as [11, 12]. We demonstrate the application of this approach toward controller
design for the NEC Laser Bonder.

15.3 Design of an LTI controller for the NEC Laser Bonder

A laser bonder is a soldering machine that connects the leads of an integrated circuit (IC)
chip with pads on the IC board. The bonding head consists of a small tool that presses a
lead of the IC on the corresponding pad. Lasers then melt the solder of the pad thereby
completing the connection. Once a lead 1s successfully connected, the tool moves up to
its initial position. Then the positioning stage that holds the IC board moves above the
next lead, and the process is repeated in order for the new connection to be made.

A schematic model of the bonder head is shown in Figure 15.2. The bonder head
consists of a tool, a linear voice coil motor (VCM), which drives the tool up and down,
and a position sensor (with a linear scale), which measures the vertical position of the
tool. Our objective is the design of a controller that achieves the up—down positioning
with high speed and precision.

Spring

Ii M E Position sensor

Tool

VCM

Fig. 15.2. Schematic model of the NEC Laser Bonder.
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Mass M 1.91 Kg

Resistance R 5.96 Q

Inductance L 2.25 mH

Spring constant ks 422 N/m

Thrust force constant k¢ 12.8 N/A

Velocity-current coefficient ke | 12.8 V-s/m
TaBLE 15.1

Model parameter values for the NEC Laser Bonder.

15.3.1 Modeling of NEC Laser Bonder

The equation governing the motion of the bonder head is

(15.7) Mj—;h(t) = F(t) — ksh(t),

where F' is the thrust force of the linear motor, ks is the spring constant, and A is the
tool position. The thrust force is given by F(t) = k¢i(t), where k¢ is the thrust force
constant and 7 is the current through the motor. This current, in turn, satisfies

(15.8) V(1) = Ri(t) + ke%h(t) + L%z’(t),

where Vi, is the voltage input to the motor, R is the resistance of motor, L is its
inductance, and k. is its velocity-current coefficient. The values of the various constants
are shown in Table 15.1.

Equations (15.7) and (15.8) can be combined to yield the following state equation.

g h 0 1 07 [h 0
(15.9) = | h | =| —ke/M 0 ke/M | | A |+]| 0 |V
j 0 —ko/L —R/L i 1/L

The controller to be designed has access to the position reference input hper and
the output of the tool position sensor hge, which is simply the actual tool position with
some additive sensor noise nge. The control input, i.e, the output of the controller, is a
motor voltage Vi, ; this signal, corrupted by an additive noise ng.t, drives the motor. In
addition, there is a disturbance 74 that acts on the motor. For convenience, we scale this
disturbance by 1/M and define 74 = 74/M.

In our framework, the position reference input hef, the scaled motor disturbance 74,
the position sensor noise nge, and the actuator noise n,e; form the exogenous input w;
the computed voltage Vi, is the control input wu; the actual position A and the actual
motor input voltage Vi, form the regulated variables z; and the reference input hper and
the sensed tool position hge form the measured variable y (see Figure 15.3). From (15.9),
we then have

href

J[h 0 1 07 [h 000 0] 0 Ta
o | =] kM 0 ke/M || A |+|0 1 0 0| o0 Mge
i 0 —k./L —R/L i 0 0 0 1/L|1/L || nae

Substituting the parameter values shown in Table 15.1, we have the following state
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href
Td R
w Tse ] Plant . h
Nact Vm‘ z
2O)
L hse
u Vin Controller e Yy

Fia. 15.3. Block diagram of the NEC Laser Bonder.

equations that describe a linear model for the Laser Bonder:

href
d h 0 1 0 h 0 0 0 0 0 T4
7 h | = —221 0 6.7 Ah|+]0 1 0 0 0 Nee |
0 —5689 —2649 7 0 0 0 444|444 Tact
Vin
href
h 1 0 0 A 0 0 0 00 -
Vo | _ |0 0 0 il |00 0 1t nd
hse | |1 0 0 ; 0 01 0 ‘ 0 nse
act
href 0 0 0 1 0 0 010 7
Discretizing the system with a sampling frequency of 1KHz, we obtain
0 P1 0 Po Po (h)
0 0 0 1 1 (Vi)
p= 1 0 0 0 0 (Pret)
0 p1 1 Po Po (hse)
(href) (Td) (nse) (nact) (‘/m)
where _
) = 1077 (2.8584)\% + 6.7588) + 0.7884)
PolA) = \s_ 2.05722%2 + 1.1281X — 0.07072°
and

) = 1077 (4.9898)% + 4.6278)X — 0.3515)
PR = N 2057237 4 112811 — 0.07072

15.3.2 Design specifications
There are three main design specifications: high speed, high precision, and high reliability.
More precisely, we have the following design constraints.

SP-1 Tracking a given reference input. In the absence of disturbances and
noises, for the reference input her, shown in solid lines in Figure 15.4, the
position h is required to lie within the limits shown in dashed lines. This
constraint ensures that the design satisfies a number of specifications:

— Tracking delay. The delay in tracking the reference input must not
exceed 3ms.
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— Settling interval. The response is required to lie within £3pm from
20ms onward.

— Qwershoot. The overshoot must not exceed 3um.

x107°

Position(m)
o o
[} [ee]
T T

o
IS
T

0.2 /

e 1
0 5 10 15 20 25 30 35 40 45 50
Time(ms)

Fig. 15.4. Constraints on the response to a given reference input. The solid line shows

the reference input and the dashed lines the limits within which the response is required to lie.

SP-2 Asymptotic tracking. In the absence of disturbances and noises, the step
response from the reference input h.er to the position A must eventually
settle at one.

SP-3 Bounds on input signal V,,. In the absence of disturbances and
noises, the voltage input V to motor is limited to £10V, reflecting the
limitations of the transformer driving the motor.

The objective follows:

OBJ Minimize the He,-norm of transfer matrix from reference input (hyer)
and disturbance (74) to position (h) and motor voltage (Viy).

This serves to mitigate the effect of disturbances at the signals of interest.

15.3.3 Setting up the LMI problem

The open-loop system is stable, and K,om and Lyom can be taken to be zero in order to
generate T, T2, and T5. However, since the open-loop system is very lightly damped (i.e.,
the poles of the open-loop system were very close to but less than one), we choose the
feedback gain Koy and observer gain Lyon, using standard LQG control, to increase the
damping on the system (i.e., the LQG controller served to decrease the magnitude of the
poles of the closed-loop system). This step, strictly speaking, is unnecessary; however,
our experience has shown that the optimization problems are much better conditioned
with this additional step.
The set Q@ was chosen as

Q={Q=1[ (01 + A7+ 03272+ 0,A73) (05 + 06271 + 07272 +05273) | }.

9
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This set can be easily rewritten in the form of (15.4), with © = [6; - - - fs].

From the argument in section 15.2.2, the specifications SP-1 and SP-2 each lead
to two linear constraints on ©; in the notation of problem (15.5), we obtain four LMI
constraints ¢q, ..., ¢4. The specification SP-3 is an equality constraint on ©, which can
be represented in the form of two LMI constraints ¢5 and ¢g.

The objective OBJ is incorporated in problem (15.5) by defining ¢7 as the LMI
constraint (15.6) and setting ¢ = 2.

15.3.4 Numerical results

We used the Matlab LMI Control Toolbox [11] to solve problem (15.5) to obtain ©gpt
and thus Kqp;. Figure 15.5 shows the nominal (i.e., noise- and disturbance-free) response
of the closed-loop system with the optimal controller in place. The response lies between
the specified upper bound and lower bounds. In particular, the tracking delay, settling
interval, and overshoot constraints are satisfied. Moreover, the response converges to the
steady-state reference input value of 0.001m.

x107°

Position(m)
o o
[} [ee]
T T

o
>
T

0.2

0 _ 1 1 1 1 1 1 1 1 |
0 5 10 15 20 25 30 35 40 45 50

Time(ms)

Fig. 15.5. The response to the reference input, shown in a solid line. The dashed lines

show the constraints.

Figure 15.6 shows the motor voltage Vi, corresponding to the reference input. Note
for all time the magnitude is under 10V, as required.

The optimal value of the objective OBJ subject to the constraints SP-1 through
SP-3, i.e., the smallest Ho,-norm from [hrr 74] to [ V] subject to the various
design constraints, is 4.4 x 10%. For purposes of comparison, we attempted to find the
smallest Hoo-norm achievable with LQG controllers that satisfied the design constraints
and obtained a value of 5.8 x 10°. Thus the H., norm with the best LQG controller that
we could design is about 20% larger in this example; moreover, there is no systematic
way of incorporating multiple design constraints in the LQG design procedure (we had
to resort to trial and error). Tt is possible that a more experienced LQG control designer
could match the LMI design; however, this makes the point that with the assistance
of the computer-aided procedure presented herein, even inexperienced users can quickly
create useful designs.

Next, we study numerically the interaction between two competing constraints, viz.,
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o

Measured volatge(V)
o

_5 [ .
_10 77777777777777777777777777777777777777
_15 L L L L L L L L L

0 5 10 15 20 25 30 35 40 45 50
Time(ms)

Fig. 15.6. The measured voltage of the motor to the reference input, shown in a solid line.

The dashed lines show the motor voltage constraints.

the Ho, norm of transfer matrix from [hres 74] to [A Vi), and the tracking delay. Clearly,
increasing the allowable tracking delay, i.e., relaxing the tracking delay constraint, offers
the potential of reducing the H, norm. We study the trade-off between these quantities
for three values for the settling interval. The trade-off curves are shown in Figure 15.7.
These results show that in the case of a settling interval of +3um, the Hoo-norm does not
get smaller when the tracking delay constraint is relaxed beyond 4ms, suggesting that
other design constraints are then binding. Similar comments can be made in the case
of setting intervals of +10um and +30um. As expected, for every value of the tracking
delay, the Ho, norm decreases when the settling interval is allowed to be larger.
Besides quantifying the interaction between competing constraints, the trade-off
curves serve to illustrate the limits of performance of LTI controllers; every point (d, v)
above a trade-off curve is an achievable design specification, meaning that there is an LTI
controller that simultaneously satisfies the maximum actuator input and settling interval
constraints and results in a closed-loop response that has a tracking delay that does not
exceed d, with an Ho, norm from [her 74] to [h Vi) that does not exceed 5. Every point
below the curve represents an (almost certainly)! unachievable design specification.

15.4 Conclusions

We have presented a numerical control design method for designing optimal LTI
controllers for LTI plants with multiple design constraints. The techniques combine
convex optimization over LMIs with the Youla parametrization of the set of achievable
stable closed-loop maps. The advantages of this approach are that engineering
specifications can be directly incorporated in the design, without calling on the experience
or intuition of the designer to “tune” the design parameters. The particular advantage
with the use of LMIs is that several important frequency domain constraints can be
exactly reformulated as LMI constraints using the bounded real lemma. In addition to
designing controllers, it is possible to study the limits of performance of linear controllers,

'Recall that we are restricting @ to lie in the finite-dimensional subspace Qgan; hence the
parenthetical qualification.
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x 10°
2 T

Settling interval = 3 pm
— — —  Settling interval = 10 pm
1.8} Settling interval = 30 pm

16 b

H., norm

0.8

0.4

0.2

Tracking Delay (ms)

Fig. 15.7. Tradeoff between the tracking delay and Hs norm of the transfer function from
[href Td] to [h Vm]

that is, to numerically determine the best achievable performance using linear controllers.
We can also study the interaction between competing design constraints by numerically
determining trade-off curves.

The task of implementing the controllers presented herein on the “real” NEC
Laser Bonder system remains. Another issue that is of interest i1s the incorporation
of robustness requirements on the design so as to account for parameter and operating
condition variations.
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